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MPEOMCINIOBUE ONA YHYUTENA
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Y Bac B pyKkax nepBas KHWUra YKasaHHOro Kommnnekra. Xotum obpaturb
®HMMAaHKME HA TO, YTO OHA CYLLLECTBEHHO OTNMYaeTcs OT m3gaHund 1999—
2007 rr. AHann3 mHoroneTHero onbita paboTbl yunTenei No NpeabiAyLLMM
M30aHMAM BbIHYAMN aBTOPOB B PAAE CNy4aeB M3MEHMTb MOPAAOK CnepoBa-
HMA NaparpacoB UM BHECTH HEKOTOPble PEAAKLMOHHbIE M CTUNMCTMHECKME
NPaBKM.

ABTOpbI HAagerTCs, YTO yuyebHuK ByayT uMTaTbh M YUEHMKM, M yuuTens,
W pogMTenu, NOCKONbKY M3fOXEeHWe matepuana foCTynHoe, 3avacTyto
COMPOBOXAAEMOE HEMPHMBBLIYHBIMM AN MATEMATUUECKOM PYTHHHOM NEKCHKK
obopoTtamu. BoigenstoTcs OCHOBHbIE 3Tanbl PACCyXAEHUH ¢ domMKcaumein Ha
HUX BHMMaHMA uuTatens. Hanpumep, pelueHue NpaKkTMHECKH BCeX TaK Ha-
1bIBAEMbIX TEKCTOBbIX 3aAady ocpopmneHo B yyebHuke (Kak u B y4ebHu-
Kax gans 7-ro u 8-ro Knaccos) B BMAe Tpex 3TarnoB: COCTABNEHME MmaTe-
maTtMueckol mopenu; pabota ¢ NONy4YeHHOM MOAENbLO; OTBET Ha BONPOC
rapaum.

* BoJsiee mogpobHy0 uHpopmanuo 06 YMK M0oKHO mosyuuTh Ha caiitax
www.mnemozina.ru u www.ziimag.narod.ru



Ha ypokax martematuku yuutenb Bcerga coqetaer obbigeHHbld A3bIK
(73bIk O6LLEHMs, A3bIK NMTEPATYPHOro MOBECTBOBAHMSA) C MPEAMETHbIM
A3bIKOM — CTPOIMMM, CYXMM, NAKOHWYHbIM, CTPOSLUMMCS NO MPUHSATBIM B
MaTemMaTtHKe 3aKoHam. TaK HanMCaH M AaHHbIM YHEBHWK, NpepCcTaBNsroLLMM
coboi KHUrYy He gns 3ayuuBaHMs, a ANA M3YYEHWs, T.e. ANA HYTEHWU M
NOHUMAHMSA.

Onupascb Ha y4ebHuK, yuutenb npekpacHo pasbepercs B TOm, 4TO
Hao PAacCKasaTb YYaWMMCA HA YpOKe, 4TO pEeKOMEH[O0BaTb MM 3anom-
HMTb, @ YTO NPEeAnoMMuTb NPOCTO NpovecTb AOMa (M, BO3mOXHO, obcy-
AMTb B KNacce Ha cnepylroleM ypoke B aHpe becepgpbl).

B HekoTOpbIX cny4asx TeKcT HabpaH neTMTom. DTO maTtepman, He obs-
3aTenbHbIM AN M3YYEHUs BCEMM YHALLMMMCH, OH OPMEHTUPOBAH Ha Tex,
KTO MHTEpecyeTc MaTeMaTHKOM.

M3 OCHOBHbIX copepIKaTeNnbHO-METOAMHUECKMX NMHWM LUKONbHOrO Kypca
anrebpbl B KadecTee NPUMOPMTETHOM BblIBpaHa YHKLMOHaNbHO-rpaduye-
CKan NuHMUsA. DTO BbIPAXAETCH MPEeXfe BCero B TOM, 4TO, Kako# 6bl knacc
PYHKLMM, YpaBHEHMM, BbIDAXKEHWI HW u3ydancs, NMOCTpOeHue matepuana
NPaKTMHECKU BCErpa OCYLLEeCTBNAETCS NO MECTKOM cxeme:

PyHKUMR — ypaBHeHns — npeobpazosaHus.

[Ana nonHoueHHOM peanu3aunn PyHKLMOHANBHO-TPAOMYECKON NMHMM
ocobeHHOo BaxHbIM sBnsieTcs Kypc anrebpbi 9-ro knacca. Onupasch Ha
OnNbIT M3y4YeHUs OYHKLMM, ux CBOMCTB M rpacmkos B 7—8-m Knaccax, pac-
CMOTPEB B YKA3aHHbIX KNACCaX BCE€ OCHOBHbIE MOHATHSA, CBA3AHHbIE C dPYHK-
LUMSMM, HA HArNABHO-MHTYMTHBHOM M pabouem ypoBHAX, B 9-m Knacce mbl
BbIXOAMM HA YPOBEHb TEOPETHHECKOrO OCMbICNEHMS.

B yuebHuKe npuBEeSEHO MHOrO NPMMEPOB € NOAPOOHBLIMM pPeLLEeHUAMM.
Ha okoHuaHue pelueHuss npumepa ykasbisaet nubo cnoso «oteeT», nmbo
3Ha4oK (M.

ABTOPSbI



rMABA
PALUMOHAIJIbHbIE HEPABEHCTBA

U UX CUCTEMbDI

§ 1. JluHeriHbie n KBagparHbie HepPaBeHCTBA
§ 2. PaumoHanbHbie HepaseHCTBa
§ 3. MHosecTsa m onepaumm Hah HUMM
§ 4. Cucremsbl HepaseHcTs
OcHosHbie pe3ynbrartsl

§ 1. MMHEMHBIE U KBAAPATHbIE HEPABEHCTBA

ITpounraB HasBanue naparpada, Bbl, HaBepHOE, CIIPOCUTE:

«[Touemy MBI TOTYueMca Ha MecTe?» B camoM geJe, IMHEHHBIE U KBaJ-
paTHBIE HEePaBEHCTBA C OJHOI IepeMeHHO# Bbl HAYyUYHJHCH pellaThb
B Kypce aareOpnl 8-ro wJjacca — 3To ObLia OfHA M3 IMOCAECJHUX TEM
Kypca. [leficTBUTENIbHO, IIOYTH HHYEr0 HOBOT'O BBl M3 BTOr0 IIaparpa-
(ba He y3HaeTe, 0oJiee TOro, OOHAPY)KHUTE, YTO HEKOTOPHLIE ITPHUMEPHI
3AMMCTBOBaHBI U3 yueOHMKA «AsreOpa—8». Paccmarpusaiite aTor na-
parpad Kak BO3MOXXHOCTb IIOBTOPEHHUA, KOTOPOE ITO3BOJIUT BaM ILIaB-
110 TIepeiiTH K M3yUYeHMIO HOBOM TeMEI (B ciefyoleM Iaparpade).

HanomHuM, 4TO JUHETHBIM HEPaBEHCTBOM C OAHOII MepeMeHHOo X
11a3BIBAIOT HEPABEHCTBO BHUAA ax + b > 0 (BMecTo 3HaKa > MOJKeT ObITh,
pasymeeTcs, Ji000i Apyroii 3HaKk HepaBeHCTBA), I'le a U b — neiicTBH-
resbHble yncya (a # 0). KBagpaTHbIM HepaBeHCTBOM C OJHOII mepe-
MEeHHOI1 x Ha3bIBAIOT HEPAaBEHCTBO BuAa ax? +bx+c¢>0,rne a, b, ¢ —
JeiicTBUTEeNbHBIE yncaa (kpome a = 0).

3HaueHue MMepPeMeHHo X, KOTopoe obpaijaer HepaBeHCTBO f(x) > 0
B BepHOEe YHCJIOBOE HEPABEHCTBO, HA3LIBAIOT pellleHMeM HepaBeHCTBA
(v yacTHBIM peumreHumeM). MHOKeCTBO BCe€X UYAaCTHBIX DeIIeHU
IIePaBeHCTBA HA3BLIBAIOT OOHIMM pelleHHeM (IJIH IIPOCTO pelIeHHeM)
HepaBeHCTBA.

3ameuanme 1. Kak supute, TEpMHH «peLLeHe» ynoTpebnatoT u B cMbic-
ne obuero, 1 B CMbICNE YacTHOro pelueHms HepaseHcTBa. bonee Toro, cam
NPOUECC OTbICKAHMS PELLEHMIH HEPABEHCTBA TOXKE Ha3bIBAlOT PELUEHUEM HE-
paseHcTBa. O6bI4HO NO cMbicny BbiBaeT ACHO, KAKOE UMEHHO MOHMMAaHWEe
TEPMHUHA «PELLEHME» UMEETCA B BUAY.



1 . PAUMOHAIbHBIE HEPABEHCTBA U UX CUCTEMbI

IIBa nepaseHcrsa f(x) < g(x) u r(x) < s(x) Ha3bIBAIOT PABHOCHJIb-
HBIMH, €CJIM OHHM MMEIOT OJUHAKOBBLIE pelIeHUdA (B YaCTHOCTH, €CJIU
o0a HepaBeHCTBAa He HMMeIOT perieHuit). MOXXHO cKasaThb M Tak: ABa
HepaBeHCTBa PAaBHOCHJIbLHBI, €CJIM JII000€ YaCTHOE pellleHue IIePBOT0
HEpPaBEHCTBA ABJAETCA YaCTHBIM DPEIIeHHEM BTOPOro, u 00paTHO, JIIO-
00e YacTHOe pellleHHMe BTOPOT'0 HEPABEHCTBA ABJAETCA YAaCTHBHIM pe-
LIIEHNEM I[1ePBOTO.

OObIYHO IIPU pelIeHMHM HEepPaBEeHCTBA CTAPAIOTCSA 3aMEHUTH HaH-
HOe HepaBeHCTBO 00Jiee IPOCTHIM, HO PABHOCHUJIBHBIM eMy. Takylo 3a-
MEeHY Ha3bIBAIOT PABHOCHJIIbHBIM IIpeo0Opa3oBaHHEM HepPaBEHCTBA.
IrHu npeobpas3oBaHuA yYKasaHbl B chOPMYJIMPOBAHHBIX HUXKE IIPaBHU-
adax 1—3.

IIpaBuno 1. JI1060t wen HepaseHcmeéa MONHCHO nepeHecmu U3
00HOU wacmu Hepagencmea 6 OpY2y1o ¢ nPOMUGOTLONONCHBLM 3HA-
KOM, He MEeHAA NPU IMOM 3HAKA HepaseHcmed.

Bosee TouHas GOpPMyJIHMPOBKA TAaKOBa: €CHH KaKoii-1nbo 4jaeH
HepaBeHCTBA IIePEHECTH M3 OAHOM YacTH HePaBeHCTBA B APYIYIO C
IIPOTHBOIIOJIOKHBIM 3HAKOM U €CJH IIPU 3TOM COXPAaHHUTH 3HAK Hepa-
BEHCTBA, TO IIOJIYYUTCSA HEPABEHCTBO, PABHOCHUJIbLHOE JAaHHOMY.

Hanpumep, HepaBeHCcTBO 3x + 5 < x? paBHOCHJILHO HEPaBEHCTBY
—x2 + 3x + 5 < 0: wineH x? mepeHec/ju M3 IIPAaBOM YaCTU HEPaBEHCTBA
B JIEBYIO C IIPOTHBOINOJIOKHBIM 3HAKOM, a 3HAK HEPaBEHCTBA OCTaBH-
JIL HEM3MEHHBIM.

IIpaBumo 2. Ob6e wacmu HepageHcmMEa MONCHO YMHON UMb ULU
pa3denumsv Ha OOHO U MO %e NOLOH UMEeNLbHOe HUcno,
He MeHAA NpU IMOM 3HAKA HePpABEHCMEa.

Hanpumep, HepaBeHCTBO 8x — 4 > 12x? paBHOCHJIBHO HEPaBeH-
ctBy 2x — 1 > 3x% o0e YacTu NEePBOro HEPABEHCTBA Pa3ZesiMjN Ha
TIOJIOXKHUTEJIbHOE YUCJIO 4, a 3HAK HEPABEHCTBA OCTABUJIN HEM3MEHHBIM.

IIpaBuao 3. O6e wacmu HepageHCMEA MONCHO YMHONCUMD ULU
pa3denumsb Ha OOHO U MO e OmMpPUY amenbHOe HUCLO,
U3MeHUE npu Imom 3HaK Hepa6eHCme6a Ha NPOMUEOTLONLOMNC-
Holl (< Ha >, < Ha 2).




1 . PALUMOHANBHBIE HEPABEHCTBA U UX CHUCTEMbI

Hanpumep, HepaseHcTBo —2x% — 3x + 1 < 0 paBHOCHJIBHO Hepa-
weHeTBY 2x2 + 3x — 1 2 0: 06e yacTu IIepBOr0 HEPABEHCTBA YMHOMKH-
M Ha OTpHLIATeJbHOE YKCJIO —1, M3MEeHHB IIDH 3TOM 3HAK HepaBeH-
*1Ba Ha MPOTHBOIOJIOMKHBIH,

IIpaBuna 2 u 3 momycKaioT cieayooie 0000meHns (COOTBETCTBYIO-
e yTBEPKAECHUA IPEACTaBJHAIOT c000i1 TeopeMbl, HO Mbl, palu
yllo6CTBa YnTaTexs, 0ohOPMHUM HX B BHAE IIPaBUJI).

(leaBrmo 2%, Ecnu obe wacmu HepaéeHcméa ¢ nepemeHHoOU x\
yMHO*CUMD UAU pa3denumb Ha 00HO U MO dce 6blpadcenue p(x),
noNOYNUMeNbHOE NPU 6CeX SHAYEHUAX X, U COXPAHUMDb 3HAK UC-
X00H020 HepaseHCcmMEa, MO NOAYHUMCA HePA6eHCmMm60, PAGHO-

Lcunbuoe darnnomy. )

( L)
IIpaBuno 3%, Eciu obe wacmu Hepasencmeéa ¢ nepemenHHol x
YMHON UMb UAU pa3feiumsb Ha OOHO U MO e 6biparcenue p(x),
ompuyamenbHoe NPU 6cex 3HAYEHUAX X, U USMEHUMb 3HAK UC-
Lxoé’uozo Hepa6eHCcmeéa Ha NPOMUGONONONHCHBLY, MO NOAYHUMCA

HepaseHcmeo, paéHoCUuibHOe Bannomy.

J/

HokaxkeM [Ijia mpuMepa IpaBmio 3%,

Idano nepaBeHcTBO f(x) > g(x) u BeIpakeHume p(x), OTPHUIIATENb-
Hoe mIpH Jio0bIX 3HaueHHAX Xx. IIycTh x = @ — uyacTHOe pellleHHe He-
paBeHnctBa f(x) > g(x). 9ro 3Hauut, 4uro f(a) > g(a) — BepHOE YHUCJIO-
BOe HepaBEHCTBO. ¥ MHOKMB 00e €ro 4acTd Ha OTpHIATeJbLHOE YHCJIO
pla), monyuum: f(a)p(a) < g(a)p(a) — BepHOE YHUCIOBOE HEPABEHCTBO.
YT0 3HAYHUT, YTO X = @ — YACTHOe pellleHHMe HepaBeHCTBa f(x)p(x) <

g(x)p(x). Arax, MBI JOKa3aJiu, YTO JII00OE YacTHOe pellleHue Hepa-
seHcTBa f(x) > g(x) ABAsieTCS YaCTHBIM pellleHMEM HepaBeHCTBA
f(x)p(x) < g(x)p(x).

IIycTb, 06paTHO, X = b — yacTHOe pellleHue HepaBeHCTBa f(x)p(x) <
© g(x)p(x). 9ro sHauut, uro f(b)p(b) < g(b)p(b) — BepHOE UHMCIOBOE
HepaBeHCTBO. Pasnenus o0e ero yactu Ha orpunarenabHoe uuciao p(b),
noayuum: f(b) > g(b) — BepHOe YMCIOBOE HEPaBEHCTBO. JOTO 3HAYMT,
qTo0 x = b — uacTHOe peleHue HepaBeHcTBa f(x) > g(x). Arak, MBI
AOKasajnu, 4To J0oe yacTHOe pelleHHMe HepaseHcTBa f(x)p(x) <
« g(x)p(x) aBAsAETCSA YAaCTHBIM pellleHHMeM HepaBeHCTBA f(x) > g(x).

Brisoz: nepasencrsa f(x) > g(x) u f(x)p(x) < g(x)p(x), rae p(x) < 0,
PaBHOCHJIbHBIL.



1 . PALUMOHATIbHBIE HEPABEHCTBA U UX CUCTEMbI

Hanpumep, sepaBencTBo (2x + 1)(x? + 2) > 0 paBHOCHJIBHO Hepa-
BeHCTBY 2x + 1 > 0: o0e yacTH MCXOOHOTO HEPABEHCTBA pPa3AeIUJIHN
Ha BBIpAXKeHHE X2 + 2, IOJOKHUTEJIbHOE IPH JIOOBIX 3HAUEHUAX X;
OPH 9TOM 3HAK HMCXOAHOI'0O HEPABEHCTBA OCTABMJAM 0e3 M3MEHEHUd.

3x—4

7 -1 S0 paBHOCHMIBHO HepaBeHCTBY 3x — 4 = 0:

HepagBencrso
o6e J4acTH MCXOJHOrO HEPABEHCTBA YMHOMKWJIN HA BhIpaskenue —x! — 1,
OTpHIIATEJbHOE TIPHU JIOOBIX 3HAUYEHUAX X; IPH 9TOM 3HAK MCXOLHOTO
HEePaBeHCTBA M3MEHWJIM HA ITPOTHUBOIIOJIOMKHBIH.

IIpumep 1. Pemurs HepaBeHCTBO

x 2x-1 1
=+ >2x - —.
3" 5 15

Pew e H 1 e. YMHOKHUM 00e YaCTH HEPABEHCTBA HA IIOJOKHUTEIb-
HOe yucio 15, ocTaBuB 3HAK HepaBeHCTBA Ge3 m3MeHeHUA (IpaBUIO 2).
9TO MO3BOJUT HAM OCBOOOAMTHCA OT 3HAMeHaTejeil, T.e. mepeiTu
K Gojiee IPOCTOMY HepaBeHCTBY, PABHOCHJABLHOMY AAHHOMY:

15(i+ 2’“'1) > 15(2x-i);
3775 15

5x + 3(2x - 1) > 30x - 1;
11x - 3> 30x - 1.

BocnosbsoBaBuiuch npaBuaoM 1 pelieHns HepaBeHCTB, IIepeHeceM
yiaed 30x M3 IIpaBoil YaCTH HepaBeHCTBA B JIEBYIO, a 4WieH —3 — U3
JIeBOHl YacTH B IIPaByIO (C MPOTHBOMOJOKHEIMU 3HaKamu). Ilomyuum:

11x - 30x > -1 + 3;
-17x > 2.

2
HaxoHerw, mIpuMeHUB IIPABUJIO 3, MOJYUYUM: X < TR

3amevanmne 2. iHorpa ucnonb3yroT JPYryro 3anucb OoTBETa — B Buae

2
YHMCNOBOro NPOMeXyTKa (—OO; —F . Ha Haw 83rnag, oTeeT Npu pelleHm

HepaBeHCTBa NpepnovYtTuTrenbHee 3anucbiBaTb MMEHHO B Buae npocreﬁu.lero

2
HepaseHcTBa: x < — .
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y4

Puc. 1

IIpumep 2. Peuurs HepaBeHCTBO 3x + 9 < 2x2,
Pemenue. 1) IIpeo6pasyem HepaBeHCTBO K BUAY 3x + 9 —
2x? < 0 (BBHINOJHWJIN PAaBHOCHJIbHOE IIPeo0pasoBaHMe HepaBeHCTBA
no npasmiy 1). Haiizem KopHE KBagpaTHOro TpexuieHa —2x% + 3x + 9;
AJIF BTOTO pelIuM KBaapaTHoe ypaBHeHnme —2x2 + 3x + 9 = 0:
x, =3; x,=-1,5.

2) Ilapaboia, cayxamas rpabukom Gyakuuu y = —2x% + 3x + 9,
llrpecekaeTr och X B TOUKax 3 u —1,5, a BeTBH napaboJibl HAIPaBJIeHBI
N3, IOCKOJBKY CTapIIuil KoahGHUIHMEeHT KBaAPATHOIO TPeXUJeHa

2x*+ 3x + 9 paBeH -2, T.e. ABAAETCA OTPUIATEJLHBIM UHCJIOM.
Ila puc. 1 gaHo cxeMaTHYeCKoe IIpeACTaBjJIeHNe O rpaduKe GYHKIIUH.

3) y < 0 Ha Tex NMPOMEXYTKaX OCH X, rie rpadUK DAaCIIOJIOKEeH
HUXKe OCH X, T.e. Ha OTKPBITOM Jyde (—°°; —1,5) MM Ha OTKPLITOM
nyude (3; +0).

OrBerT x<-1,5; x > 3.

ITosie3HO BCIIOMHHTBH ABAa YTBEDPKICHHUA, KOTOPbie ObLIM JAOKA3aHbI
1 Kypce aire0psl 8-To Kjacca U He pa3 MOHAAO0ATCA HAM B AajIbHeHIeM.

1. Ecau ksadpammuulii mpexuien ax? + bx + ¢ He umeem KOpHell
(m.e. ezo Ouckpumunarnm D — ompuuyamenvHoe YUCNO) U eCAU NPU
amom a > 0, mo npu 8cex 3HAYEHUAX X BbLNOJHAEMCA HEPABEHCMEBO

ax?* +bx+c>0.

Huvimu cioBamu, ecau D < 0, a > 0, To HepaBeHCTBO ax? + bx +
{ ¢ > 0 BBINOJIHAETCA IPH BCEX X; HANPOTUB, HEPABEHCTBO ax? + bx +
t ¢ < 0 B aTOM Cciaydae He MMeeT PeLIeHU.

2. Ecau keadpammubuiit mpexuaen ax? + bx + ¢ He umeem Kopheil
(m.e. ezo Ouckpumurnanm D — ompuuyamenbHoe YUCIO0) U eCAU NPU
mom a < 0, mo npu 8cex 3HAYEHUAX X BbLNOAHAEMCA HEPABEHCME0

ax®? +bx+c¢<0.



1 . PAUMOHANbHBLIE HEPABEHCTBA U UX CUCTEMbI

Wuaue rosops, ecaiu D < 0, a < 0, To HepaBeHCTBO ax? + bx +
+ ¢ < 0 BBINIOJIHSETCA IIPH BCEX X; HAIIPOTHB, HEPAaBEHCTBO ax? + bx +
+ ¢ 2 0 B aTOM CcJayuyae He UMeeT PellleHHit.

ITH YTBEPKAEHUA — YaCTHBIE CJIyYaH cJeqyIOliel TeopeMbI.

Ecau xéadpamnvili mpexunen ax’ + bx + ¢ umeem
ompuyamensrbll JUCKPUMURARM, MO NPU LI060M X
3HAYeHUe mpexunena umeem 3LaAK cMmapuLezo Koag-
duyuenma a.

Teopema

IIpumep 3. Pemurs HepaBeHCTBO:

a)2x2-x+4>0; 6) -x2+3x-820.

P e wm e H u e. a) HatizeM guCKPUMUHAHT KBaJPATHOIO TPEXUJeHA
2x2 - x + 4. Umeem: D=(-1)2-4"+ 24 =-31 < 0. Crapmmuii Koad-
dbunueHT TpexuseHa (YUCI0 2) MOJIOKUTENeH. SHAUUT, II0 TeopeMe IpH
J1000M X BBHINOJIHAETCA HepaBeHCTBO 2x% — x + 4 > 0, T. e. peleHHEM
3aJaHHOrO HEPABEHCTBA CJYXKHUT BCSA YHCJIOBaA NpaMas (—00; +o0),

6) HaiizemM AUMCKPMMHHAHT KBaApPaTHOro TpexusieHa —x? + 3x — 8.
Nmeem: D = 32 — 4:(-1)+(-8) = -23 < 0. Crapmuit KodpduLEeHT
TpexwieHa (umcio —1) orpunaresies. CiegoBaTesbHO, 110 TeOpeMe IIPH
JIIOOOM X BBINOJIHAETCA HepaBeHCTBO —x? + 3x — 8 < 0. 9ro 3HAUuUr,
YTO 3aJaHHOEe HepaBeHCTBO —x2 + 3x — 8 > ( He BBINOJHAETCA HU IIPU
KaKOM 3HA4YeHHHU X, T. €. He UMeeT pelleHui.

OrT BeT: a)(—o0; +0); 0) HeT pellleHHH.

3ameyanme 3. VHorpa BMECTO CNOBOCOMETAHMSA «HET PELLEHNH» MCMONb-
3ytoT 3HaYOK & — cumBON NycTOro mHoxecTtsa (nogpobHee 06 3TOM Mbi
MOroBopMm MosgHee — CMm. C. 26).

B cuexnymoineM mpuMepe HAIOMHHM ellle OAHH CIIOCO0 paccyskjie-
HU, KOTOPBHI# MOYKHO NMPHUMEHATH IIPH pPELIeHUH HepaBeHCTB.

IIpumep 4. Pemuurs mepaserncTso x* — 6x + 8 > 0.

P e m1 e H u e. Paznoxum KBagparHbiil Tpexuied x? — 6x + 8 Ha
JIMHeNHble MHOKUTEeIU., KOPDHAMY TpexujieHa ABIAIOTCA yuciaa 2 u 4.
Bocnosb3oBaBuInch U3BECTHOM U3 Kypca ajrebpsl And 8-ro KJjiaca dop-
myJo#t ax? + bx + ¢ = a(x — x,)(x — x,), DOTYUUM:

x2—6x + 8 =(x-2)(x - 4).
OTMeTHM Ha YHCJIOBOI NMPAMOIM KOPHH TpexuiyeHa: 2 u 4 (puc. 2). Bur-
SICHUM, KOrja npoussefeHue (x — 2)(x — 4) IOJOKHUTEJbHO, a KOTga —
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-O- - X
4
Puc. 2

orpunarejbHo. Ecaiu x > 4, To x — 2 >0wu x — 4 > 0, 3Hauur,
(v =-2)(x—4)>0.Ecin2<x<4,T0x-2>0,ax-4<0, 3Hayur,
(v —2)(x — 4) < 0. Ecnu, HakoHen, x <2, Toux-2<0,mx-4<0,
naroromy (x — 2)(x — 4) > 0. Hac uHTEepecyIOT Bce Te 3HAUEHUA Iiepe-
MeHHOM X, IPH KOTOPHIX AJaHHBIM KBaApaTHBIN Tpexuied x2 — 6x + 8
IPHHUMAET II0JIOYKHUTEJbHBIE 3HAUeHUA, ITO UMeeT MECTO Ha JBYX OT-
KPBITBHIX Jydax: (—o0; 2), (4; +0).

OrBeT x<2;x>4.

Meron paccy:kJeHHUil, KOTOPBIN Mbl IPHMEHUJH B IpuMepe 4, Ha3hI-
BAIOT OOBIYHO MemoOoM UHMeP8aios (MU Memodom NPOMENYMmKos).
()H aKTHBHO HCIIOJIb3yeTCA B MAaTeMaTHUKe AJIA PelIeHNs PAallMOHAIBHBIX
nepaBeHeTB. B caepyromieM maparpade MbI U3YUMM METOJ MHTEDPBAJIOB
fuJiee JeTajJbHO, a dTOT maparpad, 4ToObl He OrPAHMYNBATHCA B HEM TOJIb-
KO HAaIIOMHMHAHHEM H3BECTHOI'O, 3aBepIIMM IIPHUMEPOM, B KOTOPOM DeYb
WIET O PeIlIeHNY TAK Ha3bIBAEMbIX HEPABEHCTB C MOLYJISAMH.

IIpumep 5. Pemurs HepaBeHCTBO:

a) lx-2/<3; 6)lx+3,2| <2 ) |102] > 27

Pem e Hue. HamoMHMM reomMerpuyecKkoe HMCTOJKOBaHUE BbIpa-
ACCHUA |x -a | — 9TO pacCTOSTHNE HA KOOPAWHATHOM (YMCJIOBOM) IpA-
MOM My TOUKaMHU X U a, KoTopoe o6o3Hauawor p (x; a) (p — GykBa
1 peyeckoro ajipaBuTa «po»):

|x —al= p(x; a).

llunpumep,

lx - 2| =p(x; 2); |x+3,2|=p(x;-3,2); |zl =p(x;0).

a) HepaBencrBo | x - 2| < 8 moskHO HcTONKOBATD TaK: HYKHO Haii-
11 HA KOOPAMHATHOM MPAMOIl Bce TaKHe TOUKHU X, KOTOPHIE YJOBJIETBO-
psitor yesaoBuio p(x; 2) < 3, T.e. yAajeHbl OT TOYKKM 2 Ha PacCTOAHUE,
mcHbIee 3. 9TO Bce TOUKH, IpHHAAJexaliue uHTepsany (—1; 5), u
104bKO OHHU (puc. 3). MHTepBana (—1; 5) — pelleHue 3agaHHOTO Hepa-
CHCTBAa.

11
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X
-5,2 -3,2 -1,2
Puc. 4
[FENENEEN $ W INNNNSNN] » X
-2,7 0 2,7
Puc. 5

6) HepaBencrso |x + 3,2|< 2 MOXHO HCTOJIKOBATH TaK: HYXKHO
HaliTM Ha KOOPAMHATHON NPAMOM Bce TaKMe TOUKH X, KOTOPbIE YAOB-
JIETBOPAIOT yCJIOBHIO P(x; —3,2) < 2, T. e. yAajJeHb OT TOYKH —3,2 Ha
paccrosHune, MeHblllee UK paBHOe 2. ITO BCe TOUKHU, IIPUHALIEKAIIIHe
orpesky [-5,2; —1,2], u Toabko oHu (puc. 4). Orpesok [-5,2; —1,2] —
penieHMe 3aJaHHOT'O HEPaBEHCTBA.

B) CHayaJsia paszesuM o00e YacTH HepaBeHCTBa HA OJHO U TO Ke
TIOJIOXKHTEIbHOE YHCc0 10; mosyuum: |x| > 2,7. HepaBeHCTBO |x| > 2,7
MOKHO MCTOJIKOBATh TaK: HYXKHO HAaWTH Ha KOODPAMHATHOM NIPAMOI
BCe TaKMe TOYKHU X, KOTOPhIe YAOBJIETBOPAIOT ycaoBuio p (x; 0) > 2,7,
T. e. ygaJjieHsl OT TouKHu 0 Ha paccrosHHUe, Gosbluee 2,7. ITO Bce TOU-
KU, NIPHUHALJIEXKALe OTKPBITHIM JydaMm (—o0; —2,7) unu (2,7; +°), u
TOJBKO OHHU (pHC. 5).

OrBera)-1<x<5;6)-52<x<-1,2;B) x <-2,7; x > 2,7.

§ 2. PAUMOHANBHLIE HEPABEHCTBA

PauyuoHanbHOE HEpPaBEHCTBO C OAHOM IEepPeMEeHHOl x —
9TO HepaBeHCTBO BHAa h(x) > q(x), rae h(x) u g(x) — panuoHaJIbHbIE
BEIDaYKEHHs, T. €. ajiredpandecKre BEIDAKeHUsA, COCTaBJIEHHbIe U3 YH-
CeJl ¥ IIePeMEeHHOH X C IIOMOILBIO Ollepaluil CJIOKeHHUsd, BHIUUTAHUA,
YMHOYKEHU A, AeJieHUs U BO3BeJeHUs B HATYPAJIbHYIO cTelleHb. Pasy-
MeeTcA, IIepeMeHHasa MOXKeT ObITh 0003HaUeHa JiI000it Jpyroit OyKBOM.

IIpu peleHun pamOHAJBHBEIX HEPABEHCTB HCIIOJb3YIOTCA T€ NPaBU-
Jia, KOTophle ObLIM chopMmyaupoBansl Bbimie B § 1. C moMoInbio sTUX
IpaBUJ OOBIYHO MPeo0pasyroT 3aJaHHOE PalliOHAJIbHOE HEePaBEHCTBO K
Buzy f(x) > 0 (< 0), rae f(x) — anrebpanmueckas ApPo6b (MM MHOIOUJIEH).
Hamee pasjaraior YMCAUTeNb U 3HAMEHATENb APO0H f(X) HAa MHOMKHTEIH
BUAa X — a (ecau, KOHEYHO, 3TO BOBMOYKHO) ¥ IIPUMEHSAIOT Memo0 UH-
mepeano8, KOTOPBINI MBI yyKe YIIOMHHAJIM BHILIE (CM. B IIpeABIAYIIEM
naparpade npumep 4) u nmogpoOHee IMOKaKeM Ha pPsAje IPUMEPOB.

12
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; » x
-1 1 2

Puc. 6

Il pumep 1. Pemurs HepaBEeHCTBO
(x = 1)(x+ 1)(x—-2)>0.
P e w e H u e. PaccMOTPUM BBIpaskeHUe
f(x) = (x — )(x + 1)(x — 2).

OHo obpaiaerca B 0 B roukax 1, —1, 2; oTMeTHM 3TH TOYKH Ha YHC-
n10BoOM npamoii. YucsoBada npamMasa pasbuBaeTca YKaSaHHLIMH TOUKAa-
MU Ha 4YeThIpe IpoMexyTKa (puc. 6), Ha KaXJOM M3 KOTODPHIX BBIPa-
/KeHHe f(x) coxpaHseT IMOCTOAHHLIHM 3HAK. UTOOHI B 3TOM yOeguThCA,
1poBefeM YeThIpe paccyXKAeHHs (AJnA KaKAOro M3 yKasaHHBIX IIPO-
MEXYTKOB B OTZEJbHOCTH).

1) BospMeM J100YI0 TOUKY X U3 IIPOMEXYyTKa (2; +00). Ira ToU-
KA pacIiOJIOMKEeHa Ha YHUCJIO0BOM HpPAMOI IpaBee TOYKM —1, mpaBee
royku 1 1 npaBee TouKHu 2 (puc. 7). ITo 3HAUMUT, UT0o X > —1, x > 1,
v 2. Hororgax+1>0,x—-1>0, x—-2>0, a suauur, u f(x) >0
(KKaK Impom3BejieHNe TPeX IMOJIOXKHUTEIbHbBIX unces). Tak, Ha BceM IIpo-
MCeKYTKe (2; +0°) BRIOJIHsAETCA HepaBeHCTBO f(x) > 0.

— » x
-1 1 2 x

Puc. 7

2) BosbMeMm 100yI0 TOUKY X U3 mHTepBajsa (1; 2). 9ra Touka pac-
HOJIOXKeHa Ha YMCJIOBOHM IpAMO# mpaBee TOYKH —1, IpaBee TOYKH 1,
no Jjesee Touku 2 (puc. 8). 3HauuT, x > -1, x > 1, HO x < 2, a
noromy x + 1 >0, x -1 >0, x - 2 < 0. Ho toraa f(x) < 0 (xak
1POUBBeeHUEe [BYX IOJIOXKUTEJbHBIX ¥ OZHOT'O OTPUIIATEJIbHOTO YHC-
nn). Urak, Ha BceM mpomexxyTke (1; 2) BeImOJIHAETCA HEepPaBEHCTBO

f(x) < 0.

>r—O— » x
-1 1 x 2
Puc. 8

3) BospMeM Ja100yI0 TOUKY X m3 mHTepBaJa (—1; 1). Ora Touka
| ICIIOJIOMKEHA HA YMCJIOBOM MPAMOM IpaBee TOYKH —1, meBee TOUKH 1

13
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® » X
-1 X 1 2

Puc. 9

u JyieBee Touku 2 (puc. 9). 3uauur, x > -1, Ho X < 1, x < 2, a moroMy
x+1>0,x-1<0, x -2 <0. Ho Toraa f(x) > 0 (kax mpousBeieHue
ABYX OTPHIATEJIbHBIX M OJHOTO MOJIOXKHTEJbHOrO umcJa). UTak, Ha
BCeM mpomexkyTke (—1; 1) BeImosiHAeTcs HepaBeHcTBO f(x) > 0.

4) BosymeMm, HaKoHeI, JH06YI0 TOUKY X M3 OTKPBHITOrO Jy4a (—o0; —1).
9Ta TOuYKa pacIojio’keHa Ha UYHCJOBOM IPAMOI JieBee TOUKH -1,
JjeBee TOUKHM 1 u jeBee Toukm 2 (puc. 10). Iro 3Hauur, uTo x < -1,
x<l,x<2.Horormax+1<0,x-1<0, x-2<0, a 3HauuT, "
f(x) < 0 (xax mpomsBemeHHe Tpex OTpPHIATENbHBIX umcesn). MTak, Ha
BCEM HIPOMexyTKe (—°; —1) BhImOJIHseTCA HepaBeHcTBO f(x) < 0.

» X

Re

-1 1 2
Puc. 10

Ilogsesem uroru. 3Haku BhIpaXKeHHA f(X) B BHIJETEHHEIX IIpOMe-
KYTKaX TaKoBbl, KaK MMOKa3aHo Ha puc. 11. Hac uHTEpecyOT Te mpo-
MEXYTKH, Ha KOTODBIX BEINOJIHsETCA HepaBeHCTBO f(x) > 0; oHH
3allITPUXOBaHbl Ha puc. 11. 3uauuT, HepaBeHCTBO f(x)> 0 BBHIIOJ-
HAeTcsA Ha uHTepBaJe (—1; 1) uam Ha OTKPBITOM Jyue (2; +0),

111+111111 — 1111+1111;
'x

-1 1 2
Puc. 11

OrBem-1<x<1;x>2.

Ilpumep 2. PemuTh HEPaBEHCTRO
(x-1)x+ 1)(x-2)< 0.

Peuren ue. Kak u B mpeapiAyineM IpuMepe, U3BjaedeM HE06XO0-
AUMYIO MH(popMauuio u3 puc. 11, HO ¢ AByMs M3MEHEHHAMH II0 CPaB-
HEHHWIO ¢ nmpumepoM 1. Bo-mepBbIX, IOCKOJIBKY HAac MHTEDPECYET, IIPHU
KaKHX 3HAUeHUAX X BBHIMOJIHAETCSI HepaBeHCTBO f(x) < 0, Ham mpu-
AeTCA BbIGpaTh nmpoMeKyTKH (—°; —1) u (1; 2). Bo-BTOpBIX, HAC YCT-
PauBaIOT ¥ Te TOYKH, B KOTOPBIX BBHIMOJHsIETCS paBeHcTBO f(x) = 0. 9To
TOYKH -1, 1, 2, OTMETHM HX Ha PUCYHKe TEMHBIMH KDPYKOUKAMH U
BKJIOYMM B orBer. Ha puc. 12 mpeacrasjieHa reoMerpuueckasd

14
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— + - +
iy o iLLly > x
-1 1 2
Puc. 12

MIJLTIOCTPAIIUA PeIleHUA HepaBeHCTBa, OT KOTOPOl HETPYAHO Iepeii-
TH K aHAJUTHYECKOH 3allHCH.
OrBerT x<-1; 1<x<2.

IIpumep 3. Pemurh HepaBeHCTBO

x2-x

— - < 0.
x2-5x-6

Pemenu e. Pa3ioxxuM HAa MHOXMXHUTEJHM YHCJIHUTEJL M 3HaMeHa-
reJib ajaredOpaumueckoil apoou f(x), comepsxalieiica B JeBOH YacTH
llepaBeHCTBa. B umciuTesne umeeM:

x2—x=x(x-1).
'ITo0BI Pa3IOKUTL Ha MHOXMKHUTEIM KBaApPaTHLIM TpexdieH x2 — 5x — 6,
cogepakamnuiica B 3HaMeHaTesie gpobu, Halizem ero xKopHu. VI3 ypas-
nesusa x* — 5x — 6 = 0 maxonum: x, = -1, x, = 6. 3nauur,
x2-5x—-6=(x+ 1)(x-6)
(MBI CHOBa, KaK 9TO y»Ke ObliIo B § 1, BOcmoJsib30BanmuCh (hopMyJI0it
PU3JIOKEHNA HAa MHOMKHTEIH KBaAPATHOIO TpexuieHa: ax? + bx + ¢ =
a(x — x )(x — x,).
Tem caMbIM MbI IIpeoGpa3oBaiy 3afaHHOE HEPABEHCTBO K BHUAY
x(x-1
( ) <
(x +1)(x - 6)

x(x -1)
(x+1)(x —-6)
sHaMeHaTesb oOpamtaercad B 0 B Toukax —1 u 6. OTMeTHM 9TH TOUKH
na 4ucyIoBoil mpamoi (puc. 13). UucioBasa npsaMasa pasdbuBaeTca yka-
MHHBIMU TOYKaMH Ha IATH IPOMEMKYTKOB. Paccykiaa Tak ke, Kak B
upuMepe 1, IPUXOAUM K BBIBOZY, YTO Ha KayKJOM IPOMEXKYTKe BbIPa-
werue f(x) coxpaHAeT MOCTOAHHBINA 3HAK, IPUYEM 3HAKH BHIPAKEHUA
[(v) B BBIZIEJIEHHBIX NIPOMEXKYTKaX TAaKOBHEI, KaK ITOKa3aHO Ha puc. 13.

0.

‘lucauresns apobu obpamaerca B 0 B Toukax O u 1, a

) <>
rTrrrr t7 7777777 rrrrrrrrrrrrrrorr X

-1 0 1 6
Puc. 13
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1 . PALIMOHASIbHBIE HEPABEHCTBA U UX CUCTEMbI

Hac unTepecyer, rie BeIDOJHAETCA HepaBeHCTBO f(x) < 0. 9to mmeer
mecTo Ha mHTepBaje (—1; 0) unu Ha maTepnaine (1; 6).
OrTBeT: -1 <x<0;1<x<686.

IIpumep 4. Pemurs HepaBeHCTBO
6x2-5x+4

z 1.
6x2—x -2 1

Pemenue. [Ipy pemreHUN panmuOHAJIbHBIX HEPABEHCTB, KaK
MPaBHJIO, IPEAIOUYUTAIOT UMETh B IIPABOI YaCTH HepaBeHCTBa umcio 0:
6x2—5x +4

-1 2 0
6x2—-x-2

6x2 —Hx+4—-6x2+x+2
6x2—x—2 z

[ ry

-4x+ 6
6x2-—x-27 "

Ecnu B mpaBoil 4aCTHM HepaBEeHCTBA COJAEPKUTCA JUlb yucio O,
yIoOHee NMPOBOJUTDH PACCY)KAEeHHHA, KOrJa B JeBOM YaCTH HepaBeHCTBa
¥ YHCJUTEJb U 3HaMEHATeJb UMEIOT ITOJIOXKUTENbHbI cTapmuil Koad-
tdunmenT. A uyro y Hac? ¥ Hac B 3HaMeHaTeJie APOOH B 9TOM CMEICJIE
BCe B NOpAAKe (crapmuii KoadPHUIHMEHT, T. e. KO3bDHUIMEeHT npHu X?,
paBeH 6 — MOJIOXKUTEJBLHOE YHCJIO), & B YHUCJIHUTENE CTapIIuil Koaddu-
ueHT (KoadGUIIMEeHT IPH X) paBeH —4 (OTpHUILIATeJIbHOE YHCJIO)., ¥ MHO-
°KUB 00e 4aCTH HepaBeHCTBa Ha —1 M M3MEHHUB IIPU 9TOM 3HAK HepaBeH-
CTBa HA IPOTHUBOIOJOXKHBIM, [TOJYYUM PAaBHOCHJIBHOE HEPaBEHCTBO

4x—-6
6x2—-x -2 <o

Yucauresas Jpobu mpeodpasyeM K BULY 4( X - g) YT0o0BI PA3IOIKHUTH

HA MHOXKHTEJIN COAEP/KAIUICA B 3BHAMeHaTe e Jpo0H KBaApaTHBIA Tpex-
unen 6x*> — x — 2, natinem ero Kopuu. VI3 ypasuenusa 6x* — x - 2 =0
2 1

1= 30 x, =-3: 3Hayur,

29 = _2 1
6x2—-x-2 G[x 3 x+2.

HaXOogHuM: X
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1 . PALUNOHAJIbHbIE HEPABEHCTBA U UX CUCTEMbI

TeM caMBIM 3aJaHHOE HEPABEHCTBO MEI IIPeo6pa3oBay K BUAY

4
(ofie yacTy HepaBEeHCTBA Pa3feUJIM Ha IOJIOMKHTEJbHOE UMCJIO 3 ).

flx) = ﬂ
-

3
"{ucaurenn aToil APobu obpairaerca B 0 B Touke > 8 SHAMeHaTesIb —

2 1
W TOUKAX 3 U e OTMeTHM 9TV TOYKK Ha YMCJIOBOI mpsamoii (puc. 14);

ota pagdéuBaeTcA YKa3aHHBIMHM TOYKaMH Ha YeThIpe IIPOMEXKYTKa, IPU-
eM Ha KaXXJ0M IIDOMEKYTKe BhIpakeHue f(x) coxpaHAeT IOCTOSH-
WLl 3BHAK — OTH 3HAKM yKasaHBI Ha puc. 14. Hac mHTepecyoT Te
1IPDOMEKYTKHM, HAa KOTOPBIX BHIMOJHAETCH HepaBeHCTBO f(x) < 0; atm
11DOMEXKYTKH BHIZEJeHbl IITPHXOBKOM Ha puc. 15. ITo ycioBuio Hac
WHTEPECYIOT U T€ TOUKH X, B KOTOPBIX anonnae'rga paBeHcTBO f(x) = 0.

Paccmorpum BeIpakeHnue

I'nKkaAa TOYKaA TOJBKO OfHA — 3TO TOYKA X = 5 » TOCKOJIBKY JIMIIb
1IPU 3TOM 3HAUEHUMHU YMCJINTENb Apobu f(x) obpaiaerca B HyJb. Touka

3
A = 5 OTMe4YeHa Ha PHC. 15 remHBIM Kpy:KoukoMm. Takum oGpasom,

nn puc. 15 mpeacraBieHa reoMerpuuecKas HJLIIOCTPALUA peIllleHUdA

- + - +
O O O » X
_1 2 3
2 3 2
Puc. 14
- + _
TR rrrrrrrrr—» X
1 2 3
2 3 2
Puc. 15
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1 . PALUMOHAJBHBLIE HEPABEHCTBA U MX CUCTEMbI

8aJaHHOI0 HEPaBEHCTBA, OT KOTOPOIl HETPYAHO MepeiTH K aHAJIUTH-
YeCKO# 3aIucH.
1 2 3

OrBeT: X< T35 3 < x < 3"

B xaxaoM M3 pacCMOTPEHHEIX IMPUMEPOB MBI IPe06pPa30BBLIBAIU
3aJaHHOE HEPaBEHCTBO TaK, YTOOBI IIOJy4IIOCh PABHOCIUILHOE eMy Hepa-
BeHCTBO Buaa f(x) > 0 uau f(x) < 0, rae

(x —a)(x - b)
= Goa-a

3areM oTMeuaJaH Ha OcH X (Ha 4mMcioBO# NpAMoil) TOUKu a, b, ¢, d u
onpejessanay 3HAKU BbIDAYKEHUsA f(x) Ha BBIJENEHHBIX INPOMEKYTKAX.
3aMeTHIM, YTO Ha CAMOM IIPABOM U3 BbIAEJEHHBIX IIPOMEKYTKOB BbI-
moJIHAeTCA HepaBeHCTBO f(x) > 0, a majee mo mpoMeXxyTkam (IIpu yc-
JIOBHM, YTO YMCIA Q, b, ¢, d IOmapHO pasjMyYHbLI) 3HAKU BHIPAYKEHUS
f(x) uepenyiorca (puc. 16a). ITo uepemoBaHUe YAOOGHO HILTIOCTPUPO-
BaTb C IOMOIIbIO BOTHOOOPA3HOM KpuBOi, KOTOpas YePTUTCA CIpaBa
HaJIeBO ¥ CBepXy BHUS (pHuc. 166). Ha Tex mpoMeXXyTKax, I'le 3Ta KpPH-
Bas (ee MHOTJA HA3BIBAIOT KPUBOI 3HAKO6) PACIIONOMEHA BhIIIE OCH X,
BBINIOJIHAETCA HepPaBEeHCTBO f(x) > (0; Ha Tex IIPOMEXXKYTKax, rje aTa
KpuBas Pacmoyio’KeHa HUKe OCH X, BBINOJHAETCA HepaBeHCTBO f(x) < 0.

3aMeTHM, UTO KOJIMYECTBO MHOMKHTeNIEell B YHCIUTeNle X 3HAMEHA-
TeJe APOOHM MOMKeT OBITH JIIOOBIM (He 06A3aTeIbHO IO JBA B YMCIH-
Teje W 3HAMeHaTele).

IIpumep 5. Pemurh HepaBeHCTBO
B3 -Tx S
@x+3)@Ex-8 ~ O

Pem e H ue. Umeem:

x(x%2-7)
2 0;
4T
2 3
+ - + - +
> x

a b c d

Puc. 16a
a b ¢ d

Puc. 166
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1 . PAUMOHAJIbHBIE HEPABEHCTBA U UX CUCTEMbI

x(x = V7)) (x +7)

s

(o0e yacTH IpeabIAVIIEro HepaBeHCTBA YMHOMKMIIM HA IIOJIOMKHUTE]b-
Hoe ymcJyo 6).

Yr00BI BOCIIOJIB30BATLCSA METOJAOM HHTEPBAJIOB, OTMETHM HAa YMNC-
JIOBOI*‘ npamoit Touxku 0, JT y — J7 (B 9THX TOYKaAX YUCJIUTEJH APO-
6y, coAepikalieiica B JIeBOH YacTH HepaBeHCTBa, obpamaercs B 0) u

3 o
TOYKH — 3 u % (B 3THX TOYKAaX 3HaMeHaTeJb YKa3aHHOH Apobu obpa-

waercsa B 0). OOLIYHO TOUYKH OTMEUAIOT CXEMaTHUYECKH, YUUTLIBAA
TOJABKO IOPAJOK HX CJef0BaHus (KaKas IpaBee, KaKas JieBee) U He
ocobeHHO obpaiad BHHMaHHUA Ha coOJiogmeHue macmraba. SIcHO, 4TO

3
-7 < - 3 < 0. Cuoxuee (ecau oL PYKOH HeT KaJbKyJaaTopa) 06-

8
CTOUT [€eJI0 C YNCJIaMH \/7 un —-. HOCTYHI/IM TaK: paCCMOTPHUM KBaj-

;

paThbl 3THX YHCeJI.

2
Hmeem: (V7)2 =T, ( 6—; = 7%. Bmauur, (1) <[§) ,

w|oo

n motomy V7 < g

Hrax,
3 8
-7 < —= N, —-.
< 2<0< 7<3

OTMeTHM yKasaHHbIE IATH TOYEK B YKA3aHHOM IMOPAAKE Ha YKC-
JsoBoi npsimoii (puc. 17a). PaccTaBuM 3HaKM BBIPAKEHHUA

x(x = \7) (x +7)

-9

1A MOJNIYYeHHbBIX MPOMEXYTKax: Ha CAaMOM IIPAaBOM — 3HaK «+», a Jajee
maky uepegyiorca (puc. 176). HauepTuM KpPHUBYIO 3HAKOB M BbIZe-
1M (LITPUXOBKOIT) Te IPOMEXYTKH, Ha KOTOPBIX BBINOJHIETCA HHTE-
pecyromree Hac HepaBeHCTBO f(x) > O (puc. 17B). YureMm, HaKoOHeIl,

f(x) =

19



1. PALUMOHAJbHBIE HEPABEHCTBA U UX CUCTEMBbI

-0 O O- O O - X
3 8
— -2 0 °
ﬁ 2 ﬁ 3
Puc. 17a
- + - + - +
—C e QO o O- — X
3 8
-7 -3 0 7 S
Puc. 176
3 8
- -2 0 °
ﬁ 2 ﬁ 3
Puc. 178

4YTO peub HUAET O Hecmpozom HepaseHcmee f(x) > 0, 3HAUYHUT, HAC
HHTepecylOT X Te€ TOYKH, B KOTOPBIX BhIpaykeHme f(x) oOpamjaerca

B HyJb. OTO KOPHU uuciaurens apodu f(x), T.e. rouku 0, ﬁ u -7 s

OTMeTHM HX Ha puc. 17B TeMHBIMH KPy)KOuKaMu (M, €CTECTBEHHO,
BKJOYMM B oTBeT). Bor Temepsr puc. 17B JaeT moJIHYyI0 reoMeTpUue-
CKYI0 MJJIIOCTPAIIMIO PeIleHusA 3aJaHHOI'0 HepaBEeHCTBA.

3 8
OrBer: —ﬁ<x<—§; 0<x<7; x>
OGpaiiiaeM Ballle BHUMAaHME HA TO, UTO BCTPEUAIOTCSA PALlMOHAJIb-
Hble HEPABEHCTBA, IIPY PEIIeHHH KOTOPbLIX METOH MHTEPBAJIOB CjemyeT
NPUMEHATh ¢ OCTOPOXXHOCTBIO, C HEKOTOPBLIMH IIONPAaBKAMHU. OTO MBI
ofcynuM B ocTaJbHBIX IpuMepax maparpada.

Il pumep 6.Pemurs, HepaBeHCTBO
(x-12®(x+2)<0.

P e w e v u e. Paccmorpum Beipaskenue f(x) = (x — 1)? (x + 2),
OTMeTHM TOUYKH 1 M —2 Ha YHCI0BOM npAmoii (puc. 18) u onpenenum
SHaAKM f(x) HA Ka¥KZOM M3 TpPeX IOJYUYEHHBIX IIPOMEXYTKOB.

- + +

Frrrrrrrrr e ’x
-2 1

Puc. 18
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1 . PAUMOHANbHBLIE HEPABEHCTBA U UX CUCTEMbI

Ecau x € (1; +90), r.e. x> 1, 10 (x — 1)2> 0, x + 2 > 0. 3gauur,
(x = 1)(x + 2) > 0. CnenoBaTesbHO, Ha OTKPBITOM Jyue (1; +00) BBI-
LIOJIHAETCA HepaBeHCTBO f(x) > 0.

Ecmmxe (-2;1), r.e.2<x<1,To(x—-12>0,x +2>0.
Buauurt, (x — 1)(x + 2) > 0. Taxum obpasoMm, Ha uHTepBaje (—2; 1)
BBIIIOJIHAETCA HepaBeHCTBO f(x) > 0.

Ecin x € (—o0; -2), 1.e. x < -2, 10 (x - 1*>0, x + 2 <O0.
3"auur, (x — 1)%(x + 2) < 0. Urak, Ha OTKpBITOM Jyue (—00; —2) BBHI-
noJHAEeTCA HepaBeHCTBoO f(x) < 0.

3HaKu BhIpaXKeHHA f(Xx) cxeMaTHUYeCKU IIpeJCcTaBjeHsl Ha puc. 18.
Hepasencrso f(x) < 0 BBIMOJHAETCS Ha OTKPBLITOM Jyude (—00; —2).

OrBerT x<-2.

3ameuanme 1. B npumepe 6 He 6bino Toro yepenoBaHus 3HaKOB, HA
KOTOpoe Mbi 06paTHAM BHUMaHKE Bbille, @ NOTOMY M KPHBYIO 3HAKOB Mbl
3pecb 4epTuTb He ctanu. [puBbiuHas KapTHHA HapyLleHa M3-3a Toro, 4To B
sbipaxkeHuu f(x) ecte mHOXMTENL (X — 1)2. MpMMmuTe coset: ecnu nocne pas-
NOXEHUS Ha MHOXMTENM YMCIMTENs M 3HameHaTens anrebpanueckoi apPobu
f(x) BbI OBHapy MMM MHOXKMTeNb BUAa (x— a)", rae n=2, 3, 4, ..., He Nonb3yW-
recb KPMBOM 3HAKOB, a OnpegernsiTe 3HaKu BbipaXKeHus f(x) B KaXKAOM 3
eblgeneHHbIX MPOMENYTKOB NO OTAENLHOCTH, Kak B npumepe 6.

3ameuaHme 2. Ecnu 661 3apaHHOe B npumepe 6 HepaBeHCTBO Bbino He-
CTPOrMMm, T. €. nmeno sug (x — 1)3(x + 2) < 0, To reomeTpryeckas MNNKOCT-
pauma pelieHus uamenunaco 6bi: Toukm 1 M —2 cneposano OTMeTHTbL 3a-
KPaLLEeHHbIMK KPY>OuKamm 1 BKtounTb B oteeT (puc. 19). Pewenne Hepa-
seHcTBa Mmeno 6bi Torga cnegytowmi Bua: x < —2; x=1,

Llllll: Av »x
-2 1
Puc. 19

IIpumep 7. Pemints HEPaBEeHCTBO

19—x2—4x< 3
49 — x2 T+x

Pemenue. IlpeoOpasyem HepaBeHCTBO K BUAY

19 - x2-4x 3
49 — x2 7T+x

u 11opaboTaeM C JieBOH YaCTbIO IIOJYYMBIIETOCS HePaBEeHCTBA:

<0
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1 - PAUMOHAJIbHbIE HEPABEHCTBA W MX CUCTEMbI

19— x% - 4x 8 _19-x2-4x 3T
49 - «? T+x —(7—x)(7+x) 7T+x
Z19-x - 4x-3(7 - x) -x2-x-2 x2+x+2
- = =
(T-2)(T+x) T-0T+x) (x-Tx+7)

(umcrurenb M BHAMEHATENE APOGH YMHOMHIK Ha —1, 3TO TOX/JeCTBEeH-
Hoe npeoGpasBaHue ApoGy).

Taxum o6pasom, sazaua ceomurca PEIIeHNI0O HEPABEHCTBA
2
X+ x+ 2

G- -

IlomeITaeMCa PasIoXKuUTh HA MHOMKUTENN UHACIATEND anrebpauue-
CKO¥f 1po6u, CoAepsKalieiica B eRoi yacTu HepaBeHCTBA, T. €. BbIpa-
xenue x* + x + 2. Ho AuckpuMuEanT oTOro KBaIPATHOTO TpeXUIeHa
orpunarenes: D =12 -4 .1 .2 = _7, 3HauyuT, KOpHel y TpexuJieHa
HeT, a IoToMy Qopmyia ax? + bx + ¢ = a(x - x,)(x — x,) 3mecy HempH-
MmeHuMa. Kak e 6bI1ThL?

Orser Ha 3TOT Bompoc naer Teopema u3 § 1: ecu y KBagpaTHOrO
TpexuseHa ax® + bx + ¢ orpumarennHbIH OIUCKPHMHUHAHT U II0JIOXKU-
TeJIbHBIN CTapmit Koa(bunmenT, o TPEXWIEH I O JI O XK U TeJeH
Ipn BCEX 3HAYEHUAX Xx. Ho Torza ma Hero MOXHO pasfeJuTh obe
4aCTH HEDABEHCTBA, He MeHAA 3Haka HepaBeHCTBa (cM. B § 1 mpa-
BuJio 2%), Ilonyuum;

1

u—ﬂu+n<a

BocronksoBasiucs merogom uHTepBayoB (puc. 20), moiaydyaeMm B

KauecTBe PELICHUA NOCNenHeTo (a 3HAUUT, U 3aJAHHOI0) HEPaBeHCTBA
uHTepBai (—=7; 7).

OrBem -T<x<7,

\}‘—‘—‘"'1111111111:/ [

-7 = 7+ o X

Puc. 20
22



1 . PAUMOHANbHBIE HEPABEHCTBA U UX CHUCTEMbI

3 2
3x° - 2x° - 2x <o0.
x

<0,71.e.8x2-2x-2<0

(upu ycaosum, uro x # 0). HailzeM KOpHM KBaIpaTHOT'O YpPaBHEHHUS

Mi-2x - 2=0:
1+£12 - (-2)-3 _ 1+£7

X, = = H

L2 3 3
1+ 7 1-47
=—3 5 % .

IIpumep 8. Pemurs HepaBeHCTBO

Pemenne.Hmeem:M

= =3
KoneuHo, MOXHO, IPUMEHUB GHOPMYJIY
3x% - 2x - 2 =3(x - x))(x - x,),

PCIUUTE 3aJaHHOe HepaBeHCTBO MeToxoM mHTepBasioB. Ho gis pemie-
Wi KBaAPaTHLIX HEPABEHCTB Y HAaC MMeeTCs IIPOBEPEHHLIN M Hamex-
HI4il METOX, KOTOPBIM MBI BCIIOMHUJIM B IpeablayieM maparpade. Or-
MCTUM KODHH X, U X, Ha OCH X, YYTA IOPH 3TOM, 4TO X, < X,, U IIOCTPO-
um (cxemaTuueckn) napadoay y = 3x% — 2x — 2; rjaBHOEe — y4eCTb, UTO
nerBH 3TOH mapaboJsibl HanpaBJIeHBI
wuepx (puc. 21). Beibupaem npomexy-
10K, Ha KOTODOM rpadHK DAaCIIOJIOXKEeH
110/, OCBIO X, — 3TO MHTEpBaJ (X,; X,).
Buiire MBI oT™MeTHIIH, uTO X # 0, mpuzger-
en ToyKy x = 0 «BBIKOJIOTH». Bot Te-
neps puc. 21 gaeT mOJHYIO reOMETPH-
MCCKYIO HJJIIOCTPALMIO PeIlleHusa 3a-
JANIHOTO HEpPaBeHCTBA.

1

- 1
OrBer: 1—E‘/—?-<x<0; 0 <x < +‘ﬁ.

§ 3. MHOXECTBA M OMEPALIMM HAZL HUMM

1. NMoHATMEe MHOXecCTBa

3HaMEHUTHI# HTAJNbAHCKHN (PUBHUK, MEXaHUK, aCTPOHOM
»n matemaruk lamuieo Ianumneit (1564—1642) nucan: «Besukasa
wnura [Ipupoasl HamucaHa A3BIKOM MAaTeMaTHKH». 34 MHONOBEKOBYIO
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1 . PAUMOHANbHbIE HEPABEHCTBA M UX CUCTEMBDI

—

HCTOPHUIO PA3BUTUS U€JOBEYECTBA HE TOJIbKO H3MEHSJINCh 3HAHUA JII0-
Zeil 0 3aKOHAX MPHPOALI, HO M CAMBIM CYIIECTBEHHBIM 00pasoM Me-
HAJNCA s13BIK, Ha KOTOPOM B pa3Hble BpeMeHa ObLLIM 3amHCaHBl 9TH
3aKOHbI, — CaM A3BIK MaTeMaTHKH.

Bor, Hanpumep, uurara u3 paborel «Kurad anb-mixebp Baib-
Mykabasa» cpeiHeasdmaTcKoro yueHoro Myxammega ubu Mycwr aj-
Xopeamu (nepsas mososuHa IX B. H. 3.), KOTODSIH, IT0 CYIIECTBY, Iep-
BbIM BBeJI caM TEPMHUH «ajredpa»:

«...UTo Kacaercsa KBagpaTOB U KOpPHelH, PaBHBIX UYHCJIY, TO €CJIH,
Hampumep, Thl CKa’Xelllb: KBaApaT UM AECSTh ero KOpHeil paBHBI
39 nupxeMaM, TO 3TO 03HA4YaeT, YTO, €CJIH JOGABUTHL K HEKOTOPOMY
KBagpaTy TO, YTO PABHO JecATH KOpHaM, noayuurca 39. IIpasuso ra-
KOBO: pas3jBoil YHMCJI0 KOpHeH, MOJYyYHTCSA B 3TOH 3ajaydye MATh,
YMHOXB 3TO Ha paBHOe eMmy, Oyzer 25. IIpu6GaBb ato Kk 39, Oyzmer 64.
HsBnexu u3 aToro xopeHsb, GyAeT 8, U BEIYTH M3 3TOTO HOJOBHHY UMCJIa
KopHeit, T. e. 5, ocraHercs 3: 9T0 U OyAeT KOpPeHb KBajpaTa, KOTO-
PBIf THI MCKaJI, & KBagpar ecTb 9...»

C 3aMeTHBIM TPYAOM COBDEMEHHBLIM YMTATEJb IIOMMET, YTO pPeub
HJeT 0 pelleHWH KBaApaTHOIo ypaBHeHMA x? + 10x = 39 u Haxoxge-
HUU ero KOpHA: X = =5 + /25 + 39 = -5 + J64 = 3 (xopeun x = —-13
BooOIIIe HEe PacCMaTPUBAJICH).

CoBpeMeHHLIH MaTeMaTHUYeCKHUH sA3bIK 00Jjiee KPaTOK M B IIEPBYIO
oyepeab 3aMEHAET €CTeCTBEHHEIH, Pa3rOBOPHBIN A3bIK CIIeI[HAJbHBEIMHU
OyKBeHHBIMHM M CHMBOJILHBIMH BhIpakeHusaMu. OH Gosiee (hopMaIn3o-
BaH ¥ yHUQUIUPOBAH, T. €. MOAXOAUT K PACCMOTPEHMIO CPas3y MHO-
I'HMX OJHOTHUIIHBIX ciayuaeB. Eiie O0osee GopMan30BaHHBI, HAIPUMeED,
PasjuyHbIe A3BIKYM MPOrPaMMUPOBaHUA. B HUX yiKe MareMaTHYEeCKHil
fA3BIK IO YKECTKHM M 3apaHee OMMCAHHBLIM MPaBUJIAM IIePEeBOJUTCA Ha
SI3BIK KOMIIBIOTEPA.

B srom maparpace MBIl pacCMOTPHUM IIpPOCTeilINe MOHATHA U 000-
3HAUYEHUS A3blKA MeEOPUL MHONecme, KOTOphli BOT yxe Oojee
100 ser cocraBisaeT QYyHAAMEHT COBPEMEHHOI'0 MAaTEMATHUYECKOrO A3BIKA.

MHO02XeCTBO COCTOUT U3 3JIEMEHTOB. EC/Iu 3THX 3JIeMEHTOB HEMHOTO,
TO ymoOHO BCe 3JIEMEHTHI IIPOCTO NEPEUYUCIUTh B KaKOM-HHUOYIb II0-
pagke. Urobbl He 3a0LITL, UTO IIepeUHCIIeMble 3JIEMEHTHl 00'hbe JMHEeHE]
BMecTe B HEKOTODPOE MHOJKECTBO, TaKOe IepPEeYHCJeHHEe MPOU3BOJAT
BHYTpM (PUTIYypPHBIX CKOOOK { , }. BOT HeKoTopble MpuMepHI.
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1.

PALIMOHAJIbHBIE HEPABEHCTBA U UX CUCTEMBbI

CroBecHoe onucaHue
MHOJMKeCTBa

IHoaxemeHTHOE
onmMcaHue MHOYKECTBa

3agaHue MHOXECTBa
nepeymciaIeHueM
€ro 3J1eMeHTOB

udpsr gecATHIHON

MHO0KecTBO COCTOMT

{0,1,2,3,4,5,6, 7,

x? +10x = 39

u3 yucea 3 u —13

CHCTEMBl CUYMCJIEeHHUSA u3 nudpp 0, 1, 2, 3, 4, 8, 9}
5,6,7,8,9
T'nacupie GyKBBI M=uoxectBo cocrout | {4, E, K, H, 0, ¥, bI,
pyccxoro andaBuTa us 6yxB A, E, E, H, 3, Io, A}
0,Y¥, bl, 3,10, 4
Kopuu ypaBHeHHUs MHO0XKEeCTBO COCTOUT {-13; 3}

IlepBriii 1 BTOpOIL
IIpesngeHTHI

MHOKeCTBO COCTOHUT
M3 OIBYX JIOZEi:

{Enbuun, IlyTun}

Poccuiickoit @epepanuu | Enpnuea u IIytuna

JJIeMEeHThI MHOJKECTBA MOYKHO II€PEYHCJATHL B IPOMU3BOJIBLHOM TIO-
psake. OT u3MeHeHUs MOPAAKA INepPedYUCcIeHUus 3JeMEeHTOB caMO MHO-
secTBO He MeHsAerca. Hampuwmep, {A, E, E, 4,0, ¥, BI, 3, IO, A} u
\¥f, 4, BI, 3, IO, E, O, ¥, A, E} — 3T0 0OZHO U TO e MHOXeCTBO,
tocTOsAIIee U3 BCeX IVIACHBIX GYKB PyCCKOI'o ajipaBmTA.

3ameuarHme 1. Ecnv MHOXKECTBO COCTOMT U3 UMCen, TO NPM UX NepeYmnc-
neHun uHorga ypobHee Ucnonb3oBaTb He 3anATylO, @ 3HAK NPenuHaHus
« ; » — TOuKy C 3anaton. BoT TmnuuHbIM Nnpumep. 3anucb {=13; 3} acHo
yKasbiBaeT, 4TO MHOXECTBO COCTOMT u3 gByx uucen —13 u 3, a B 3anucu
{-13, 3} «nepeuncnuTEenbHYIO» 3aNATYIO MOXHO CMYTaTh C «GECATMUHOM»
34MATOM M NOAYMaTb, YTO MHOMXECTBO COCTOMT M3 OQHOrO OTPMUATENBHOrO
umcna —13,3.

‘Iam;e BCEro MbI 6yp;eM 3aHNMAaThbCA “ZUCJL08blMU MHOMKeECTBaMH,
T, €. MHOXXECTBaMH, 3JIEMEHTaAMH KOTOPLIX ABJAIOTCA YHUCJIA. HJIﬂ qyuc-
JIOBBIX MHOKECTB €CTh €CTEeCTBEHHBIH IIOPAAOK IIepeYHnCJIeHUuA HUX
ANMEeMEHTOB OT MEeHBbIIIero 4ymcja K 6OJII:HIeMy YHCIY.

IIpumep 1. MHOXeCTBO A COCTOHUT U3 BCeX KOPHeH ypaBHEHUA
v+ x%2 - 6x =0,

a) PemuTh 3T0 ypaBHeHue.

0) 3amaTe MHOMKECTBO A IepeducJIeHHEeM ero 3JeMeHTOB.

B) 3anucaTh BCe BO3MOXKHBIE CIIOCOOBI II€PEUMCJICHUSA 3JIEMEHTOB
milookecTBa A.
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1 . PAUMOHANBbHBIE HEPABEHCTBA U UX CUCTEMBbI

r) CKOJIbKO BCEro MMeeTCs CIIOCO0O0B IE€PEUYUCIECHUS 3JIEeMEHTOB
MHOKecTBa A?

Pemenmune.a)xd+ x2—-6x=0;

x(x?+ x — 6)=0;
x=0wmmm x>+ x—-6=0;
x,=0,x,=-3, x,=2.

0) IlepeunciauM KOpHM, HanmpuMep B IOpAAKe Bo3pacraus. Ilo-
ayuum: A = {-3, 0, 2}.

B) HaMm ciegyer Tpu pasHBIX UYMCJIa PACCTABHUTH II0 TPEM Da3HBIM
mectaM. Eciin Ha ImepBOM MecTe CTOMT —3, TO JJIA ABYX OCTABILIHUXCA
YpceJ M ABYX OCTABLIMXCA MECT €CTh ABa Bapuanra: {(—3, 0, 2} u
{-3, 2, 0}. Ecaiu Ha mepBoM mecrte crouT 0, TO TakKe MMeeTCs ABa
sapuanra: {0, 2, -3} u {0, —3, 2}. Eciu Ha mepBoM MecTe CTOHUT 2, TO
uMeeTcA elle ABa Bapuanrta: {2, -3, 0} u {2, 0, —3}.

Takum ob6pasdom, monydaem 6 BapmaHTOB 3allMCH MHOXKeCTBa A:
{—31 0’ 2}a {_3, 29 O}’ {07 _37 2}7 {01 27 —3}7 {2; _39 O}’ {27 09 _3}'

r) Bce ciocoOhI mepeuncieHns yiKe HaliieHbl B MyHKTe B). X 6.

Homyctum, uro B nmpumepe 1 peun uger He 00 ypaBHeHuH x° +
+ x% — 6x = 0, a 06 ypasHenuu x20°® + 2008 = 0. Tax xax x2°08 +
+ 2008 > 2008 > 0 gas m1060r0 X, TO B IYHKTE 4) CJAE€LYET OTBETHUTD,
YTO KOpHe# HeT. A Kak ObITh C myHKTOM 0)? Beap mepeuuciATh TYT
Heuero. [{yA paspelleHuA 9TOIl CUTyallMM MaTeMaTHKH BBEJIM CIEILH-
anbHOe obosHauenue . Tak obo3HaAUYaETCA NYcmoe MHOHECME0, T. €.
MHOKECTBO, He COepJKalliee HH OZHOIO ajieMeHTa. PurypHsle ckob-
KM Y 8Haka ¢ He CTaBAT, TaK KAK HUKAKOIO IEPEYMCJIEeHHs 3JeMeH-
TOB IIYCTOr'0 MHOKECTBA He IPOMCXOJUT: 3TUX 3JIEMEHTOB IIPOCTO HET.

Eciu 4uCIO 9JIeMEHTOB MHOXKECTBA JOCTATOYHO BEJIHKO (HAIpH-
Mep, HECKOJIbKO AECATKOB, COTeH M T. A.) MJIX €CJIX MHOKEeCTBO 0ecKo-
HeYHO (HanpumMep, MHOYKECTBO BCeX HATYPAJIbHBLIX MJIM MHOMECTBO BCEX
LIeJIBIX YHCEN), TO SBHOE IIepedYuC/IeHNe 3JIEMEHTOB TaKOr0 MHOJKECTBa
HeBO3MOKHO. CIoCcOOR! 3aJaHus, OMMCAHUA TAaKHX MHOKECTB BechbMa
pasHooOpas3Hul. BoT HEKOTOpPHIE U3 HUX.

MHEHoxecTBO CioBecHOE onMCcaHMe MHOKECTBA

1) | {10, 15, 20, ..., 90, 95} | MHOXKeCTBO BCeX NBY3HAUHBIX UKCeJ, KPaT-
HBIX 5

2) 1 {1, 4, 9, 16, 25, 36, ...} | MHOKeCTBO BCeX KBAApaTOB HATYPAJbHBIX
yuces
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1 . PAUMOHANBbHBLIE HEPABEHCTBA U UX CUCTEMbI

Oronuanue maba.

Ma=oxecTBO CioBecHOE OMMCaHME MHOXKECTBA
3) N MuoxkecTBO HaTypaJbHBIX YHCEN
4-) Q MHO0KeCTBO PAIlMOHAJIBHBIX YHCEJ
5) {xl2<x<T) MHOeCTBO BCeX YHCeJ, KOTOpbie 0oJiblle

2 ¥ MeHbIe 7

6) 2;7 MmuowkecTBO Bcex umces, KOTopble GoJbliie
t 2 u meHbiue 7

B cnyuasx 1) u 2) mo HECKOJIBKHMM INPeIbABIEHHBIM 3JIEMEHTaM
MHOXKECTBa MbI II0 aHAJIOTUU 002adbléaeMca O TOM, KaK YCTPOEHO BCe
MHOKECTBO IIeJIMKOM. JTOT CIIOCOO B TOM HMJIM MHOM BHIE HCIIOJb3yeT
¢JIOBECHBIH 000pPOT «...H TaK Jgajiee».

Hexoropele 4nCIOBbIe MHOMKECTBA CTOJIb YaCTO BCTPEYAIOTCS B pas-
JNMYHBIX pasjejaX MaTeMaTHKM, YTO AJIA HUX BBeJIM CIeluajbHhIe
odo3HaueHus. IMeHHO Tak 00CTOMT JeJio B caydasx 3) u 4), a Takke,
HHATIDUMED, JJIA MHOYKECTBA LeJIBIX YKCes, KOTOpoe 0003HaYaIoT Z, UK
JJIL MHOXKECTBa AeHMCTBUTEJILHBIX YHCeJI, KoTopoe obo3HauaiorT R.

B cayyae 5) MHOXKeCTBO 3aZaHO C IIOMOILLIO €r0 XapaxKmepucmu-
4¢CK020 C80iicméa. ITO OQUH U3 CaMbIX PACIPOCTPaHEHHHIX CIOCO60B
snJaHuA MHOXecTBa. CHMBOJ « | » BHYTpPHM (UIYDPHBIX CKOGOK SBJIA-
ercd 3aMeHOM KOMOHMHAILIMM CJIOB «..TaKMX, 4YTO..». MOXXHO mpouu-
waTh 8anuch {x | 2 < x < 7} war 3a marom:

CumBoa Kax unraercs
{...} MHoxecTBO...
{x...} MHOKeCTBO BCeX X...
{xi...} MHOeCTBO BCeX X TaKHX, YTO...
{x [2<x<7) MHOKeCTBO BCeX X TaKhX, 4To 2 < x < 7

Haxowuern, B cayuae 6), Kak u B caydaax 3) u 4), MHOKECTBO
WNJAHO C IIOMOIINBIO CIEHAJbHOro 0003HaYeHUA. 34eCh MBI HMeeM
ACJIO ¢ OZHMM u3 Hambojiee THIMYHBIX IIPUMEPOB YUCJIOBBLIX MHO-
WCECTB — C HHTepBajioM. Hapaay ¢ MHTepBajJlaMH Mbl OY€Hb YacTO
nerpedaeMca M C JPYTHMH YUCA08bLMU npomexcymrxamu. Hampumep,
{t]a < x < b} = [a; b] — oTpesok ¢ KoHIaMu a u b; {x|lx < b} =

( ©0; b) — OTKPBITHIHA JIy4 C KOHIIOM B TOUKe b.
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1 . PALUMOHANBHBIE HEPABEHCTBA M UX CHUCTEMbI

II pumep 2. Ilo ykasaHHOMY 3aZJaHHIO MHOXKECTBa HaThb €ro
CJIOBECHO€ OITHCAHUe:

a) {0, 2, 4, 6, 8}; 6){2,4,6,...,18, 20}; B){12, 22, 32, ..., 92};

r) {1, 8, 27, 64, 125, ...}.

P e m e H u e. ClioBecCHbIE ONMCAHUS OZHOI'O M TOTO YK€ MHOXMKe-
CTBa MOT'YT BBIIVIAZETH II0-pasHOMY. Beab B ecTeCTBEHHOM, PasroBOp-
HOM s3bIKE OJHY M Ty K€ MBICJIb, UIEI0 U T. II. MOYKHO BBIPA3UTh IO-
pasHomy. IToaToMy B cCKOOKax IpUBeAEM M APYyrue BO3MOJYKHbIE Bapu-
aHTHI OTBETOB.

a) MHoxxecTBO Bcex 4eTHHIX 1udp (Bce mudpsbl, Kpome mudp 1,
3,5,7, 9);

6) MHOXKEeCTBO BCE€X UETHBIX HATypPaJbHBIX YHCeJ, KOTODble MEHb-
ure 21 (Bce umcia, mOJydYeHHEIE u3 yucesn 1, 2, ..., 9, 10 ymHoKeHHEM
Ha 2);

B) MHOXKECTBO BC€X ABY3HAYHBIX YHCeJ, OKaHUMBAIOMUXCA Iud-
poit 2 (Bce uuciya Buga 10x + 2, rame x HeHyJieBaa nudpa);

I') MHOJKECTBO BCeX Ky0OB HaTypaJIbHBIX umuces (MHOXKECTBO 3Ha-
yeHu# GYHKUHUHU y = X3 1JId HATYPaJIbHBIX 3HAUEHUII apryMeHTa Xx).

I pumMmep 3. Pemus COOTBETCTBYIOLI[€€ HEPDABEHCTBO, 3aIlMCATh
3aJJaHHOE 4YMCJIOBO€ MHOXECTBO B BHJ€ UMCJIOBOI'O IIPDOMEXKYTKA:

a) {x|x?2+ 1> 0); B){x%>0};
6) {x§+ 2x =1 9y %}, r) {x |35x2 < 24x + 35}.

Peu e u u e. a) [Ipourem sanucs {x |x2 + 1 > 0} mwar sa marom.
Cuenyer HaiiTu MHOJKECTBO BCeX X TaKuxX, uto x> + 1 > 0. 9ro Hepa-
BEHCTBO BEpHO IJIsA BceX AeHcTBUTENbHBIX umcei. Ilogyyaem orser:
BCS YHCJIOBAsl IPsMas; B CUMBOJBHOIM 3amucu: (—°0; +o0) mau R.

6) Ciremyer HAliTM MHOYKECTBO BCE€X X TaKHUX, YTO

xy22-1 590 L,
3 5 15

T. €. PELIUTH 3TO HepaBeHCTBO. Ero Mer y:ke pemmniu (cm. § 1, npu-

Mep 1) ¥ MOJyYHUJIH OTBET: (—oo; _Tz’f)
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B) Ciengyer HaliTH MHOXKECTBO pelIeHUI (MOYKHO TOBOPUTH KOpPO-

1
ye: pelleHHe) HepaBeHCTBA . > 1. Umeem:

1ol o150, l=x50, 2210,

X X X X

Bocnosb3oBaBmInCch METOOOM HMHTEPBAJOB (puc. 22), mojy4yaeMm B
KavecTBe pelleHuA HepaseHcTBa mHTepBaia (0; 1).
r) 35x2 < 24x + 35; 35x% — 24x — 35 < 0;

1244122 +35° _ 12+£./1369 _ 12 + 37,

X1,2 =

35 35 35
o =220 __5 . _49_ 17
17 35 7 R 5 5°

Bersu napa6ouib! y = 35x% — 24x — 35 HanpasyieHbI BBepX. IlosTomy
MHOJKECTBO pellleHuil HepaBeHcTBa 35x% — 24x — 35 < 0 — 310 oTpe-

5 7
30K MEXXAY KODHAMHU X, = g EX, = 5 (puc. 23).

5.7
OrTBerT: a)R; 0) (—00; —1—27); B) (0; 1); ) [—?; g]

Puc. 22 Puc. 23

Takue cnoBecHbIe 00OPOTHI, KaK «3JIEMEHT X IPHUHAIJIECIKHUT MHO-
MECTBY A» WJIN «X SABJIAETCHA DJIEMEHTOM MHOXKECTBa A», AOCTATOYHO
JJINHHBI U He Bcerja yAoOHBI B 3aIllNICH pellieHNil KOHKPEeTHBIX 3ajad.
BB MaremaTuKe 9TH BbIpayKeHUsA 0oJiee KpPaTKO 3aIMCHIBAIOT Tak: X € A
(MBI y»Ke ITOJIb30BAJIKCH 3TUM oOo3HaueHueMm). CMEBICI 3HAka NpuHad-
ACHCHOCMU € JIETKO 3allOMHUTB: € — 3TO IepeBepHyTad OykBa «I»,
T, e. OyKBa, ¢ KOTOPOIl KaK pas M HAYMHAETCH CJIOBO «djieMeHT». Ha-
PSiLy CO 3HAKOM IPUHANJIEKHOCTH € KUCIOJIL3YIOT U €r0 «OTPUIlaHUE» —
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1 . PALUMOHAJbHbIE HEPABEHCTBA U UX CUCTEMbI

3HAK €. 3allnch X ¢ A 03HAYAEeT, YTO X He SABJSETCA 3JIeMEHTOM MHO-
xkectBa A. IIpuBenem nmpuMeps! UCIIOJB30BAHNA 3THX 3HAKOB:
3€{1,3,5,7,9},al13¢ {1, 3,5, 7, 9};
Ye{A,E,E,H,0,¥,bl,93,10, A, u0b¢ {A, E,E, U,0,V,
bI, 3, 10, A};
2007 € N, Torza kak 200,7 ¢ N;
0 e {x|35x% < 24x + 35}, a 2 ¢ {x |85x2 < 24x + 35} u 1. m.
3amMeTHM, UTO €CJIM HEBEPHO, YTO X € A, TO BepHO, uTo X ¢ A. Ha-
00opoT, ecju BEpPHO, UTO X € A, TO HEBEPHO, 4YTO X € A.

[Ipumep 4. BepHo jn, uro:
a)0eN; 6)0eZ; B)1le{x|x’—6x5+3x3+1<0};

nle {x|m > 30}?

Peuenue. a) Her, 0 He siBJifAeTCA HATypaJbHBIM YHCJIOM. SHA-
yut, 0 ¢ N.

6) a. Bosee Toro, camo o6o3HaueHNe Z MHOYKECTBA IEJIBIX YKUCEJ
IOJIYYEeHO OT IIepBOil OYKBEL CJ0OBA «Zero» — HYJb.

B) Ha. IToacrasum x = 1 B HepaBeHcTBo x7 — 6x% + 3x3 + 1 < 0.
IHonyuum BepHOe umCJIOBoe HepaBeHCTBO —1 < 0.

r) Her. IIpu x = 1 He ompefejieHa JieBaA 4YaCTh HepaBEHCTBA

Jxz -2 > 30. ®

3ameuanne 2. MNMyHKTbI B) 1 r) npumepa 4 NOKasbIBakOT, KaK NPOBEpATh
CMpaBefnMBOCTb YTBEPIKAEHMA X € A B TeX CNy4asx, KOFraa MHOXeECTBO A
33[,aHO C NOMOLLLIO XapaKTepuCTMHecKoro ceoicTea. CnegyeT npocTo npo-
BEPWTb, BEPHO 3TO CBOMCTBO A KOHKPETHOrO YMcna X unu HeT. OTBeT «ga»
03HaYaeT, YTO X € A, a OTBET «HEeT» 03Ha4YaeT, YTo X € A.

2. NMoaMHOMeCTBO

ANeMeHThI, 00pasyollue JaHHOe MHOXKECTBO A, MOXKHO o0beru-
HATH HE CPa3y BCe BMECTE, a IPYINUPYSA UX B Pa3HBIX KOMOMHAIIMAX.
Taxk MOXKHO IOJTIyYaTh Pa3IMYHBIE NOOMHONECMBA JAHHOTO MHOYKECTBA.

Hanpumep, ecaiu MHOMKECTBO COCTOMT M3 dJjieMeHTOB [1, +, @,
MOJKHO COCTABHTHL POBHO TPH IOJMHOXKECTBA, KOTOPBLIE COCTOSAT M3
IByx ajementos. Jro {0, +}, {0, @} u {+, ®}. Paccmorpum npumep
IIoCJIOYK Hee.

IIpumep 5. Hamose B cocraBe ¢hyTO0JBHON KOMaHIB! JOJIXKHBI
BHIMTH [JBOe HaNaJaloOIMX, a Y TPeHepa KOMaHALI eCTh YeThbIpe KaH-
gupara X, Yy, 2 1 t Ha 9TU IOSULUAH.
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a) VI3 CKOJIBKMX BapHaHTOB NPHAETCS BHIGUpATH TpeHepy?

0) Kax M3MeHHTCSA OTBET B a), €CJHM HUIFPOK X HE MOXKET Urparhb
BMecTe ¢ UTPOKoM y?

B) Kax usaMeHUTCS OTBET B a), €CJIM UI'POK 2 MOXKET UI'PATh TOJILKO
nMecTe C UTPOKOM t?

r) Kak maMeHHTCA OTBET B a), €CJM HAa II0Jie JOJIKHBI BBIMTH
'Tpoe Hamaxamimux?

P e m e H 1 e. CHauasa MBI JOJKHBI IIOHATH, IIPU YeM 37€Ch MHO-
MeCTBAa, 9JIEMEHTHl M IMOAMHOXKecTBa. A = {x, y, 2, t} — 9TO MHOKe-
(“rB0, U3 KOTOPOTO TPEHEPY CJenyeT BEIOpaTh ABOMX HANANAMOLINX, T. €.
nuIOpaTh ABa djeMeHTa. 3HAUMT, 3aJayua CBeJach K BIOOPY Pa3jUUHBIX
JABYX3JIEMEHTHEIX ITOAMHOMECTB AaHHOrO MHOXecTBa A = {x, y, 2, t}.

a) IlepeurciuM BapmaHTHI, B KOTOPHIX YYacCTBYeT HUIPOK X. ITO
{v, y}, {x, 2}, {x, t}. g urpoxa y oguH BapHaHT {X, y} y’Ke yuTeH,
OCTaJINCh BapuaHTH {y, 2} u {y, t}. [Ina urpoka z asa sapuanra {x, 2}
u {y, 2} y»Ke yuTeHEI, OCTaJIC OGUH BapHuaHT {2, t}. [l Urpoka t Bce
WIPDHAHTHI BBIXOZA Ha UIPY y)Ke yKasaHbl. Mtak, TpeHepy mpuiercs
nWOMpaTh M3 LIeCTH BapWaHTOB: {X, y}, {x, 2}, {x, t}, {y, 2}, {y, t},
{e, t}.

0) U3 mepeunc/ieHHBIX BapHaHTOB cjexyeT y6pars {x, y}. Ocra-
Ie1cA IATH BAPUAHTOB.

B) U3 mepeuncieHHBIX BapHaHTOB cjaexyer ybpars {x, 2z} u {y, z}.
(kraHeTcsi yeThHIpe BapHaHTA.

r) TyT cjleAyeT IOCUMUTAThH BCE TPEXdJEMEHTHEHIE IOAMHOMECTBA
AnHHOrO MHOXKecTBa A = {x, y, 2, t}. Bor oun: {x, y, 2} (orcyrcrsyer t),
{x. y, t} (orcyrerByer 2), {x, 2, t} (orcyrcrByer y), {y, 2, t} (orcyT-
ersyer x). Becero uernipe Bapuanra (puc. 24).

OT=BerT: a)6; 6)5; B)4; 1) 4.

A CKOJIBKO BCEro MMeeTCA MOAMHOIKECTB y YeTHIPEX3JEeMEHTHOrO
mioikecrsa? ByzeM paccyskzath Kaxk B nmpuMmepe 5. Cobepem Bce cBe-
Acligg B Tabauiy.

{x, y, 2}
{x, y, t}
%y 2. t) %, 2, t)
{y, 2, t}
Puc. 24
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Yucao Hammagarmoumux

0 1 l 2 3 4
Bapuanter  |Hamagalomux | {x}, {y}, | {x, y}, {x, 2} | {x, y, 2}, | {x, ¥, 2, t}
COCTaBOB Her coscem | {2}, {t} |{x, t}, {v, 2} | {x, y, t},
HaaJaronyx {y, t}, {z, t} | {x, 2, t},
{v, 2, t}
Koanuectso 1 4 6 4 1
BapHAaHTOB

Hrak, y 4eThbIpeX3JIeMEHTHOr0 MHOYKECTBA €CTh 4 OJHOJJIEMEHT-
HBIX IIOIMHOJKECTBa, 6 ABYXdJIEMEHTHBLIX IIOAMHOYKECTB, 4 TpexaJe-
MEHTHBIX TOJMHOECTBA, 1 YeThIpexsjieMeHTHOe IMOAMHOMKECTBO
U 1 IOAMHOIKECTBO, B KOTOPOM BOOOIIle HET 3JIEMEHTOB, T. €. IIyCTOe
MHOKecTBO. Becero mosyumuiock 1 + 4 + 6 + 4 + 1 = 16 pasubIx mojg-
MHOKECTB.

B ob6uiem BuIe ompenesieHKMe MOAMHOKECTBA BBITJIALUT TakK.

OnpegeneHme 1. Ecnu Kaablil 5jeMeHT MHOXecTBa B apns-
eTcs 3JIEMEHTOM MHOXKEeCTBAa A, TO MHO)KECTBO B Ha3LIBAIOT IIOZMHO-
aecTBoM MHOMKecTBa A. Obosnauenue: B < A. 3HaAK «C» HA3BIBAIOT
3HAKOM BKJIIOUEHHA.

Ecau muoxkecTBa A u B ABAAIOTCH NJIOCKMMU Qurypamu (TouHee,
MHOXK€eCTBAMH TOUYEK, U3 KOTOPBIX cOCTOAT urypet A u B), TO BKJIO-
yenne B c A oaHauvaer, uTo ¢purypa B 1mesuKoM pacmoJiokeHa B (u-
rype A (puc. 25).

IIpumep 6. Ha puc. 26 nzobparkeHbl 4eThipe IJIOCKKE (QUryphbI:
Kpyr A, npaMoyroJbHuk B, TpeyroabHuk C u D — 4acThb IIJIOCKOCTH,

A
A

C D
A B

Puc. 25 Puc. 26

BcA
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1 . PAUMOHANbHbIE HEPABEHCTBA U UX CUCTEMbI

QDBAC_ .

CcA DcB CcB

Puc. 27

orpaHMueHHas opajioM. Kakue ma BKIoueHuit A < B, C c A, D c B,
AcD,CcB,DcA:

a) BepHbI; 6) HeBepHHI?

Pem e H ue. a) Bkaouenua C c A, D c B, C ¢ B Bepubl. MbI
u3o6pasuM ux momapHo (puc. 27).

6) Bkarouenns A ¢ B, A ¢ D, D c A seBepHbl. MBI Tak ke nzobpa-
3MM HMX IIONAPHO M B KaXKJOM CJyYae OTAEJIbHO OTMETHUM HEKOTOPYIO
TOUKY, KOTOpas NPUHALJIEKHUT JIeBOM YacTu BKJIIOUEHUS, HO He MpH-
HAIJIeKUT IpaBoil yactu (puc. 28). &

3ameyanne 3. 3HaKM NPUHAANEKHOCTM € M BKNIOYEHUS C HECKONBKO
NOXoXM BpPyr Ha gpyra. OgHaKo 3TO NPMHUMNMANEHO Pa3sHbie 3HaKMU M MUX
He cneayeT nyTaTtb. Hanpumep, sanmuce 1 < {1, 2, 3} ownbouHa, Tak Kak
® ee NEBON 4acTM HaXOAUTCA HE MHOMECTBO. B To e Bpems C 3anmcbio
1 e {1, 2, 3} Bce B nopsaKe: oHa 03Ha4aeT, 4To uucno 1 ssnsercs
mnemeHTOM mHOXecTBa {1, 2, 3}. 3anmck [1; 2] € (0; 3) ownbouHa, Tak Kak

A A A
o
B
\/V D D
HegepHo, uto A C B HegepHno, uto A ¢ D HegepHo, uto D c A

Puc. 28

} Mopaxosuy, 9 K., 4. 1 33
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Puc. 29

B €€ NIeBOM 4acTH HaXOAMTCA He ANEeMEHT MHOXKECTBA, @ HEKOTOPOEe MHOXe-
ctBO. A BOT 3anmch [1; 2] = (0; 3), Kak roBopsT, KOPPEKTHA; FreOMETPHHECKH
OHa o3HauaerT, uTo oTpe3ok [1; 2] uenukom copeprxmtcs B mitepeane (0; 3)
(puc. 29).

3. Nepeceyenne n oében,m-leune MHOXKeCTB

W3o6pakene MHOMKECTB B BHJE ILIOCKHX (pHUryp oueHb yAOOHO
UL HaTJIAZHOTO OOBSCHEHUA Pas/MYHBbIX ONepayuil Had MHOMNCeCmeamu.
OOBLIYHO MHOKECTBA IIPH 3TOM HM300pa’KalOT B BHUAE HEKOTOPHIX KPY-
roB. Takue Kpyru HasbIBAIOT Kpyzamu Jiliepa B YeCTb BEJINKOrO IIBei-
mapckoro maremaruxka JleoHapma 9iinepa (1707—1783), xoTophIit
Joaroe Bpemsa paboras B Poccum. Haunem ¢ omepamuu nepecevenus
MHOK€ECTB.

Onpeaenerune 2. Tlepeceuennem mHOMeCTB A 1 B HasbIBaOT
MHOXKECTBO, COCTOsIIee U3 BCEX OOIIMX 3JeMEHTOB MHOXKecTB A u B,
T. €. U3 BCEX 9JIEMEHTOB, KOTOpHIE NMPHUHALJIEKAT U MHOMKECTBY A, U
mHOXKecTBY B (puc. 30). Ilepeceuenne mHOXKecTB A 1 B 0603Ha4a0OT
Tak: A N B.

Wcnonbays yKe M3BECTHBIE CIIOCOOBI 3aJaHUA MHOXKECTB, 3TO OII-
pelieieHrie MOMKHO IE€PEBECTH U3 CJI0BECHOM (POPMEI 3amucé B (POp-
MYJIbHYIO:

(AﬁB={x|xeAnxeB}D

A

ANB

Puc. 30
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II pumep 7.Halitn nepeceuenne MHOKeCTB A u B, ecnu:

a)A={11, 22, ..., 88, 99}, B={3, 6, 9, ...};

0) A — MHOJKeCTBO pas3JIUUYHEIX OYKB, UCIIOJL3YEMBIX B CJIOBE «IIe-
pepacipenesenne», B — MHOMKECTBO PasIMUHBIX OYKB, MCIIOJIb3ye-
MLIX B CJIOBE «DPed)OpPMUDPOBAHUE.

B)A=(1; +/10), B=N.

Pemenue. a)A— 370 MHOKECTBO BCeX ABY3HAUHBLIX UHCeJ,
xpaTHbIX 11, B — 3TO MHOKECTBO BCEX HATYpPaJbHBIX YHCEJI, KpaT-
noix 3. Yncsmo x mnpuHaIJIEXKNUT ¥ MHOYKECTBY A, 1 MHOXKecTBY B, eciu
0HO OBY3HAUHO M KpaTHO Kak 11, tak m 3, T.e. KpatHo 33. Takux
"ices uMeeTcsa poBHO Tpu: 33, 66 u 99.

Hrax, A N B = {33, 66, 99}.

6) BrimuniemM Bce BCTpeUamIuecss B YKa3aHHBIX CJI0BaX OYKBEI IIO
wHoMy pasy: A = {m, e, p, a, ¢, 4, 1, H, u}, B={p, e, ®, 0, M, u, B, a, H}.
I’hcCMOTPHM IIO OUEpeAH BCe 3JIEMEHTHI IIEPBOro MHO)KecTBa. Tak Kak
ne A, Ho 1 ¢ B, To OyKBa «II» He ABJIsAETCH O0LIeil JJA MHOKECTB A
w B. Buauutr, 1 ¢ AN B. Tak kak e € A u e € B, To OyKBa «e» ABJIA-
ercs obeit ans MHOKecTB A u B. 3Hauur, e € A N B. Ilepebupas
TWKHM JKe 00pa3oM ocTajibHbIe OYKBBI MHOJKeCTB A u B, mojgydaem:
ANB={e p,a, H, u}.

B) Yucso 1 npusamie:xxur MHOKecTBy B = N, HO He mpuHajie-
neuT MHOXKeCcTBY A = (1; \/—13 ): KOHell MHTEPBAJIa HE BXOZUT B caM
wirepBas. 3uavuur, 1 ¢ A N B, Tak Kak 3 < \/—13 <4, T0ouncaa 2 u 3
HPUHALJIEXAT U MHOYKECTBY A, U MHOKecTBy B. 3Hauutr, 2€ AN Bu
4 « A N B. Bce HaTypaJbHEIE UKCJIA, HAUKHAA C 4, JIEXKAT BHE UHTEP-
snga (1; \/—13 ). 3HAuuT, BCE ATHM YHCJa HEe IPHUHAMJIEKAT Iepecede-
w0 A N B,

Hrak, A N B = {2; 3} (puc. 31). @&

B
» // \\
-#—mﬁﬁ
> 1 } ® ® °® > 1
0 1 2 3 4 0 1 2 3 4

— U Yy
0 1 2 3410

AN B={2; 3}
Puc. 31
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1 . PAUMOHAJIbHBIE HEPABEHCTBA U UX CUCTEMbI

A

ANBNC

Cc

Puc. 32

MookHO paccMaTpHBATh II€pPECEUEHUa He TOJLKO ABYX, HO U TpeX,
yeThIpEX M T. A. MHOXKecTB. Hampumep, nepecevenuem mMHOXeCcTB A, B
u C Ha3bBIBAIOT MHOYKECTBO, COCTOSAIIee M3 BCEX 3JIEMEHTOB, KOTOPBIE
IPUHAJIEKAT 1 MHOYKECTBY A, 1 MHOKeCTBY B, u MaokecTBy C (puc. 32).
ITepeceuenne muoxecTB A, B u C obosuauator Tak: A N B N C.

3amevaHne 4. Bot Knaccuueckuii Nnpumep U3 pyccKon nuteparypsl,
CBfI3a@HHbIM C OBHOBPEMEHHDBIM BbINONHEHUEM HECKONbKMX yCnoBuid. B kome-
awm H. B. Morons «Xenntbba» rnasHas repouHs, Heeecta Aradbs TuxoHOB-
Ha, paccy»paaert TaK: «...Ecnu 6bi rybbl HukaHopa MeaHosuua ga npuctaents
K Hocy MeaHa Ky3sbmuua, ga B3aTb CKONbKO-HMOYAb Pa3BA3HOCTH, KaKas y
bantaszapa bantasapsbiua, ga, noxanyi, NpubaenTb K aTOMY eLue BOpPOAHO-
ctn MeaHa Masnosnua — s 6b1 Torpa Totyac 6bi pewmnacs...»

Y yeTbipex pasHbiX EHUXOB €CTb YeTbliPe Pa3HbiX CBOMCTBA, M HEBECTA
MeuTaeT o Tom, 4ToBbl MonoaoH Yenosek obnapan cpasy BCEMU CBOWCT-
Bamu. C TOUKM 3peHus Teopumn mHOXeCTB Aradbs TMXOHOBHA MCCnepyeT Bon-
POC O HenycToTe NepeceyeHUs YeTbipex Pa3nuyHbIX MHOXECTB.

Hcnonp3oBaHue onepamuy IIepeceueHnss MHOXKECTB B MaTeMaTHKe
COOTBETCTBYET HCIIOJBb30BAHMUIO COI03a «HU» B PYCCKOM fA3bIKe. Pox-
CTBEHHBIH €My COIO3 «HJIM» CBA3aH C OAPYroil omepanueil Hax MHOMKe-
cTBaMU — onepayueil 06seduHenus.

OnpegeneHme 3. O6benuHeHNeM MHOMXKeCTB A 1 B Ha3bIBaIOT
MHOJKECTBO, COCTOfIlee M3 BCEX 3JIEMEHTOB, KOTOPHIE IPUHAAJIEKAT
X0THA OBl OAHOMY M3 3THMX MHOYKECTB — HJIM MHOMKECTBY A, WJIHN
mHOXKecTBY B (puc. 33). O6benunenre MHOKeCTB A 1 B 0003Ha4a0T
Tak: A U B.
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1 . PAUMOHANIbHBIE HEPABEHCTBA U UX CUCTEMbI

AUB

Puc. 33

Kak u B ciyuae mepeceueHud, 9TO OIpeJesieHHE MOXKHO IlepeBec-
W U3 CJIOBECHOM (hopMEI 3anucu B (hOPMYJIbHYIO:

(AUB={x|xeAnmeeB}.)

Il pumep 8. Haiitu o6begunenue MEOXKecTB A u B, eciu:

a) A — MHOXKecTBO genuteieii uucaa 105, B — MHOXKeCTBO Aeju-
reieil ymesa 55;

6) A — MHOXxecTBO uudp 3anucu yuciaa 3°, B — MHOKeCTBO Ludp
mnucH uucaa 219

B) A =(1; V10), B =[2; 4);

r) A — MHOKECTBO TOYEK KOODAMHATHOH IIJIOCKOCTH, ¥ KOTOPBIX
abcuucca Gosblie 3, B — MHOMKECTBO TOYEK KOOPAMHATHOM ILJIOCKO-
®rv, Y KOTOPBIX OpAHHATA He GoJbiie 2.

Pemenue.

a) Pasno)xum Ha mpocrbhle MHEOXKUTeaH yuciaa 105 u 55. Tak kak
h=3-5-7,abb= 5-11,0A={1, 3, 5, 7, 15, 21, 35, 105}, a
#-{1, 5, 11, 55}. BoapMeM Bce 3JIeMEHTHI MHOKECTBa A, a 3aTeM Te
®/ICMEHTBI MHOXKecTBa B, KOTOphle He BCTpedaauch B A, T.e. moba-
sum 11 u 55. 3uauur,

AUB={1,3,5, 7,11, 15, 21, 35, 55, 105}.
6) 3° = 243, 2'° = 1024. 3uauuT, A = {2, 3, 4}, B ={0, 1, 2, 4}.
loerynuM Kak u B myHKTe a). ITomyuum: A U B = {0, 1, 2, 3, 4}.
B) Tyt ymoGHee paGoTaTh ¢ umcyioBoii mpsamoii. [laHHBIe MHOXKe-
evna (YmciioBble IpoMexkyTKH) A = (1; \/—13 ) u B = [2; 4] nepecekaior-
(31, HO HA OZHO M3 HUX HE COAEPIKHUTCHA IIEJHUKOM B APyrom (puc. 34).
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|
[
(=1 o

AUB

Puc. 35

HcnonbayeM AJsl 3THX MHOJKECTB Pa3JIMYHBLIE LITPHUXOBKH U 3a-
TeM IIOCMOTPHUM, KaKOe YHMCJOBOE MHOXKECTBO B UTOT€ MBI 3aIITPUXO-
sasn: A U B = (1; 4] (puc. 35).

r) 3gech TOXe ynoGHEee HCIOJIL30BATH 4YepTesk. MHOKecTBO A —
9TO MHOJYKECTBO BCEX TOUEK, JIEJKAI[UX IIPaBee BEPTHUKAJIbHON NPAMOil
x = 3 (puc. 36). MHOKecTBO B — 9TO MHOKECTBO BCEX TOYEK, JIeXKa-
IIUX HUKE I'OPU3OHTAJBHOM HNPAMOM y = 2 MJIM HAa CaMOM 3TOH Ips-
moii (puc. 37).

v4 LR V4
77477
79999 y =2
99999995 LI NSNS IR AL 11,
T 0000077
000 000000
! ?%%/7 % ////; /f, LAY,
/4’//;// 9 AT LT, B/
A1 AN A
x =3V A0 WLV LLNe LIl
Puc. 36 Puc. 37
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y 4 Z'/// g
77
AN
9 ///Z// (2;3)e AUB
DT 707 7707074707 AL e
A 2070 1077207077 A
AN 3
4997744007
A A
AT I AL AL AL AT A A A A
Puc. 38

Puc. 39

Torza A U B — 3T0 MHOKECTBO BCeX TeX TOYEK ILIOCKOCTH, KOTO-
pule MBI 3aIITPUXOBAJIX IIE€PBBIM HJHM BTOPHIM cmocobom (puc. 38).
(rMeTHM OIS IpuMepa, uTo TouKa (3; 2) mpuHaAJeKuT o0beguHe-
nuo A U B, a Touku (2; 3) u (3; 5) emy He npunazgjiexar. @

Kak u nida nepeceueHnii, MOXKHO PacCMaTpPUBaTh 00'beJMHEHUS HE
TOJBKO ABYX, HO M TPE€X, YeThIpex W T. . MHOXXecTB. Hampumep,
ofsedunenuem MHOMXecTB A, B nu C Ha3bIBAlOT MHOXXECTBO, COCTOA-
liee U3 BCEeX 3JIEMEHTOB, KOTOPble IPHHAMJIEKAT WKW MHOMKECTBY A,
ninu MHOXKecTBY B, niau MHOMKecTBY C (puc. 39). O0beauHeHne MHO-
weerB A, B u C o6o3mauawT Tak: A U B U C.
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1 . PAUMOHATNDBHBIE HEPABEHCTBA M UX CUCTEMbI

3amevanme 5. 3Hakn nepecedenuns «N» n obbeguHenns «Ux» yyawmecs
yacTo nyTaroT. BoT Heckonbko coBeToB Mo ux 3anoMuHaHuio. 3Hak o6bepu-
HeHun «U» noxoxk Ha nepsyto Byksy aHrnuickoro cnosa Union — obvepu-
HeHue. [pyroi cnocob: onepaums obbeguHeHus U — 3TO OTKPbITbIN Me-
LIOK, B KOTOPbIM CCbINAIOTCA 3NeMEHTbI 06 bEaMHAEMbIX MHOMKECTB. 3HaUMT,
A U B copepxur B cebe Bce anemeHTbl 060mx mHOXeCTB A u B 1 He copep-
MUT HUKAKMX OpYyrux anemeHTos. Ecnu Bbi xopowo 3anomHunm 3Hak obbve-
AnHeHus «U», TO 3HaK nepeceyenms «\» — 3TO MPOCTO APYroM OCTaBLIMICA
3HaK. MOXHO TaKXKe 3aMeTHTb, 4TO «/1» HECKOMNBbKO HAMOMMHAET PYCCKYIO
6ykBy «[1», c KOTOPOM HAYMHAETCS CNOBO «NEpPeceqeHne».

§4. CUCTEMbI HEPABEHCTB

PaccmorpuM aBa mpuMepa, pelieHNe KOTOPHIX, KaK MBI
YBUJAUM, IPUBeAeT K HOBOM (IJA Bac) MaTeMaTHYECKOH MoJaeau —
cucTeMe HepPaBeHCTB.

IIpumep 1. Haiitu o6acts onpeseeHus BhIPDAXKEHUSA
f(x)=J2x-4+ 8-x.

P e 1 e H u e. Briparkenue, cozepixalieecsa o 3HakoM KBajpar-
HOro KOPH#A, AOJIXKHO OBITh HEOTPHIATEJbHBIM, 3HAYMUT, HOJIKHBI
OZHOBpDpEeMEHHO BHIIOJIHATLCA ABA HepaBeHCTBA: 2x — 420 u
8 — x 2 0. B rakux ciydaax roBoparT, YTO 3ajada CBOLHUTCA K pellre-
HHUIO CUCmeMbl HepaseHcmse

2¢-4 20,
8-x20.

Ho ¢ Takoit MaTeMaTHYeCKO MOJEJbIO (CHCTEMOII HEPABEHCTB) MBI
ellle He BCTpeyaauch. BepHEeMca K peIEeHUIO 3TOr0 IpHUMepa I03JHee.

IIpumep 2. 3agymMaHo HaTypajbHoOe uucjao. M3BecTHO, UTO
ecJId K KBaZpaTy 3agyMaHHOro yucja npubaButh 13, To cymma 6yzer
6oJibIlIe TIPOM3BEJEHUA 3aAyYMaHHOrO umucjaa u uuciaa 14. Ecau xKe
K KBaaparTy 3agyMaHHOro umcja npubasuth 45, To cymMma Oyger
MeHBbIIIE IPOU3BeIeHUs 3afyMaHHOro uucia u yucia 18. Kakoe umcio
dagymano?

Pemrenue. [epsriii aran. Cocmasnenue mamemamuieckoil
Mmodenu.
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1 . PAUMOHANBbHBIE HEPABEHCTBA U MX CUCTEMbI

IIyers x — sagymanHoe uucio. Ilo mepBoMy yCJIOBHIO CyMMa YH-
cea x% u 13 6osblue yucaa 14x; 3To 3HAYUT, YTO AOJMKHO BBIIOJIHATHCS
nepaBeHcTBo X% + 13 > 14x. ITo BTOpoMYy YCJIOBHIO CyMMa 4uCesa X2
u 45 MeHbine umciaa 18x; 3TO 3HAUMUT, YTO HOJIKHO BBINIOJHATHCA
nepaBescTBO x2 + 45 < 18x. YKasaHHbIe HEPABEHCTBA JOJIKHEBI BbI-
NOJHATBCA OAZHOBPEMEHHO, CJIeI0BaTeJbHO, PeYb HAET O pellie-
IIMKA CHCTEMBI HePaBEHCTB

x2 + 13 > 14x,
x% + 45 < 18x.

TToka npugerca IOBPEMEHUTH C IIEPEXOJOM KO BTOPOMY dTalmy pe-
INCHUA 3aJa4Yy — 3Tany paboThl ¢ COCTABJIEHHON MaTeMaTHYeCKOIi Mo-
aeanio, CHavasia Halo U3YUHUTh HOBYIO MOJ€JIb — CHCTEMY HEPaBEHCTB.

OnpegenerHune. HeckoabKo HEPABEHCTB C OAHON IEPEeMEHHON X
00pas3yioT cUCTeMy HepaBEHCTB, €CJIM CTaBUTCA 3ajajva HaWTH Bce Ta-
KMe 3HAYeHWUs IEePEeMEeHHO#, IPY KOTOPBHIX Ka)kJoe M3 3aJaHHLIX He-
PUBEHCTB ¢ IEPEeMEeHHOI ofpaljaeTcsa B BEPHOE YKCJI0BO€ HEPABEHCTBO.
JlioGoe Takoe 3HaueHVe X HA3bIBAIOT peHIeHHeM (MM YaCTHBIM peure-
MMWEM) CHCTeMbl HEPaBEHCTB.

MHOKEeCTBO BCeX pellleHH# (YaCTHBIX pelIeHHi) CHCTeMbl Hepa-
WeHCTB IIPeACTaBiseT co0oii o0liee pelreHue CHCTEMbI HEPaBEHCTB
(MalIle TOBOPAT MPOCTO — PelIeHHe CUCTEMbl HEPABEHCTB).

HepaBencrBa, oOpasymolue cCucTeMy, 00begUHAIOTCA (PUIYPHOIL
¢1K00KOI1 (TakK e, KaK Bbl 3HaeTe, 0OCTOUT [eJI0 M B CHCTEMaX ypaB-
neunit). Hanmpumep, samuch

{Zx -1>3,
3x-2<11

gisnavyaeT, 4To HepaBeHCTBa 2x — 1 > 3 u 3x — 2 < 11 oOpasymoT
cucTeMy HEPaBEeHCTB.

HHorga ucmoab3yeTcs 3allich CUCTeMbl HEPABEHCTB B Buae 080il-
noeo Hepasencmea. Hanpumep, cucreMy HepaBeHCTB

2x -1 > 3,
2x-1<11

MOKHO 3aIllucaTh B BHAE ABOMHOro HepaseHcTBa 3 < 2x — 1 < 11.
PaccMmoTpuM cCHCTeMy HEPaBEHCTB

2x -1 > 3,
3x -2 < 11.
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1 . PAUMOHANBbHBIE HEPABEHCTBA U MX CUCTEMbI

MovxHO mofo6paTh HECKOJBKO €e YACTHHIX pelleHui, HanpuMep x = 3,
x =4, x =3,5. B camom gese, npu x = 3 mepBoe HEPABEHCTBO IIPHHU-
MaeTr Bug 5 > 3, a Bropoe — Bua 7 < 11. ITonyumnuch gBa BepHBIX
YHCJOBLIX HePaBeHCTBA, 3HAUMT, X = 3 — YaCTHOE PeIlleHHe CHCTEeMBI
HepaBeHCTB., TouHO Tak ke MOXKHO ybeAuThCA B TOM, 4TO X = 4,
x = 3,5 — uyacTHBIEe PElIeHHUA CHCTEeMBl HEePABEHCTB.

B T0 xe Bpemsa 3HaueHue x = 5 He ABJAETCA YACTHBLIM PelICHHEM
CHCTeMEl HepaBeHCTB. IIpu x = 5 mepBoe HEPABEHCTBO IPUMHUMAET BHJ
9 > 3 — BepHOe YHMCJIOBOE HEPaBEeHCTBO, a BTopoe — BuA 13 < 11, ato
HEBEPHOe YMCJI0BOE HEPaBEHCTBO.

Pewumv cucmemy Hepasencme — 3HAYUT HANTH Bce ee YaCTHBIE
pewenus. fICHO, uTO TakKoe yragblBaHuWe, KOTOPOe IPOAEMOHCTPHPO-
BAHO BBILIE, — HE METOJ pelleHusA CHCTeMbl HepaBeHCTB. Kak e

f(x) > 0,
g(x) > 07

ITycrs X, — pemenue nepasBencTsa f(x) > 0 (MHOXKeCTBO vyacT-
HBIX pelienui), a X, — pelienue HepaBeHCTBa g(x) > 0 (MHOMKeECTBO
YacTHHIX pelueHuii). Hac mHTEpeCcyOT Te M TOJLKO Te 3HAUEHHUA X,
KOTOpble IPUHAJIERKAT U MHOMKECTBY X, U MHOxeCTBy X,. 3HAUUT
(cM. § 3), Hac unTepecyer MHOMKeCTBO X, N X, — 9TO mepecedenue u
ABJIAETCA pelleHMeM 3aJaHHOH CHCTEeMbl HEPaBEHCTB.

peluTs CUCTEMYy HEPaBEHCTB

IIpumep 3. Pemuuth cucreMy HePaBeHCTB:

9% -1 3, 2% -1> 3, 2% -1< 3,
) 134 -9 <11 3x-2>11; B lsx-2>1

Peme s ue. a) Penasg mepBoe HepaBeHCTBO CHCTEMBI, HAXOAVM:
2x > 4; x > 2, Pelas BTopoe HEpaBeHCTBO CHCTEMbI, HaxoauM: 3x < 13;

13 1 .
x<5,T e x< 4§ . OTMeTHM 3TH IPOMEXKYTKHU Ha OJHON KOOpZU-

HATHOH IIPAMOM, HMCIOJIb30BaB AJIA BBIZEJEHUS IIePBOro IIPOMEKYT-
Ka BEPXHIOI0 HITPUXOBKY, a AJIS BTOPOro — HHJKHIOIO IITPUXOBKY
(puc. 40). PemeHnuemM cucTeMbl HEPABEHCTB OyJeT nepeceuexue peuse-
Huil HEpaBEeHCTB CHCTEMBI, T. €. IPOMEXXYTOK (MJIH HECKOJbKO IIpOMe-
KYTKOB), Ha KOTOPOM 00€e IITPHXOBKY COBIaJu. B paccMaTpuBaeMoM

npuMepe IIoJydaeM HHTEDPBAJ (2; 4%)

42
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i

1
2 4§
Puc. 40
——g gAY
1
2 el
43
Puc. 41

6) Pemasa mepBoe HEpaBEHCTBO CHUCTEMBI, HAXOAUM: X > 2; pellas

1
nTOPOe HEPAaBEHCTBO CHCTEMBI, HAXOAUM: X 2> 4§ . OrmMeTuM aTH mpo-

MEXYTKH Ha OJHOH KOODAMHATHON IIPAMOI, MCIOJL30BaB AJIA Ilep-
®Or0 IIPOMEXXYTKA BEPXHIOK IITPUXOBKY, a AJIA BTOPOr0 — HHIKHIOIO
TpuxoBKy (puc. 41). PemmesueM cucreMnl HepaBeHCTB OyaeT Iepe-
ceyeHHUe pellleHHi HepaBeHCTB CUCTeMBbl. B paccmarpuBaemMoM mpume-

1
pe moJyyaeMm Jyd [45; +00 |,
B) Pemas mepBoe HepaBeHCTBO CUCTEMBI, HAXOAUM: X < 2; pelas

1
NTOPOE HEPaBE€HCTBO CUCTEMBI, HAXO0AUM: X 24 § . Ormerum atu IIpo-

MeKYTKH Ha OOJHOM KOODAMHATHON MPAMOM, UCIIOJIH30BAB JJIA [I€PBO-
Iro MPOMEXYTKa BEPXHIOK IITPUXOBKY, a AJIS BTOPOT0 — HHIMKHIOI
mTpuxoBry (puc. 42). PemenneM cucreMbl HepaBeHCTB OyzeT Iepe-
ceyeHUe PellleHuii HepaBeHCTB CUCTEMBI, T. €. IPOMEKYTOK, Ha KOTO-
poM 00e IITPHUXOBKM COBHAJU. 34eCh TaKoil obuieii uacTu Her, 3HA-
MUT, CCTEMa HepPaBE€HCTB He MMEET PellleHui.

1 1 .
OrBerT a)2<x< 4§; 0) x 2 4—3~; B) HeT pelneHuii (uHOTAA
#TO CJIOBOCOUYETaHUE, HATTOMHUM, 3aMEHSIOT CUMBOJIOM IIYCTOI'O MHO-
wecrea J).
O6001IIMM pacCyXJeHus, IIPOBeJleHHble B PACCMOTPEHHOM IIpUMEDE.
lIpeanoJsiosKuM, 4TO HaM HY’KHO PEILIUTb CUCTEMY HEPABEHCTB
f(x) > g (),
f,(x) > g,(x).
M . TTrTr7r7r717rvriy ’ x

2 1
43

Puc. 42
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IIycrts, HannpuMep, uHTepBaJ (a; b) ABIAETCA pellieHNeM HepaBeHCTBA
f(x) > g,(x), a unrepBan (c; d) — pelleHHEM HePaBEHCTBA [,(x) >
> g,(x) (puc. 43). PeweHnuem cucmemv. HepaGeHCME ABNLACMCA nepe-
ceueHue peuleHuil HepaseHcms cucmembl. B paccMaTpuBaeMoOM CJIy-
yae 3To unTepBai (c; b) (puc. 43).

a c b d
Puc. 43

Teneps MbI 0e3 0c000Oro TpyAa CMOMEM PeLIUTh CHCTEMY Hepa-
BEHCTB, KOTOPYIO IOJYYWJIN BbIllie, B nmpuMepe 1:

2x—-420,
8-x20.

Peuras mepBoe HepaBeHCTBO CHUCTEMBI, HAXOAMM: X 2> 2; pelias BTO-
Poe HepaBeHCTBO CHCTEMbI, HaXomuM: X < 8. OTMeTHM 3TH MPOMEXKYTKHU
(syun) Ha ogHO¥M KoopauHATHOM mpaAmoil (puc. 44). Pemenuem cucre-
MBI HePaBeHCTB OyJeT nepecedyeHre pellleHuii HePaBEeHCTB CHCTEMbBI —
oTpesoK [2; 8]. 9ro obsacTh OnpeseeHUA TOr0 BhIPAXKEHUS, O KOTO-
poM Lija peub B nmpumepe 1.

FITTTOrPRARR PR AR AR
2 8
Puc. 44
Pasymeercs, cucTeMa HepaBeHCTB He 00513aTe/IbHO HOJIYKHA COCTOATD
U3 JUHEHHBIX HEePaBEeHCTB, KaK OBIJIO 4O CHX IIODP; MOI'YT BCTPETUTHCA
Jaio0ble panoHaJbHbIe (2 B fajibHeiIIeM ¥ He TOJbKO PalOHAJILHEIE)
HepaBeHcTBa. TexHuuecKu paboTa ¢ CHCTeMOM pPallMOHAJLHBLIX HEJIH-
HeUHBIX HePaBEeHCTB, KOHEYHO, CJI0KHEee, HO MPUHUMUINAJILHO HOBOIO
(110 cCpaBHEHHUIO C CHCTEeMAaMH JUHEHHBIX HEPaBeHCTB) 34eCh HUYero Her.

IIpumep 4. Pemuurh cucTeMy HEepaBEeHCTB
x2-920,
{5x -x220.
Peme x u e. 1) Peuum nepaBencrso x* - 9 > 0, . e.
(x - 3)(x+ 3)=>0.
OrMmeTuM TOYKH —3 U 3 Ha YHCI0BOM mpamoit (puc. 45). Ouu pasdu-
BaIOT IPSAMYIO Ha TPHU IPOMEXXKYTKA, IPUYEeM Ha KaKAOM IIPOMEKYTKe
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1. PAUMOHANBHBIE HEPABEHCTBA U MX CUCTEMb

Puc. 45

utparkerne p(x) = (x — 3)(x + 3) coxpaHAET MOCTOAHHLIH 3HAK — 3TH
aHaKy yKasausl Ha puc. 45. Hac uHTEepecyoT NpoMeXKyTKH, Ha KOTO-
PLIX BBITIOJIHAETCA HepaBeHCTBO p(x) > 0 (oHM 3amITPHUXOBAHBI
na puc. 45), ¥ TOYKH, B KOTOPEIX BBHINOJIHAETCA paBeHCTBO p(x) = 0,
'*. €. TOUKH X = —3, X = 3 (OHM OTMeUYeHbl Ha puc. 45 TEMHBIMHU KpY-
wouxkamu). Takum o6pasoM, Ha puc. 45 mpeacraBieHa reOMeTPUYECKaA
WJJIIOCTpPaLuA PellleHus [IePBOro HepaBeHCTBA.
2) Pemium HepaseHcTBO 5x — x2 > 0, T. e.

x(5b-x)20.
— + -
——ee T T T T T T T T T @ X
0 5
Puc. 46

OrmeruM Touku 0 u 5 HaA yucaoBoi npaAMoil (puc. 46). Oxu pasduBa-
WT NPAMYI0O HAa TPU IPOMEXYTKa, IPWYEM Ha KayKJOM IIPOMEXYTKe
mupakesue g(x) = x(5 — x) coxpaHseT IMOCTOAHHBIN 3HAK — JTH 3HAKH
yxasaHs! Ha puc. 46. Hac unTepecyer, rae BHIIIOJHAECTCA HEPABEHCTBO
¢(x) > O (cooTBeTCTBYIOIMII IPOMEKYTOK 3allITPUXOBAH Ha puc. 46);
WY)KHBI HaM ¥ TOYKH, B KOTODPBIX BBINIOJIHAETCA paBeHCTBO q(x) = O,
v.e. Touku x = 0, x = 5 (OHuM OTMeueHBI Ha puc. 46 TeMHEIMU Kpy-
mouxkamu). Takum oOpasom, Ha puc. 46 mpencraBieHa reoMerpuue-
Oxis MJIIOCTPAIMA PellleHuA BTOPOr0 HEPABEHCTBA CHCTEMEI.

3) OrmeruM HalifieHHEBIE PELIEHUA IIEPBOr0 M BTOPOTO HEPABEHCTB
€1cTeEMEBl HA OJHOM KOOPAMHATHON NMPAMOM, MCIIOJIB30BAB JJIs pelle-
§|111 IepBOro HePaBEeHCTBAa BEPXHIO LITPHXOBKY, a JJIA PELIeHnid BTO-
poro — HIXKHIOI LITPHUXOBKY (puc. 47). Pemenuem cucreMbl Hepa-
SniicTB OyeT nepeceyeHue pPelleHnil HepaBeHCTB cucTeMel. B paccmar-
pHBAEMOM IpuUMepe 3TO OTPesoK [3; 5].

OrBerT: 3< x< 5.
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1 . PAUMOHAbHBIE HEPABEHCTBA M UX CHUCTEMbI

IIpumep 5. Pemurs cucreMy HepaBeHCTB:

2¢x-1> 3, 2x -1 > 3,
a) x2+x+2<0; 6) x2+x+2>0.

Pemenue. a) I3 nepBoro HepaBeHcTBa Haxoxum: x > 2. Pac-
CMOTpPHUM BTOpOe HepaBeHCTBO. KBazparHniii Tpexuien x2 + x + 2
He MMeeT AeHCTBUTEJNbHBLIX KOPHEIH, a ero crapiuuii KodadduimesT
(xosddunuenT npu x?) momoxureseH. 3Hauur (cm. § 1), mpu Bcex x
BBITIOJIHAETCA HepaBeHCTBO X2 + x + 2 > 0, a moToMy BTOpOE Hepa-
BEHCTBO CHCTE€MEI He MMeeT pelieHui. UTO 3TO 3HAYMT OJIA CHCTEMBI
HepaBeHCTB? JTO 3HAYHUT, UTO CHCTEMa He MMEeT PeIlIeHUH.

6) 13 mepBoro HepaBeHCTBa HAXOAHM: X > 2. Bropoe HepaBeHCTBO
BBITIOJIHAETCA TIPH JIOObIX 3HAYEHUAX X. UTO 3TO 3HAYUMT AJIS CHCTE-
MbI HepaBeHCTB? To, UTO ee pellleHNe COBIAAAET C PellleHUeM [IepPBOro
HepaBeHCTBA.

OrBerT: a)J; 6) x> 2.

JaHHBIN NpUMEp ABJAETCA WMJJIIOCTPALHEH AJS CHeRYIOIIUX II0-
JIE3HBIX YTBEPIKIEHMIA:

1. Ecau 6 cucmeme U3 HECKOLbKUX HepaseHcme ¢ 00HOU nepemer
HOUlL 00HO HepaeerHcmeo He umeem peuleHull, mo U cucmema He umeem
pewieruil.

2. Ecau 8 cucmeme u3 0s8yx HepaseHcme ¢ 00HOU nepemeHHOl
00HO HepaBeHCMEB0 BbLNOLHAEMCSA NPU NI00bLLX 3HAYEHUAX NepeMeH-
HOll, MO peuleHueM CUCTeMbl CAYHCUM peuleHue OpYz020 HepaBeHCcmeda
cucmembvl.

3aBepuiasa maparpad, BepHeMCA K IPHBENEHHOH B ero Hauaje 3a-
Jadve 0 3aAYMAHHOM UYMNCJIe M PellIUM ee, KaK FOBOPUTCS, II0 BCeM IIpa-
BUJIAM.

IIpnmep 2. 3agymaHo HaTypajabHOe uucjao. MaBecTHO, 4TO
ecJiM K KBaJpaTy 3aJyMaHHOI'0 ymucja npudaBuTth 13, To cymMa 6ymeT
0oJIbIlle TIPOM3BEJEHUA 3aAyMaHHOrO umucja u uucaa 14. Ecau xe
K KBaJpary 3afyMaHHOro 4Yucjiaa npubaBuTh 45, To cymMa OyaeT MeHbIle
MIPOM3BENEeHuA 3aJyMaHHOIro ymcjaa u uucia 18. Kakoe umcio 3any-
MaHo?

Pe e u ue. Ilepsorit aran. Cocmasnenue mamemamuyeckoil mo-
denu.

3agyMaHHOE YHCJIO X, KaK MBI BHAEJIH BhilIe (cM. ¢. 41), 1o/mxHo
yIOBJIETBOPATH CHCTEME HEPABEHCTB
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1 . PALUMOHANDBHBIE HEPABEHCTBA U UX CUCTEMbI

x? +13 > 14x,
x* + 45 < 18x.

Bropoit saran. Paboma ¢ cocmagaenroil modenvio.
IIpeo6pasyeM mepBOoe HepPaBEHCTBO CHCTEMBI K BHAY
x2—-14x + 13 > 0.
Haiinem KOpHM KBajpaTHOTO Tpexwrena x* — l4x + 13: x, = 1,
x, = 13. Unrepecyolliee HAC HEPABEHCTBO BBINOJHAETCA npu X < 1
wiu x > 13 (puc. 48).
IIpeo6pasyeM BTOpO€ HEPABEHCTBO CHUCTEMB! K BUAY
x?2-18x + 45 < 0.

Haiinem xopru KBagpaTHOrO Tpexwrena x? — 18x + 45: x, = 3,
x, = 15. Hnrepecyouiee HaC HEPABEHCTBO BBINOJHAETCHA, €CJIH
3 < x < 15 (puc. 49).

ITepeceuenueM HaWAEHHBIX PeELIeHH# COYXKUT umHTepBaa (13; 15)
(puc. 50).

Tperuit sran. Omeem Ha 6onpoc 3adauu.

Hac uHTepecyeT HaTypaJbHOE YKCJIO, IIPHHAJIEKAIllee HHTEePBATY
(13; 15). TakuM YKMCIOM SABJIAETCH 4YuCIO 14,

O T B e T: 38agymaHo uuciyo 14.

X
x 3 15
1 13

Puc. 48 Puc. 49

e e o e e e e e S Y
1 3 13 15

Puc. 50



1 . PALUMOHAJIbHBIE HEPABEHCTBA U UX CUCTEMbI

OCHOBHbDIE PE3YJIbTATDI

o B 5T0ii riaBe BBl MO3HAKOMMJINCH C HOHATUSAMU, OTHOCAIIMMUCS
K pelleHMI0 HePAaBeHCTB C OJHOM MepeMeHHOI:
YacTHOe pellieHue, oblee pellleHye, pelleHre HepaBeHCTBA;
palMoHaJbHOE HEePaBEeHCTBO;
pPaBHOCUJIbHBLIE HEPABEHCTBA, PABHOCUJIbHOE IIpeobpasoBaHue Hepa-
BEHCTBA;
cucTeMa HepaBeHCTB;
pellieHre CHUCTEeMbLI HEeDPaBEHCTB.

o Brnl mosHakKoOMUJINCH C MEeTOoaOM HHTEPBAJIOB, KOTOpBIfI aAKTHUBHO
HCIIOJIB3yeTCA IMPH PEIIeHMHN PAIlMOHAJIbHBIX HEPaBEHCTB.

o BBl mo3HAaKOMUJINCH C HAYAJBHBIMM IOHATUAMU OOIIENPUHSITOIO
B MaTeMaTHKe fA3bIKa TeOPWY MHOKECTB:
2JIEMEHT MHOJKECTBA, MOJMHOKECTBO SAHHOTO MHOJKECTBA;
o0beiuHEeHNEe U IepeceyeHre MHOKECTB;
IIyCTOe MHOXKECTBO.



NABA
CUCTEMDI

YPABHEHMM

§ 5. OcHosHble noHsTHS

§ 6. MeToab! peLueHns cMCTEM ypaBHEHMI

§ 7. Cucrembl ypaBHEHMI KaK Maremarm4eckme MoAgesnn
pearsnbHbIX CHUTyaumH
OcHosBHble pe3ynbrarsl

§ 5. OCHOBHbIE NOHATHSA

C cucremaMu ypaBHEHHI BBl YK€ BCTPEUYaINCh B Kypce
aIrebpsl 7-r0 KJlacca, HO 3TO OBLIM TOJBKO CHCTEMBI IBYX JIMHEHHBIX
YpUBHEHUI ¢ ABYyMs mepeMeHHbIMM. Temepp MBI IIOMOBOPHUM O peiile-
NUM CUCTEM HEJMHENHBIX YPABHEHMI C ABYMs IIepeMEeHHBIMH, TeM 6O-
JIGg UTO TaKHe CHCTEeMbI JOBOJLHO YACTO IPEACTaBJAIOT co60i mare-
MATHYECKHE MOZEJIH HU3YYaeMbIX CUTYaIlMi.

IIpumep 1. Ilpucranu B u C HaXoOATCA HMKe IIPUCTAHU A IO
Teuennio peku Ha 30 Km u 45 KM cooTBercTBeHHO (puc. 51). Motop-
nafdg JIOZKA OTXOAUT OT IpucTaHu A, poxogut g0 C, cpady [1OBOpayu-
WACT HAa3aj M NPUXOoAUT B B, sarparus Ha Bech nytb 4 u 40 MuH.
3 gpyroii pas ara ke JOAKa Oorolia oT mpuctaHu C, gomuia a0 A,
epa3y IIOBepHYyJa HasajJ M Ipulljaa B B, 3aTpaTUB Ha Bechb IYTb 7 4.
Y{emy paBHEI COOCTBEHHAS CKOPOCTD JIOAKH U CKOPOCTD TeUEHUA PEKU?

Pemenue. Beegem aBe mepeMeHHbBIE:
X KM/4 — cOOCTBEHHAas CKOPOCTb JIOAKH,
Y KM/4 — CKOPOCTb TEYEHHS PEeKH.

30 kM

45 KM
Puc. 51
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2. CUCTEMbI YPABHEHMA

Torga x + y KM/4 — CKOpPOCTBH JBUKEHUSA JIOAKHU II0 TEUEHHIO PEKH,
X — Y KM/4 — CKOpPOCTb ABUKEHUA JIOAKU IIPDOTUB TEUEHUA PEKHU.

Paccmorpum mepsbrii peiic dogku. O cocraBmia 45 KM 1o Teue-
Huio oT A 10 C u 15 kM nporus Teuedus or C go B. 3Hauur,

45
Y Yy — BpeMsA ABUKEHHUA JOIKu oT A go C,
15
x—y y — BpeMsA ABUKeHHUA Jogku ot C mo B.
. . 2 14
Bcero Ha nepBbIil peiic JogKka 3aTpatuaa 4 u 40 MmuH, T. €. 4§ =3 q

Taxkum o6pasoM, mojgydyaeM ypaBHEHHE
45 15 14
+ ==,
x+y x-y 3
Paccmorpum BTOpOIt peiic mogku. OH cocraBua 45 KM IIPOTUB Te-
yerans oT C 10 A u 30 KM o Teuenuio oT A n10 B. 3Hauur,
45
x-y
30
x+y© T BDeMA IBHXKeHn: Joaku ot A mo B.

Yy — BpeMsdA JBUKEHUA JOAKHU oT C 10 A,

Bcero Ha BTOpO# peiic mogka sarparuiaa 7 4. TakuM o6pasoM, IIOIy-
yaeM ypaBHEHUe
yp 45 30

+ =7
x—-y x+y

MaremaTnueckas MOzesb 3aJaduMl MPEICTABIAET COOOM CHCTEMY
IBYX YpaBHEHHWH C ABYMA TepeMEeHHBIMU:

45 15 _14
x+y x-y 3’
45 30
+
X-y x+y

Kak pemuTs 3Ty CHUCTEMY, MBI IIOKa He 3HAeM, IPUIETCA BEPHYTHCA
K Hell mosgHee (3TO Gymer cmenaHo B § 7), HO CHauaja HagO CO3ZaTh
HEOOXOAUMYI0 TeOpeTHYECKyo 6asy.

1. PauMoHanbHble YPaBHEHMUSI C ABYMS NMepeMeHHbIMM

OnpeaeneHue 1. PaunonanrHoe ypaBHEeHHE C ABYMS IepeMeH-
HBIMHU X, Y — 9TO ypaBHeHHe Buja h(x; y) = g(x; y), rae h(x; y),
g(x; y) — panuoHaJbHBbIe BbIpAasKEHUA, T. €. ajareOpanyecKue BbIpa-
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2. CUCTEMbl YPABHEHMH

JKeHUA, COCTABICHHBIE N3 YKUCeJ U IIePeMEeHHbIX X, Y ¢ IIOMOLILIO OIle-
pauuii CJI0KeHNs, BHIYUTAHUSA, YMHOXKEHUA, JeJIeHUs U BO3BEeLeHUA
B HATYDPAJIBHYIO CTEIeHb.

IlpuMephl palMOHAJILHBIX YPaBHEHHUU ¢ ABYMdA IIE€PEMEHHBIMH:
x2+y?2=568; y-x=4; 2xy + x3=0;

x x?

=2y-1 mn r. A
x+y xX-Y

KoHeuHO, MOKHO pacCMaTpUBaTh pPaliMOHAJIbHbIEe YpaBHEHHUA U C
IPYIMMU IIepeMeHHBIMH, He 00A3aTeJbHO ¢ X U Y; Hampumep, a® — b* =
= 3ab — panuoHajIbHOE YpaBHEHHE C ABYMsA [IepeMEHHBLIMU a, b.

PanuonanbsHoe ypaBsuenue h(x; y) = q(x; y) Bcerga MOYKHO IIpeod-
pasoBaTh K Buay p(x; y) = 0, rze p(x; y) — panuoHaIbHOE BBIpaKe-
Hue. s 3TOrO HOCTATOYHO mIepenucaTh ypaBHeHHe Tak: h(x; y) —
- q(x; y) = 0. Ecomm p(x; y) — mHOTOUWIEH, TO p(x; y) = 0 HasmBalOT
YyenblM PAYUOHANLbHLIM YPAGHEHUEM.

OnpegeneHue 2. Pemennem ypasuenus p(x; y) = 0 HasbiBaioT
BCAKYIO mapy uucen (x; y), KOTOpas y4OBJETBOPAET 3TOMY ypaBHe-

HUIO, T. €. o6palaer paBeHCTBO ¢ IlepeMeHHBIMH p(x; y) = 0 B BepHOE
4HCJIOBOE DPABEHCTBO.

Hanpumep:

1) (3; 7) — pemienue ypaBHenuns x? + y? = 58. B camom pgene,
3% + 72 = 58 — BepHOE YHUCJIOBOE PABEHCTBO.

2) (/22 ; —6) — pemenne ypaBaenus x2 + y? = 58. IleHCTBUTENLHO,
(V22)?+ (-6)? = 58 — BepHOe umCJI0BOe paBeHCTBO (22 + 36 = 58).

3) (0; 5) — peuienue ypaBHeHus 2xy + x° =0, nmockoasky 2-0.5 +
+ 03 = 0 — BepHOE YHCJIOBOE PABEHCTBO.

4) (1; 2) He aBasderca pelieHueM ypaBHeHus 2xy + x° = 0. B ca-
moM gene, 2:1-2 + 13 = 0 — HeBepHOe paBeHCTBO (IoOJiy4yaeTcs
5=0).

IIpumep 2. Pemurs ypaBaenue (2x — 8) + (y + 3)*=0.

P euenue. IIpu mobbix 3HAUEHUAX X, Y BHIIOJHAIOTCA HEpa-
seHcTBa (2x — 8)% > 0, (y + 3)* > 0. 3uaunT, JeBaa YacTh 3aJaHHOTO

ypaBHEHMs BCEr/a HeOTPUIIATE/JbHA, IIPUYEM PABEHCTBO €€ HYJIIO BO3-
MOYKHO JIMIIIb B OMHOM CJydae: KOrJa Kakjoe U3 ABYX CJaaraeMbixX
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2. CUCTEMbI YPABHEHWM

obpamaerca B HyJb. Takum o6pasoM, 3afaua CBOAUTCA K PEIIEHHIO
(2x - 8) =0,
(y+3): =0,

u3 KoTopoit nmonyuaem: 2x —8=0,T.e. x=4;y+3=0,T. €. y =-3.
OrTBerT: (4; —3).

CHUCTEeMBbl ypPaBHEHUN

IIpumep 3. Haiitu Bce mesouncieHHbIe PEIIeHUA YPaBHEHUA
x —y=10.

Pemeunwune. Eciu x =k, B € Z, 10 ypaBHenne x — y = 10
npuHumaet Bug kB — y = 10, orkyzaa noayuaem: y = E — 10; 910 1esoe
4pCJI0. 3HAUUT, LIEJOYHNCIEHHBIMU DELIeHUAMHU YPaBHEHUS CJYIKAT
nwo0sle mapel Buga (k; £ — 10), rne ke Z. @

Ecau gaHo Liesioe panuoHaJIbHOE yYPaBHEHHE C HECKOJIBKHUMH Ile-
PEMEHHBIMHU U C LIEJIOYHUCJIEHHBIMU K03 (HUIIMeHTaMK U eCJIM IIOCTaB-
JleHa 3ajladya HaWTH LieJIouucJeHHble (Miau, B OoJjiee 0o0uieM ciayuae,
paloOHAJIbHEIE) €er0 PellleHNs, TO TOBOPAT, YTO 3a4aHO JUOPAHMOE0
ypasHeHue (B 4eCTb ApeBHErpeueckoro maremaruka [uodanra; npen-
nosokurensHo 111 B.). [InodanHTOBO ypaBHEHUE HA3BIBAIOT TaKiKe Heo-
npedeaernnvim ypasrnenuem. HeonpeneseHHOCTh 3aKJI0YAeTCA, BUAUMO,
B TOM, YTO TaKOe YpaBHeHMe, KaK IPaBWIO, ©UMeeT OeCKOHEUHOe MHO-
JKeCTBO pelleHMii, KaK 3T0 ObLIO BBIIlIe B IIpuMepe 3.

B GosplIMHCTBE caydyaeB peureHue JUOGaHTOBBIX YpPaBHEHHU cO-
IPSAYKEHO CO 3HAUMTEJbHBIMU TPYAHOCTAMH. MHOrga OHM mpeopoJie-
BAIOTCA C IIOMOII[bIO CBOMCTB AEJIMMOCTH ILI€JBIX UHCEJI.

IIpumep 4. HaiiTu menouncieHHble pelleHUs YPaBHEHHA
2x + 3y = 17.

Pemesnwue Ilyers (x; y) — pemenne ypaBHeHus. Torpga
17 — 3y = 2x. Tak Kak x — 1€J10e YucyI0, To unucio 17 — 3y uerno. Pac-
CMOTPHUM OTAEJBHO CJIydail, KOTha Y YeTHO, M ciIydail, KOrga y HeueTHO.

1) Eciu y — uerHOe 4yucjao, To 3y 4eTHO, a 17 — 3y HeueTHO Kak
Pa3HOCThL HEUETHOTro yucJa 17 u ueTHOro umncia 3y. 3HAUUT, TOT CJIY-
yail HaM He IOAXOAUT.

2) Ecam y — HeueTHOe ynCJ0, TO Y = 2k + 1, roe Bk — ueJsioe 4ucJo.
Tormga 17 -3y =17-32k +1)=17 -6k — 3 =14 — 6k = 2(7 — 3k).

Tax kak mo ycaosuio 17 — 3y = 2x, To moiyuyaem 2(7 — 3k) = 2x,
x=17-3k.

Wraxk, econ (x; y) — pellleHHe SJaHHOTO ypaBHeHudA, To X = 7 — 3k,
ay=2k+ 1, rge E — nesoe uuco.
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2. CUCTEMbI YPABHEHWI

IIpoBepum, 4ro BepHO M obGpaTHOe, T. €. ecau x = 7 — 3k, a
v =2k + 1, to (x; y) — pellieHue ypaBHeHus 2x + 3y = 17.

IIponsBeseM mOACTAHOBKY:

2x+3y=2(7T-3k)+ 32k +1)=14 -6k + 6k + 3 =1T.
3uaunrt, go0b6aa napa suga (7 — 3k; 2k + 1) aBnsercsa pelleHHueM
ypaBHeHnsa 2x + 3y = 17.

Yro6p1 BaM ObLT IOHATHEE IOJYUEHHBIH pe3yJbTarT, SAaAUM Iapa-
MeTpy B HECKOJIbKO KOHKDETHBIX I€JIOUNCJIEHHBbIX 3HAUEHHUMH.

IlycTs k = 0; Torma mapa (7 — 3k; 2k + 1) upeBpamiaercsa B (7; 1).
llogcraBuB 3Hauenusa x = 7, y = 1 B ypaBHenue 2x + 3y = 17, noxny-
uum: 14 + 3 = 17 — BepHOe pPaBEHCTBO.

TIycts k = 1; Torga napa (7 — 3k; 2k + 1) npeBpaujaerca B (4; 3).
llogcrasue sHauenus x = 4, y = 3 B ypasHenne 2x + 3y = 17, moxuy-
uum: 8 + 9 = 17 — BepHOe PaBEHCTBO.

IIycrs k = 2; Torga napa (7 — 3k; 2k + 1) upeBpamjaerca B (1; 5).
llogcraBuB 3HaueHuda x = 1, y = 5 B ypaBHeHue 2x + 3y = 17, moxay-
wum: 2 + 15 = 17 — BepHOe paBeHCTBO.

IIycrs B = —1; Torga mapa (7 — 3k; 2k + 1) mpeBpamjaerca B
(10; —1). INogcraBus sHauenunsa x = 10, y = -1 B ypaBHeHHe 2x +
t 3y = 17, momyuum: 20 — 3 = 17 — BepHOe PaBEHCTBO.

I HaTJIAZHOCTHM CBeJeM IIOJIyYeHHbIe Pe3yJIbTAThl B TAaGJIULy.

k x=T7-3k y=2k+1 2x + 3y

0 7 1 2:7+3:-1=14+3=17
1 4 3 2:4+4+3:3=8+9=17
2 1 5 2:14+3-5=2+15=17
-1 10 -1 2-10+3-(-1)=20-3=17

Tak jxe OGCTOHUT LEJO CO BCEMHM OCTAJbHBIMHU I€JOYUCIEHHBIMU
wilAUeHUAMH IIapamerpa k.
OrBer: (7T-3k; 2k + 1), roe ke Z.

Il pumep 5. HaiiTn nenouncieHHble pelleHNs ypaBHEHUs
dx + Ty = 29,

Pem e ue. IlpeoGpasyem ypaBHeHUE K BHUAY X = 29+47y 171
anviee: x = Lﬂ, T.e.x=17-— L;l 3uaueHue x OyIeT IieJIbIM
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2. CUCTEMbI YPABHEHWHA

TOTAAa U TOJBKO TOTZa, Korga BeipakeHue p(y) = Ty — 1 menurca Ges
ocraTKa Ha 4. [l mesoro 4yucsia y mo OTHOIIEHUIO K YUCIy 4 HMeIoT-
cA 4 BO3MOYKHOCTH: OHO KPATHO 4UCJIY 4, OHO AaeT IIpHU AeJeHUHU Ha 4
OCTaTOK 1, OHO JaeT IpHU AeJIeHHMH Ha 4 OCTATOK 2, OHO JaeT IIPH Je-
JeHnu Ha 4 ocrarok 3. PaccMOTpuM Ka)xIyI0 M3 3TUX BO3MOJKHOCTEI
10 OTAEJIBLHOCTH.

1) y=4n. Tormap(y) =Ty —1=7-4n - 1 =28n — 1. 9ro uucio
He Jeaurcda Ha 4.

2Q)y=4n+ 1. Tormap(y)=Ty—1=74n+1)-1=28n + 6. 3ro
YHCJIO He JeJINTCA Ha 4.

3)y=4n+ 2. Torgap(y)=Ty - 1=T7(4n + 2) - 1 = 28n + 13. 3ro
YHCJIO He AeJuTcA Ha 4.

4)y=4n+ 3. Torgap(y) =Ty - 1 =T(4n + 3) — 1 = 28n + 20. 3t0
YUCJIO AeJUTCA Ha 4.

Hrak, y=4n+ 3. Torga x =7 - 7y_4—1_ =7- 28"+I20 =7-(Tn+
+5)=2-Tn.

OrBerT: (2—-Tn;4n + 3), rge ne Z.

Il pumep 6. HaliTn uesouncieHHble pellleHNA ypaBHEHUA
4x% - y? =11.

Peuienue. IlepBuiit cmocob. Ilepenumiem ypaBHeHHe B BHUAE
(2x - y)(2x + y) = 11. JleBasa yacTh ypaBHEHHS IIPEACTABJAET c0OO0i IIpO-
u3BeJieHre ABYX Lesbix uuces. OHO MOXKeT paBHATHCA 11 JIMILBL B YeTHI-
pex caydasx: KOrja IIepBblii MHOXKHTeNb paBeH 1, a Bropoil 11; xorga
TepBbIH MHOMKHTEIb PaBeH —1, a Bropoit —11; Koraa mepBblil MHOXKUTENID
paBeH 11, a Bropo# 1; Korga mepBBIM MHOMKHUTENIb paBeH —11, a BTOpoit
—1. 3HauuT, 3agaua CBOAUTCA K PEIICHMIO YeThIpeX CHCTeM YpPaBHEHMIl:

{2x—y=1, {2x—y=—1, {2x—y=11, {2x—y=_11,

2x+y=11; |2x+y=-11; |2x+y=1; 2x +y = -1.

N3 nmepBoil cucrembr HaxoguMm: X = 3, y = 5; U3 BTOpoi: x = —3,
y = —5; u3 Tperneil: x = 3, y = —5; us verBeprToit: x = -3, y = 5.

OTsBerm (3; 5), (-3; -5), (3; —=5), (—3; 5).

Hns ypaBHeHU#l ¢ AByMs IepeMEeHHBIMHU, KaK U AJIA YpaBHEHUI C
OJHOI IIepeMeHHOM, MOXKHO BBECTH IIOHATHE PABHOCHUJIBHOCTH.

OnpegeneHmne 3. JIpa ypasBuenus p(x; y) = 0 u q(x; y) = 0
Ha3bIBAIOT PABHOCHJILHBIMH, €CJIM OHM UMEIOT OZMHAKOBbIE PEIIeHN
(B uacTHOCTH, ecau 00a ypaBHEHUS He MUMEIOT DPeLIeHUIt).
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2. CUCTEMbI YPABHEHWA

OGBIUHO IpM peLIeHNH YpaBHEHUSA CTAPAlOTCA 3aMEHHUTh AAaHHOE
ypaBHeHHe 0oJiee IIPOCTHIM, HO PaBHOCHJIBHBIM eMy. Takyio 3aMeHY
HA3BIBAIOT PABHOCWJILHBIM IIPeo0pa3oBaHueM ypaBHeHHsA. [[Ba OCHOB-
HBIX PaBHOCHJIBHBIX IIpeo0pa3oBaHUA yKasaHbl HUIKeE.

1) ITepenoc uaeHo8 ypasreHus U3 00HOU wacmu YpasHeHus 6 opy-
2Yl0 C NPOMUBONOLONCHLIMU 3HAKAMU.

Hanpumep, 3ameHa ypaBHeHHs 2x + 5y = Tx — 8y ypaBHeHHeM
2x — 7x = -8y — 5y ecTh paBHOCWIbHOE IIPe00Opa30oBaHUEe ypaBHEHUSA.

2) YmHoocenue unu denenue obeux wacmeil YypagHerus Ha 0OHO U MO
JCe OMAUYHOe Om HYJAs YUCAO ULU 6blpAdHCEHUe, 6CI00Y OMAUYHOe OMm HYIA.

Hanpumep, 3amena ypasHeHusa 0,5x% - 0,3xy =2y ypaBHeHHEeM
6x% — 3xy = 20y (0Ge yacTH ypaBHEHHUsA YMHOMKHJIU NOUWIeHHO Ha 10)
OCTh PaBHOCHJIbHOE IIpeo6pa3oBaHUe ypaBHEHUA.

HepaBHOCHIBbHBIMU IPEOOPa30BaHUAMH yPaBHEHUS, KaK U B CJIY-
yae ypaBHEHHUH ¢ OZHOI IIepeMeHHOH, MOTYT OKa3aTbCH:

a) oceoboxcderue om 3HameHamedaell, cOOePHAUUX NePeMeHHblLe;

0) 6036edeHue obeux wacmeil ypaeHeHus 6 Keadpam.

Ecsiu B mponecce pelleHnsi ypaBHeHUA IPUMEHAJIOCHh OJHO M3 yKa-
AAHHBIX HEPaBHOCHUJIBHBIX [peo0pa3oBaHMii, TO Bce HaiileHHbIE pellle-
HUA HAJO IIPOBEPUTH MOACTAHOBKOM B MCXOJHOE YpaBHEHHE, ITOCKOJIb-
Ky CPeAN HUX MOTYT OKA3aThbCsA IOCTODOHHUE PEILIeHUs, T. €. Iaphl
sucesi, He YIOBJIETBOPAIOIINE NCXOAHOMY YPaBHEHHIO.

2. TpachmMk ypaBHEeHMS C ABYMSA NepPeMEeHHbIMM

IIycts mano ypasHeHue p(x; y) = 0. MHo)KecTBO Touek (x; y) KO-
opauHATHO#M mockocTH xOy, TaKUX, 4TO (X; y) — pellleHHe ypaBHe-
unsa p(x; y) = 0, Ha3BIBAIOT 2PAPUKOM YDABHEHUS.

IIpumep 7. INocrpouts rpaduk ypaBHEHUS
3x +4y - 12=0. 1)
Pem e u ue. s Kypca anredpsl 7-ro Kjacca BaM U3BECTHO, UTO
rpaduKOM JIMHEHHOTO ypaBHEHHUA ¢ ABYMsA [epeMeHHbIMH ax + by +
t ¢ =0, roge xoTsa OBl OJHO M3 YKUCET A, b OTJIMYHO OT HYJIA, ABJIAETCHA
npAMas JUHUA. 3HAUYUT, rpaduK ypaBHeHuA (1) — nmpamas, AJjasa I10-
(TPOEHUSA KOTOPOI JOCTATOYHO YKa3aTh ABE TOUKHU, el mpuHamiIeka-
mue. Eciu B ypaBuenue (1) moacraButh X = 0, TO OHO IpUMET BUJ
4y — 12 = 0, oTKyma HaxomguMm: y = 3; UTak, (0; 3) — Touka, Koopau-
IIATHI KOTOPO# yaoBJsieTBOpsiioT ypaBHeHuUIo (1). Ecau B ypaBuenue (1)
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2. CUCTEMbI YPABHEHMA

UA yh
8
‘ y—2x2=0+
N \
AN \ |
SR f3x+4y-12=0 \ /
A 2
\\
N
0 4N % 2 o] 1 2 K
~N | ]
Puc. 52 Puc. 53
77
2 xy=2—-
1
-4 | 21
—— 01 2 4 %_
—1
—4
Puc. 54

noactaBuTh Yy = 0, 70 oHo mpuMet BuA 3x — 12 = 0, OTKya HAXOAUM:
x = 4; urak, (4; 0) — TOuKa, KOOPAMHATHI KOTOPOH yAOBIETBOPSIOT
ypaBHeHuw (1).

IIposenem uepes Touku (0; 3) u (4; 0) npamyio — ato u Oyaer
rpaduk ypasgenusa (1) (puc. 52). @

Ecnu ypassenue p(x; y) = 0 ynaerca npeobpasoBats K BUAy y = f(x),
1o rpaduK GyHKIMU Y = f(x) cumuTaeTcs OZHOBPEMEHHO M rpaduKoOM
ypaBHeHua p(x; y) = 0.
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2. CUCTEMbI  YPABHEHWA
[

MIpumep 8. Iloctpouts rpadux ypaBHenus y — 2x2 = 0,

P e e u u e. [Ipeo6pasyem ypaBuenue K Bugy y = 2x2. I'padu-
¥om dyHKIuu y = 2x? asiaderca napaboaa (puc. 53).

Mpumep 9. Ilocrpours rpadux ypaBHeHuA xy = 2.

2
P et e H u e. [IpeoGpasyem ypaBHeHUE K BUAY Y = o I'paduxom

2
¢yuxuumu y = 5 ABasercs runep6oia (puc. 54). @

3. dopMyna pacCTOSHMA MEXAY ABYMS TOUYKaMM
KOOPAMHATHOM NNOCKOCTH. Mpadmk ypaBHeHus
(x—ay+(y—by=r

Crpos rpaduxm ypaBHeHuWil B npumepax 7—9, MBI OIHDPAJIUCH
JAUILG Ha MaTepuall, U3BECTHBIM BaM U3 Kypca aaredpsl 7—8-ro KJjac-
oou: rpadbukaMu ObLIM IpsMas, napadosa, runepbosa. B aToM nyHK-
T¢ MBI PACIIMPHUM KPYT reOMeTPHUYECKHX (QUryp, KOTOpbIE MOTYT CJIy-
MuTh rpaduKaMu YpPaBHEHHI C JBYMS IIePEMEHHBIMH.

Paccmosanue mesncdy mouxamu A(x;;y,) u B(x,y,)
Teopema 1 Koopdunamuoi naockocmu xOy éwviuucniemca no
dopmyne

AB = [(x, - %,)* + (Y, — y:)*.

|
A
B Y, y=y,
N -
N
N y=y,
Xy O X >x-—
x = x, x=x
1 il
Puc. 55
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2. CUCTEMbI YPABHEHWA

HoxasarenbcTBo. Coeguaum Touku A(x,; y,) u B(x,; y,) or-
Pe3KOM M IpOBeieM MPAMBIE X = X, X = X,, Y = Y, Y = Y, (puC. 55).
Paccmorpum npamoyrosipasil TpeyroabHUK ABC. [Inunaa karera AC paB-
Ha PaCCTOAHMIO MEXIy TOUKaMHU X, U X, OCH X, T. e, AC =| X, ~ X, |, M-
Ha Karera BC paBHA PacCTOAHHUIO MEMXIYy TOUKAMH Yy, U Yy, OCH Y, T. €.
BC =|y2 - y1| . ITo Teopeme ITugaropa AB% = AC? + BC?, r. e.

ABZ=|x2—xl|2+ |y2—yl|2. 2)
Tax kax |al? = a2, To hopMysy (2) MOKHO IepemucaTh B BHAE
AB? = (x, — x))* + (y, — y)*

3uauur, AB = \/(xz - x) + (y, — y1)?. Teopema goxasaHna.

Briuuciaum, HampuMmep, paccTossHHe MexAy ToukKamu (9; —1) u
(2; —25). Iomwryumm: J(2 —9) + (=25 + 1) = /72 + 242 = {625 = 25.

I'pagurom ypasenenus
x-ay+@y-b=r 3)
Teopema 2 A61LAEMCA OKPYHCHOCMb HA KOOPOUHAMHOU NAOCKO-

cmu xOy ¢ yeumpom ¢ mouxe O'(a; b) u paduycom
r (r > 0) (puc. 56).

L[] Jua

(x—a)+@y-by¥=r

/ M(x; y)
/ D
/ r
O’(a; b)
X
0 >
Puc. 56
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2. CUCTEMbI YPABHEHMM
| ——

HorasarenbcTBo. BogbmeMm m100y10 TouKy M(x; ) OKPYIKHO-
eru, ITo Teopeme 1 O'M = \/(x —a)® + (y - b)?. Ho O'M = r, suauwur,
r= \/(x—a)z +(y - b3, 1. €.

(x-—a)+Wy-0b*=r.

Wrak, xoopamHaThl JI000# TOuKM M(X; y), IPUHAAJIEKALEH OK-
PYKHOCTH, YAOBJIETBOPAIOT ypaBHEHHUIO (3).

Ecin Touka P(x; y) He JeXHUT Ha OKPYXKHOCTH, TO aubo O'P < r
(ecau Touka P pacmosiosKeHa BHYTPH OKPYKHOCTH), 1u00 O'P > r (ecan
TouKa P pacmoJioykeHa BHe OKPYKHOCTH). I B TOM u B APYroM ciaydae
ypaBHeHUIO (3) KOOpAWHATHI TOYKM P He yAOBIETBOPAIOT.

CiieoBaTe/IbHO, TOYKM OKPYKHOCTH M TOJbKO OHH YOBJIETBOPS-
wv ypaBHeruio (3). Teopema goxasana.

IIpumep 10. Ilocrpours rpadur ypaBuenus x2 + y? = 16.

Pe e H u e. Ilepenumem ypasuenue B Buge (x — 0)2 + (y — 0)2 =
« 42, TIo Teopeme 2 rpa@MKOM 3TOr0 YPABHEHWA ABJIAECTCA OKDYMK-
HOCTB ¢ HeHTpoM B Touke O(0; 0) u paguycom 4 (puec. 57). @

IIpumep 11. Iloctpoutrs rpaduK ypaBHEHUI:

a)(x-12+@Wy-22=9; 06)x*+y?+4x=0.

Pemenue. a) [lepenumem ypaBHenue B Buge (x — 1) +
1 (y — 2)? = 3%, I'padMKOM 5TOr0 ypaBHEHHS II0 TeOpeMe 2 SBJIAETCA
OKPYKHOCTB ¢ I[eHTpoM B Touke (1; 2) u pagumycom 3 (puc. 58).

] y* l

+ Y
I 4] »¥*+y*=16 x-1)+@y-2)2=9
/1 N L~
N \
/ N / N\
[
x 2
4 0 gl \ /
(0]
-2 1 X
N, )4 e 4
N /
—4
Puc. 57 Puc. 58
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2. CUCTEMbI YPABHEHWA

0) Ilepenuiiem ypasHeHne B Buge (x2 + 4dx +4)+ y2 =4, 1. e.
(x+ 22+ y2 =4,
U gajee
(x = (=2))* + (y - 0)* = 22
T'padurom 3TOr0 ypaBHEHHUs IO TeopeMe 2 ABJIAETCA OKPYKHOCTh
¢ eHTpoM B Touke (—2; 0) u paguycom 2 (puc. 59). @

va

(x+2)+y2=4

™
\
-2 }O x
/

Puc. 59

OdopMHUM OCHOBHBIE PE3YJIbTATHI 3TOTO MYHKTA B BHAE TAOJIMIILI.

ABanutnyeckas TeomeTrpuyeckas CaoBecnas
Mojeas Mopeab Mopeab
x2+ yr=1r? OKpY’»KHOCTH Ha KOOPAHU-

HATHOH IIJIOCKOCTH C IIEHT-
POM B Hayajie KOODAMHAT
M pajguycoMm r

(x-af+@y-bP=r OKpPYHOCTh Ha KOODZAHU-
HaTHOM IJIOCKOCTH C IIEeHT-
poM B Touke (a; b) u pa-
IUYCOM I
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2. CUCTEMbI YPABHEHWIA
L

4. Cuctembl YPaBHEHHH C ABYMS NepeMeHHbIMM

OnpegeneHne 4. Ecnu nocrasieHa 3ajauya HaiiTu Bce Takue
napot ymces (x; y), KOTOpPble OJHOBPEMEHHO YAOBJIETBODPAIOT ypaBHE-
wuio p(x; y) = 0 u ypaBueHuio q(x; y) = 0, TO rOBOPAT, YTO YKA3aHHBIE
yphBHEHHs 00pasyIoT CHCTEMY ypaBHEHWIi:

{p(x; y)=0,
q(x; y) = 0.

ITapy umcen (x; y), KOTOpad OJHOBPEMEHHO ABJIAETCA PEIIEHUEM
M 11epBOr0 M BTOPOr0 YPaBHEHHH CHCTEMbl, HA3LIBAIOT pPelIeHHEM
tHucTeMbl ypaBHeHHMH. Pewumb cucmemy YypasdHeHUuil — 3TO 3HAYUT
HalTH BCe ee pPElIeHHs WM YCTAaHOBHUTHL, YTO PELIeHUi Her.

Hanpumep, mapa (3; 7) — pelueHue CUCTEMBLI YpPaBHEHHU

x? + y? = 58,
y—x=4. 1)

B camom aeJjie, aTa Iapa yAOBJIETBOPAET KaK IIEpBOMY, TaK H BTOPO-

MY YPaBHEHHUIO CHCTEMbl, 3HAYUT, ABJSIETCA ee pemeHneM. OOGBIYHO

x= 3,

— peuleHue
y="17

numyT Tak: (3; 7) — pellleHWe CHCTEMBI, WM {

OMCTEeMBI.

A mapa (5; 9) He aBisgeTca pemeHueM cucreMsl (1): oHa He yxOB-
ACTBOPSET MEPBOMY YPABHEHHUIO (XOTA M YAOBJIETBOPSAET BTODPOMY
YPaBHEHHUIO CHCTEMBI).

PasymeeTcsa, nepeMeHHbIe B YPaBHEHUAX, 00DPa3yIOIIUX CHCTEMY
ypaBHEHHU#, MOTYT ObIThb 0003HAYEHBLI M APYrMMU OYKBaMM, HAIIPH-
Mep JaTuHCKUMH a u b, su t, u m v u 1. 5. Ho B sro6oM ciyuae mpu
BAIIMCH OTBETA B BHUJE Maphl YKCeJ UCIOJb3YIOT JeKcukozpapuieckuil
memod, T.e. Ha IepBOe MECTO CTaBAT Ty U3 ABYX OyKB, KOTOpad B
JOATHHCKOM ajipaBuTe BCTPeUaeTcs PaHbIIE.

HNuorpa ypaerca pemuTh CHUCTEMY YPaBHEHUH zpaguueckum me-
nodom, KOTOPBIH 3aKJIOYaeTcd B CJIEAYIOIIEM: IIOCTPOUTL I'padui
11epBOT'O ypaBHEeHUdA, IIOCTPOUTDH I'PapMK BTOPOrO ypaBHEHMS U, HAKO-
e, HalTH TOYKY IepeceyeHud rpaduKoB; KOOPAUHATHI KaKA0H TOY-
Ku IepeceYeHna CJIYKAT PellleHHeM CHCTeMbl YDaBHEHUH.
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2. CUCTEMbI YPABHEHMM

IIpumep 12, Pemurh cucreMy ypaBHEHUH

x2 +y? =16,
y—x=4.

Pewmenue. 1) Ilocrpoum rpadpux ypasHenus x? + y* = 16 —
OKPYJKHOCTD C IIEHTPOM B HauvaJjie KOOpAuHaTr u paguycoM 4 (puc. 60).

2) ITocrpoum rpaduk ypaBHeHUA Yy — X = 4. ITO mpAMad, IPOXO-
pamasa yeped Touku (0; 4) u (—4; 0) (puc. 60).

3) OKpPYKHOCTH U IIpSAMas IepeceKaroTcsa B Toukax A u B (puc. 60).
Cyoa mo mOCTPOEHHON reoMeTpUUYECKOH MOMAeJaH, TOYKa A mMeer
KoopauHathl (—4; 0), a Touka B — xoopaunats! (0; 4). IIposepka mo-
Ka3bIBaeT, YTO Ha caMoM jese napsl (—4; 0) u (0; 4) aBadoTCA pelie-
HUSAMH 000MX ypaBHEHHUI CHCTEMBI, & 3HAUNUT, ¥ PEIIEHUAMHN CHUCTEMBI
ypaBHeHui. CiieoBaTesibHO, 3alaHHaA CUCTEMA YPABHEHMU HUMEET JBa
pemterusa: (—4; 0) u (0; 4).

O r B e 1: (—4; 0); (0; 4).

MIpumep 13. Pemurs cucremy ypaBHEHUI

2x2 -y =0,
xy = 2.
g )
y-x=4 y y = 2x?
4 \ |
,// B\\\ \ |
/ N \ |
1 VA
A A
/4 ol 1 :h \i y=%
\ )4 = ol 1 2 |
N /
x2+ y? =16
L1 i
Puc. 60 Puc. 61
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2. CUCTEMbI YPABHEHWUM
| —

Peue nue. 1) [lepenncas nepBoe ypaBHeHHE CUCTEMEI B BHUJE
¥ = 2x%, IpUXOAUM K BBIBOAY: rpadMKOM YPaBHEHHUS ABJIAETCS Iapa-
Go.1a (puc. 61).

V]

2) IlepenucaB BTOpOE ypaBHEHUE CHUCTEMBI B BUJE Y = 5 » Ipuxo-

AUM K BBIBOAY: I'pahMKOM ypaBHEHM sBJgeTcA rumnepbosa (puc. 61).

3) ITapaboua u runepboJia nepeceKaroTca B Touke A (puc. 61). Tou-

Kh [epeceuyeHUs TOJIBKO OJHA, IOCKOJbKY IIpaBasi BETBbL NapaboJibl

AYKUT rpadUKOM BO3pacTamolleii GYHKIUU, a IpaBasd BETBb TUIIEP-

O6uner — yOriBarouieii. Cyad 0 IOCTPOEHHOM reomMeTpHYecKOil Mozme-
an, Touka A umeer KoopgauHathl (1; 2). IIpoBepka moKasbIBaeT, 4TO,
AeACTBUTEbHO, mapa (1; 2) sBiasAeTcsa pelleHHeM 000MX ypaBHEHHUH
¢CACTEMBbl, & 3HAUUT, U PellleHNeM CHUCTeMbl ypaBHeHUi. CiegoBaTesib-
N0, 3aflaHHAd CHCTeMa YpaBHEHHUI ummeeT oxHo peuredue: (1; 2).

OrsBer: (1; 2).

T'padpuueckuii MmeTos pelIeHUs CUCTEM ypaBHEHUIl, Kak U rpadu-
YeCKHI MeTOJ pellieHUA YpaBHEHH, KpacuBs, HO HeHalexeH. Bo-mep-
PLIX, IOTOMY, 4TO I'padUKU YpaBHEHUII MBI CyMeeM IIOCTPOUTH AaJjie-
%0 He Bcerga. Bo-BTODHIX, make eciu rpadUKH ypaBHEHUI yAaJIOCH
NOCTPOUTH, TOUKH II€PECeUEHUA MOTYT ObITh HE TAKMMH «XODOIIUMU» ,
KAK B CIeIMaJbHO IomobpaHHBIX mpumepax 11 m 12, a To u BOoBCe
MOCYT OKa3aThbCsd 34 MpefellaMU ueprexa. SHAUMT, HaM HY)KHO pac-
flo/laraTh HaAEeKHBIMU ajre0panyecKUMU METOLaMH PeIleHUA CHCTEM
JBYyX VPaBHEHHH C ABYMA IepeMEeHHBIMH. B uacTHOCTH, mpumep 13
N0XKHO OBLIO PEIINTh METOAOM IOACTAHOBKHU. M3 IIepBOro ypaBHEHUA
puxonum, uro y = 2x2. IlogcraBus 2x% BMECTO y BO BTOPOE ypaBHEHUE
”OHCTGMI:I, monyyum: x * 2x2=2; 2x*=2; x®*=1; x=1. Ectu x =1, To
Ro tdopmyne y = 2x? maxoxum, uro y = 2. IToayyaem: (1; 2) — perwue-
¥ue CUCTEMBI.

INogpo6Hee 0 MeTomax peIlIeHNs CHCTEM YpaBHEHHUH IIONOBOPUM B
‘pnenymoiieM naparpade.

5. HepaBeHcTBa M CMCTEMbI HEPABEHCTB
C ABYMS NepeMeHHbIMM

B 9TOoM myHKTEe MBI IIOrOBOPHUM O pPeILIeHHH HEPaBEHCTB BHAA
plx; y) > 0 (p(x; y) < 0), roe p(x; y) — anrebpanyueckoe BhIpaKeHHeE.
OnpeaenerHne 5. Pemennem HepaBenctBa p(x; y) > 0 Haswl-
BuIOT BCAKYIO Iapy 4ucea (X; Yy), KOTOpasd YAOBJIETBODSET 3TOMY
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2. CUCTEMbI YPABHEHWA

HEPaBEHCTBY, T. €. o6paIllaeT HepaBeHCTBO ¢ mepeMeHHbIMH p(x; y) > 0
B BEPHOE UYMCJIOBOE HEPABEHCTBO.

Hanpumep, mapa (2; 1) aBiAeTcA pelleHHEeM HepaBeHCTBA
2¢x+3y>0(2-2+ 3 -1 >0 — BepHOE UMCIIOBOE HEPABEHCTBO), a
mapa (0; —1) He ABJIseTCA pelIeHUeM 3TOr0 HepaBeHCTBa (IpoBepbTel).

YTo0bl HaliTH BCE pELICHWsS HEPaBEHCTBA C JBYMsA II€PEMEHHBIMHU,
Yyale BCEero omuparorca Ha rpaduk ypaBHeHusa p(x; y) = 0. Kak pac-
CY’KJAIOT HaJibllle, IIOKAa)KeM Ha IpUMepax.

IIpumep 14. Pemurs HepaBercrBo 2x + 3y > 0.

Peme nue. I'papuxkom ypaBHenusa 2x + 3y = 0 aABigeTcA npsa-
Masd, IpoXoAsAniasa dyepes Hadaino KoopauHar (0; 0) u, maupumep, TOU-
Ky (3; —2) (xoopauHarThl 00eMX TOYEK YJOBJIETBOPAIOT YPaBHEHHIO
2x + 3y = 0). ra npamasa nsobpakeHa Ha puc. 62. [Ipeobpasyem 3a-

JAHHOE HEPABEHCTBO K BHUAY Y > —g—x. Temnepb sICHO, YTO HAC HHTE-

PECYIOT T€ TOYKM KOODAMHATHOM IIJIOCKOCTH, KOTOPBIE HAXOHATCS
BBIII € IIOCTPOeHHOM mpsamoil. TakuM o06pasoM, Bce pelIeHUs 3aJaH-
HOT'0 HEPABEHCTBA MeOMETPHUYECKN H300PaKaioTCaA TOUKAMHU TIOJIYILJIOC-
KOCTH, PaCIOJIOXKEeHHO# Bhillle npaMoit 2x + 3y = 0 (puc. 63). (]

IIpaxkTuueckuit coser. Ilocie TOro Kax GBI ImMOCTPOEH Ipadux
YPaBHEHHs, MOXXHO OBLIO PacCyXJaThb TaK: PELIeHUs 3aJaHHOIO He-
paBeHCTBa M300PaKAIOTCA TOYKAMHU IIOJIYIIJIOCKOCTH, PACIOJIOXKEHHOM
aub0 BhIIIE, JUOO HUMKE IIOCTPOEHHOM mpAMoil. YToOGBH IpPaBHUJIbHO

YA 77
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~ 4 //lé/l 0
x + 3y >
\‘\ N A
N 3 i </ ,
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Puc. 62 Puc. 63
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2. CUCTEMbBI YPABHEHWA

8hI0paTh HYKHYIO IOJYILIOCKOCTb, BOSBMEM JIOOVIO TOUKY OJHOM M3
HUX ¥ IOJCTABHM KOOPAMHATHI TAKOM KOHTPOJBHOM TOYKHM B 3aJaH-
HOe HepaBeHCTBO. Eciy MosyYuTcA BEPHOE YMCJIOBOE HEPABEHCTBO, TO
NOJYILIOCKOCTh BbIOpaHa BEpPHO, €CJIM HEeT — TO HeT (31ech (paxTu-
YeCKM HCIOJb3YeTCS YTBEP)KAEHHE, KOTOPOe MOXKHO JOKAas3aThb JIHMIIb
CpeACTBaMM BBICIIEH MaTeMaTHKH: ecJau IpaduKOM PAalMOHAJIBLHOTO
ypaBHeHUA p(x; y) = 0 aBaserca auHuA L, TO IO OJHY ¥ IO APYIYIO
¢TropoHy OT L BhIpaskeHHe p(x; Y) COXpaHAeT IIOCTOSHHBIN 3HAK).

Bosbmem B KauecTBe KOHTPOJBbHOIM TOUKY (1; 1) m3 BepxHeil mo-
JNYILUIOCKOCTH M IOACTABUM €e KOOPAMHATHL B 3aJlaHHOE HEPABEHCTBO.
Nonyunm: 2+ 1 + 3+ 1> 0 — BepHOE UKMCIOBOE HEPABEHCTBO. 3HAa-
YUT, TeOMETPUYECKOM MOJEJbIO PellleHri 3aJaHHOT'0 HEPaBeHCTBA SB-
AHETCS IIOJNYIJIOCKOCTDb, PACIOJIOXKEHHAasA Boile npamoit 2x + 3y = 0
(puc. 63). IloHUMAThL 3TOT BBHIBOJ CJIEAYET TaK: KOOPAMHATHI JIIO00
TOUKHM MHOJKECTBA, 3aIITPHXOBAaHHOr0o Ha puc. 63, ob6pasyioT mapy
NVCeJI, CTYXKaIIyio pellleHNeM HepaBeHcTBa 2x + 3y > 0.

Hpumep 15. Pemnrs HepaBeHcTsBo y — 2x% < 0.

P e wm e H u e. I'paburom ypasaenus y — 2x% = 0 cay:xut mapa6o-
an y = 2x? (puc. 64). OHa geauT KOOPAUHATHYIO ILJIOCKOCTH Ha JABE
YUCTH: OJHA PACIIOJIOKEHA BHIIIE, a Apyrad HuKe nmapaboJsl. Bosbmem
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2. CUCTEMbI YPABHEHWM

B KayecTBe KOHTPOJBbHOM TOuKy (0; 1), pacnosioKeHHYIO BbIIIe Iapa-
60sb1. IToacTaBUB KOOPAUHATHI 3TOM TOYKHM B 3aJaHHOE HEPaBEHCTBO,
moayuum: 1 — 2 - 02 < 0 — HeBepHOE UKMCJI0BOE HEPABEHCTBO. SHAUMT,
B KauyecTBe I'eOMETPHUYECKOH MOJeJHU pellieHWil 3aJJaHHOIO HEpPaBeH-
CTBa CJIEAYET B3ATH YaCTh KOOPAUHATHOH IIJIOCKOCTH, PACIIOJIOMKEH-
HYIO He BBIIIE, a HIYKe mapaboJinl (puc. 64). (]

OnpeageneHne 6. Ecnm mocraBieHa 3ajauya HAWTH BCe TaKue
napsl yucesa (X; y), KOTOpble OMHOBPEMEHHO YAOBJIETBOPSIOT HepaBeH-
crBaM p(x; y) > 0 u g(x; y) > 0, TO roBOpAT, YTO YKasaHHbIE HEPa-

p(x; y) > 0,
q(x; y) > 0.

ITapy uwmcen (x; y), KOTOpPasd OGHOBPEMEHHO ABJIAETCSA PELIEHHEM
U IepBOr0 ¥ BTOPOr0 HEPABEHCTB CHCTEMbI, Ha3bIBAIOT pPellieHHEeM CH-
cTeMbl HePaBeHCTB. PelllNTh cucTeMy HepaBeHCTB — 3HAYUT HaiTH
BCe ee pellleHNA (MJIM YCTAHOBUTDH, YTO PELIEHUIl HET).

BEHCTBa 06pa3y10'r CHCTEMY HEPaBEHCTB

2x - 3y <6,

6
IIpumep 16. Pemurh cucreMy HEPABEHCTB
x+y+720.

P e 1 e 5 u e. 1) IToctpoum rpadbux ypaBHenusa 2x — 3y = 6. 3o
npsaMmas, npoxogaiiasa yepes Touku (3; 0) u (0; —2). Bosbmem B Kaue-
cTBe KOHTPOJIbHOM TOouKy (0; 0), pacmosio)KeHHYIO BbIIIe IIOCTPOCHHOMN
PAMO#i; ee KOOPAMHATHI YAOBJIETBOPAIOT HepaBeHCTBY 2x — 3y < 6.
3HAYHUT, reOMETPUYECKHUM pPellleHHeM IIePBOro HEPaBEHCTBA 3aJaHHOM
CHCTEMBI CJYKAT MOJYILIOCKOCTh, PACIIOJIOXKEHHAs BBIIIE MPAMOM, U
caMma npsaMas (IIOCKOJbKY 3aflaHHOe HEPABEHCTBO — HecTporoe) (puc. 65).

2) ITocrpoum rpadhuk ypaBHenusa x + y + 7 = 0. 1o npsamas, Ipo-
xogamasn yepe3d Touku (—7; 0) u (0; —7). BossMem B KauecTBe KOHT-
poabHO#T TouKky (0; 0), PACIIOIOKEHHYIO BBIIIe IIOCTPOEHHOMN IPAMOIL;
ee KOOPAMHATHI YAOBJIETBOPAIOT HEPaBeHCTBY X + y + 7 2 0. 3Hauur,
reoOMeTPHYECKHM PelleHHeM BTOPOro HepaBeHCTBA 3aJaHHOM CHCTe-
MBI CJIYJKaT IIOJYILIOCKOCTDb, PACIIOJIOMKEHHAA BHIIIE IPAMO, U caMa
npsamad (puc. 66).

3) B KauecTBe peuleHH# 3aJaHHOM CHCTeMbl HEPABEHCTB CJIEAYeT
B3ATHh BCE OOIIMEe TOYKH IIOCTPOEHHBIX IOJIYILIOCKOCTEH, T. e. X Ie-
peceuerue (3alITPUXOBaHO Ha puc. 67). (]
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2. CUCTEMbI YPABHEHMA
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2. CUCTEMbI YPABHEHWM

§6. METOAbl PELLEHMA CUCTEM YPABHEHWMM

B srom maparpade Mbl 06CyoUM TPU METOLA PEIUEeHUSR CHU-
cTeM ypaBHeHUii, 060Jiee HaJe)XHble, YeM I'paduuecKHUil MeTOn, KOTO-
pPBIii paccMOTpeJH B MpeAblayLieM naparpadge.

1. MeToA NOACTAHOBKM

ITOT MEeTOA Mbl MPUMEHAJU B 7-M KJacce AJA PelIeHUsS CUCTEM
JUHeMHBbIX ypaBHeHuii. Tor amropurTm, KOTODBIH ObLI BbIpaOOTaH B
7-M KJlacce, BIIOJIHE NPHUIOJIEH AJIA PELIeHHUA CHUCTEeM JIOOBIX OBYX
ypaBHeHui (He 0043aTeILHO JIMHEWHBIX) C IByMdA IIePeMEHHBLIMHU X U
y (pasymeercs, mepeMeHHble MOT'YT ObITH 0003HAYEHBI U APYTUMHU OYK-
BaMM, YTO He MMeeT 3HAUYeHHsda). DaKTHUYECKH STHM aJrOPHUTMOM Mb!
BOCIIOJIb30BAJIMCH B IIpeAbIAyLIeM Iaparpade, KOrga 3aBepluajy pas-
roBop o mpumepe 12.

4 D
ANropuT™M MCHOJIB30BAHMA METOZA IOACTAHOBKH
IpU pPelieHUM CUCTEMBI OBYX yPaBHEHMIi
¢ AByMdA IIepeMeHHBIMH X, Y

1. Beipa3uts y uepes X U3 OGHOrO YPaBHEHUS CHUCTEMBI.

2. [ToacTaBUTL MOJTy4eHHOE BhIpaKeHHe BMECTO Y B APYroe ypas-
HEeHUe CHUCTEeMBI.

3. Peuturs nmosyueHHOe ypaBHE€HUE OTHOCHTEJIBHO X.

4. ITogcTaBuTh KaXKIblil U3 HANLEHHBLIX HA TPETheM lllare KOpHeii
YpaBHEHUs IIO0YEPEeTHO BMECTO X B BhIDAXKEHHE Y uepes X, II0-
JydeHHOe Ha IIepBOM Iiare.

5. 3anucars OTBeT B BHjIe IIap 3HAYeHMi (X; y), KOTOpbIE GBLIM
HaliJleHbl COOTBETCTBEHHO HAa TPEThEM K YeTBEPTOM IIare.

/

Ilepemennsle x u y, pasyMeercsd, paBHOIPABHEI, IIO3TOMY C TAKHUM
JKe yCIIeXOM MBI MOXKEM Ha IIePBOM Llare ajJirOPUTMa BBIPA3UTh He Y
Yyepe3 X, a X 4yepe3 y U3 OgHOro ypaBHeHHs. OOBIYHO BBIOHMPAIOT TO
ypaBHeHHEe, KOTOpPOe IpeACTaBjseTcAa 0oJjiee IMPOCTHIM, M BbIPaXKaIoT
Ty IIepPeMeHHYIO M3 Hero, IJIA KOTOPOi sTa mpoluenypa npeacTaBlIaeTcs
60J1ee IIPOCTOI.
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2. CUCTEMbI YPABHEHMA

[
[Iipumep 1. Pemurs cucremy ypaBHEHHUi
x+3y =5,
xy = 2.

P
Pemenue. 1) Borpasum x uepes y u3 1epBOro ypaBHEHUS CHU-
@remer: x = 5 - 3y.
2) ITogcTaBuM NIOJIy4eHHOE BhIpaXK€HHE BMECTO X BO BTODPOE ypaB-
ane cucremsl: (5 — 3y)y = 2.
» 3) Pemum mosryueHHOE ypaBHEHUE:

5y — 3y? = 2;
3y -5y + 2 =0;
2
y1=1, Y. = 3-

4) TlogcTaBUM IOOYEPEZHO Ka)KAOe M3 HailleHHBIX 3HAYEeHUH Y

2
popmyny x =5-3y. Eecmmy=1,T0 x=5~-3-1=2;ecim y = 3
2

x=5-3- 3= 3. ,

5) Ilaper (2; 1) u (3; 5) — pellleHUs 3alaHHO#N CHUCTEMBI YpaBHe-
nil,

2
OrBerT: (2;1); (3; 5).

2. Metop anrebpanyecKoro cno)XeHms

JTOT MeTOX, KaK M MeTOJ IIOJCTAaHOBKHM, 3HAKOM BaM M3 Kypca
16pBI 7-TO KJacca, rae OH IPUMEHSJICH JJIs PelleHUA CHUCTEM JIH-
#upix ypaBHeHu#. CyThb MeTOZA HAIIOMHVM Ha CJIEAYIOIEM IIDUMEpE.

Ilpumep 2. Pemurs cucremy ypaBHEHUIHA
2x+xy+2=0,
4y + 3xy + 30 = 0.

PemleHue YMHOXHM BCE UJIEHBI IIEPBOr0 YPAaBHEHUS CUCTEMEI
4, a BTOpOe ypaBHEHME OCTaBUM 0e3 M3MEeHeHUd:

6x +3xy+6 =0,

4y + 3xy + 30 = 0.
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2. CUCTEMbI YPABHEHWM

Briurem BTOpOE ypaBHEHVE CHCTEMEI U3 €€ IIepBOro ypaBHEHUS:
(6x + 3xy +6) — (4y + 3xy + 30) =0 - 0;
6x — 4y — 24 = 0;
3x -2y -12=0.

B pesyarraTe anre6pandecKoro CI0KeHUA ABYX yDaBHeHUH uc
XOLHOM CHCTEMBI MOJYYHJIOCH ypaBHeHHE GoJjiee IIPOCTOE, YeM IIEDPBOC
¥ BTOPOe ypaBHEHUs 3aLaHHON cucTeMbl. OTUM GoJjiee IPOCTHIM ypan
HeHVeM 3aMeHHuM Ji000e ypaBHEeHVe 3aJaHHO! CHCTeMbl, HaIpUMe)

Bropoe. Torza s3ajmamHas cucTemMa ypaBHEeHUIT 3aMeHUTCs 06ojee IIPo
CTOHM CHCTEMOM:

2x+xy+2=0,
3x-2y-12=0.
9Ty cucTeMy MOYKHO DPEIIUTL METOAOM IIOACTaHOBKM. M3 BTOpOIrn
3x -12
ypaBHEHUA HAXOAUM: Y = 7 IToacTaBuB 3TO BHIpaXKE€HME BMECTO

Y B IIePBOE€ YpaBHEHVE CHUCTEMEI, IOJYYUM:

2x+x-§£%g+2=0;

4x + 3x2 - 12x + 4 = 0;
3x2 - 8x + 4 =0;
2
x = 2, X, = 3.
Ocranoch NMOACTABUTHL HalWJeHHBIE 3HAUEHUA X B DOPMYJY

_3x——12 _ _3«2—-12_ X _ E

= Ecaum x = 2, TO y=—7p—= 3; ecam x = 3> TO
3%-12

=—92_  —_5

y 3

Takum 00pasomM, MBI HAIJIKM ABa PeIIeHHs cucTeMbl: (2; —-3) u
2. _
(% -5)
. (9- . (2.
Orser (2 -3) (g’ —5).
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2. CUCTEMbI YPABHEHMA
[ —

3. Metoj BBe1€HHA HOBbLIX nepemeHHbIX

C meTOZOM BBeeHUA HOBOY IlepeMeHHO# IIPU PellleHY YPaBHeHUH
0 O/IHOM mepeMeHHO¥ Bbl IIO3HAKOMIINUCH B Kypce airebphl 8-ro Kiacca.
(Cyrp 3TOrO0 MeToZa NIpPH pEIIeHWH CHUCTEM YpaBHEHUH Ta Ke camasd,
MO ¢ TEXHUYECKOH TOUKM 3PEHHA HMMEIOTCSA HeKOTOpble 0COOEHHOCTH,
KoTopble MBI U 00CYyZMM B IIpuMepax 3 u 4.

IIpumep 3. Pemurs cucremy ypaBHEHHUI

A g=2,5,
y X
x%—y?=3.

X
Peme n ue. Beerem HOByI0 mepemeHHyio = ; Torza mepBoe
ypABHEHUE CHCTEMbI MOYKHO OyZeT nepenucaTth B 60jee IIPOCTOM BHIE:
1 .
(] e 2,5. PemnM 5TO ypaBHEHHME OTHOCUTEILHO II€PEMEHHOH t:

2 (I
tl&t+_1__§_ =0
t 2
22 + 25t _
2t

2t - 5t + 2 = 0;

0;

t, =2, t2=§.

O6a sTUX 3HAYEHUSA yOOBJIETBOPAIOT ycjoBuio 2t # 0, a moromy
N BIAIOTCA KODHAMU PAacCMaTPHUBAEeMOr0 ypaBHEHUS C IIEPEMEHHOH f.

x x
Hot = ; , BHAYMT, JIUOO ; = 2, OTKyZa HaxoOuM, 4To X = 2y,

J1bo

Do |-

, OTKyZa HaxXOoguM, 4YTo J = 2X.

< | R

Taxum 006pas3om, ¢ IMOMOIILI0 METOLa BBENEHUS HOBOM IepeMeH-
10 HaM yJajioch KaK OBl PACCJIOUTH IEPBOE YPaBHEHHE CHUCTEMBI Ha
Ji3a 6oJiee IPOCTHIX YPABHEHMS:

x=2y; y-=2x.

Yro ke pganbiie? A majablie KaxKgoe M3 OBYX IOJYYEHHBIX IIPO-
¢1'bIX YPABHEHHUM HYIKHO IIOOUYEPESHO PACCMOTPETH B CHCTEME C ypaB-
ueaueM x2 — y? = 3, 0 KOTOPOM MEI IIOKa He BCIOMHHAAU. MHBIMHU
¢JIOBaMH, 3aJada CBOAUTCA K PEIIeHUIO JBYX CHCTEM yDaBHEHWIA:

71



2. CUCTEMbI YPABHEHMH

x =2y, y = 2x,
x2-y?=3; x2—-y?=3.
Hago HaiiTy pelieHusA IePBO# CHCTEMBI, PEIIIEHUA BTOPOIl CHCTEMBI U

BCe IIOJIYYeHHBIE Iaphl BKJIOYUTH B OTBET.
Pemym mepByIo cuUCTeMY YpPaBHEHMI:

x =2y,
x?—y? =3.
Bocmosab3dyeMca MeTOZOM MOACTAHOBKH, TeM 0oJiee UTO 3heCh IJIA

Hero BCe roToBO: IIOACTaABUM BBIDAXXEHUE 2y BMECTO X BO BTOpPO€e ypaB-
HeHne CHUCTEMBI. HOJIy‘II/IM nocseqoBaTeJNIbHO:

2y)y - y* = 3;
4y - 2 = 3;
3y? =3;

y =1

y=1, y,=-1
Tak Kak x = 2y, TO HAXOAMM COOTBETCTBEHHO: X, = 2, X, = —2. Tem
caMbIM IIOJIyYEHBI [Ba peILleHus 3aJaHHOM cucremsl: (2; 1) u (-2; -1).
Pemum BTOpPYIO CHCTEMY YPaBHEHHMA:

y = 2x,
x2-y? =3.
CHOBa BOCIOJIB3yeMCA METOZAOM IIOJCTAHOBKH: MOJACTABHUM BbIDA-

JKEeHHe 2X BMECTO y BO BTOpOe ypaBHeHUe cucteMbl. Ilosyuum mocie-
IOBATEJBHO:

x? - (2x)? = 3;
x2 —4x% = 3;
-3x%2 = 3;
x? =-~1.

ITO ypaBHEHUE He MMeeT KOpHeli, 3HAUWUT, U CHUCTeMa YpaBHEHUH
He uMeeT pemeHuil. Takum 06pasoM, B OTBET HAZO BKJIIOUUTHL TOJILKO
pelueHusa NIepBOH CHCTEMEI.

OrBerT: (2; 1) (-2; -1).

MeTon BBeJeHHS HOBBIX IEPEMEHHLIX IIPY PEUIEHUU CHUCTEM ABYX
YPaBHEHUI ¢ AByMA IEePEMEHHBIMM NPUMEHSETCA B ABYX BapHMaHTaX.
ITepeviii 6apuanm: BBOOUTCA OZHA HOBAas IepeMeHHAad Y UCIOJIL3yeTCH
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2. CUCTEMBI YPABHEHMA
e

$0JILKO B OJHOM YPaBHEHMM cHCTeMbl. IMEHHO Tak 00CTOSIO Ae0 B
fipumepe 3. Bmopoii éapuanm: BBOAATCA JBE HOBbIE II€DEMEHHEIE U
NCHOAB3YIOTCA OGHOBPEMEHHO B 000MX YpaBHEHMsX cucTeMbl. Tak
8yucT 06CTOATH fes0 B mpuMmepe 4.

IIpumep 4. Pemurs cucreMy ypaBHeHUIA

2 3
+ = 4
x -3y 2x+y
8 9

x -3y 2x+y

PemeHnue. Beegem aBe HOBBIe IepeMeHHBIE: G =
3 8 9
b= . Yurem, 4TO TOTZHA = 4a, = 3b.
2x +y x -3y x -3y
9T0 MO3BOJIMT HepeNucaTh 3afaHHYI0 CUCTEMY B 3HAYHTEILHO 60-
J/loe TIPOCTOM BHZE, HO OTHOCHTENbHO HOBBIX I€PEMEHHBIX a 1 b:

a+b=2,
4a - 3b = 1.

HpHMeHHM AJIA pEeIeHnA 3TOU# CHCTEMBI METOZ anreﬁpanqecxoro
CJIOKEHU A

x-3y’

N 3a +3b =6,
4a-3b=1;
Ta=T;
a=1.

Tax Kak a = 1, To u3 ypaBHeHudA a + b = 2 gaxogum: 1 + b = 2;
@ = 1. TakuM 06pa3oM, OTHOCUTEJLHO IIePeMeHHbIX @ U b MBI IOJIy4u-
Wi OZIHO pelleHue:

a=1,

b=1.

Bosspaijasices K IepeMeHHbIM X U Y, II0JIyUaeM CUCTEMY YpaBHEHUH

2 -1,
x -3y
3 -1,
2x +y
7. C.
x—-3y =2,
2x+y=3.
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2. CUCTEMbI YPABHEHUM

IIpumMeHuM AJIs1 pellleHUs 3TOM CHUCTEMBI METOH ajiredpamyecKoro
CJIOXKEHUA:

. x-3y =2,
6x+3y=09;

Tx =11;
_u

7

11
Tak Kak x = 7,TonaypaBHeHna2x+y=3Haxom»1M:y=3—2x:

11 22

1
=3-2. 7= 3 - 7 =7 Taxkum 00pa3oM, OTHOCUTEJIBLHO IIepEeMEeH-

HBIX X U Y MBI IIOJYUHNJIN OJHO DEIIeHHe:

11

x=—,

7

=1

y 7"
(0] . 1_4- _l
TBE€T: 7, 7

3aBeplIyM 3TOT maparpad KpaTKUM, HO JOCTATOYHO CEPHE3HBLIM
TEOPETHUUYECKNM DPasroBOpOM. BBI yKe HAKONMJIM HEKOTODPBIN ONBIT B
PellleHNY Das3INYHbIX YPaBHEHWIl: JTUHEHHBIX, KBaJAPaTHBIX, PaIyo-
HaJbHBIX, UPPAllMOHAJBbHBIX. BBl 3Haere, 4YTO OCHOBHAsA uUAes pelile-
HUSA YypaBHEHUA COCTOMUT B IIOCTEIIEHHOM Ilepexoje OT OZHOIO ypaBHe-
HUA K Apyromy, 0ojiee mpocTOMYy, HO PaBHOCHJIBHOMY 3aZaHHOMY.
B npeabipymiem nmaparpade MBI BBEJIH IIOHATHE PABHOCUJIBHOCTH AJIA
YPaBHEHM ¢ JByMs mepeMeHHbIMH. MCIIOb3yIOT 3TO IOHATHE U AJIA
CuCTeM ypaBHEHUI.

Onpeaenexme. [ise cucreMbl ypaBHEHHH C MEPEMEHHBIMH X U
Y Ha3bIBAIOT PaBHOCWJIBHBIMM, €CJIM OHM MMEIOT OLHU U Te JKe pellle-
HUA WJIN ecau 00e CHCTeMBbl HE MMEIOT PeLIeHUH.

Bce Tpu meToza (MOACTAaHOBKH, aarebpandyecKoro CJI0KeHUs U BBe-
JeHUs HOBBIX II€PeMEHHBIX), KOTOpble MBI 00CYZU/IM B 3TOM Iaparpa-
(e, KOPPEKTHHI C TOYKU 3PEHUsS PABHOCHUJIBHOCTH. VHBIMH CJIOBaMH,
UcCnoavdya amu memodvl, Mbl 3amMeHAeM 00HY cucmemy YpasHeHull
dpyeoii, 6osiee npocmoii, HO PABHOCULLHOI NEPEOHALALbHOU cucmeme.
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2. CUCTEMbI YPABHEHWUIA

§ 7. CUCTEMbI YPABHEHWMH
KAK MATEMATMYECKME MOJENM
PEAJIbHBIX CHTYALIMA

Bawm usBecTHO, UTO cucTeMa ABYX YPaBHEHHH ¢ AByMsA Iie-
PeMEHHBIMY MOJKET CJIYXKUTh MareMaTU4YeCKoil MOJeIbIo peaJbHOH cr-
ryanuu. I[IepBuIfi OIBIT B pellleHNN TaKHUX 3aka4 Bbl IIPHOODEIHN B KyD-
¢e anreOper 7-ro KJjaacca. IIpaBma, TamM BCTpeUaJUCh TOJBKO CHCTEMBI
ABYX JINHEMHBLIX YpaBHEHHNH ¢ AByMA IepeMeHHbIMU. Terneps MB yme-
em pemiaTh 0ojiee CJI0KHEBIE CHCTEMBI YPaBHEHHUH, 3HAUYUT, HAM BIIOJI-
He IO cuJIaM U pellleHHe 0oJiee CJIOKHBIX 3a7ad.

IIpumep 1.B paiinentpe gBa KuHoTeaTpa — «Paxen» u «Cia-
pa», nepselii — Ha 400, a BTOpoit — Ha 600 mect. B 3purenrHOM
suie KkuHOoTeatrpa «CiaBa» Ha 4 paga 6osbile, yeM B KuHoTeaTrpe «Pa-
KeJ», 1, KpOMe TOr0, B KaXXJOM pAAY Ha 5 mecT OoJblle, YeM B KU-
norearpe «Paken». CKOJIbLKO PANOB B 3PUTEJLHOM 3ajle KMHOTeaTpa
e«Paxes», ecIu U3BECTHO, UYTO B KaKAOM pany KmuHoTearpa «Ciaasa»
6osee 25 mect?

Pem e n ue. Ilepsriii aTan. Cocmasnenue mamemamuueckoil mo-
deau.
IIycTte x — umciao paxoB B KuHOTeaTrpe «MPaxemn»,
Y — YKCJIO MeCT B KaXXJOM pAAYy KuHoTeaTpa «Paresa».
Torga x + 4 — uwmcjo pagoB B KuHorearpe «Ciasa»,
y + 5 — uucio MecT B KaxKAoM pany KuzHortearpa «Ciaa».
311851 YHUCIO PAKOB ¥ YMCJIO MECT B DALY, MOXKHO HaiiTH o0Ijee 4UCJIO
MECT B KalKJAOM KHHOTeaTpe:
XY — 4YHUCJIO MeCT B KMHOTeaTpe «Paxei»,
(x + 4)(y + 5) — umcao mect B KnHOTeaTrpe «CiaBa».
llo ycnoBuio B kurHOTeaTpe «Paxesn» 400 mecT, T. e. xy = 400, a B KUHO-
reatpe «CiaBa» 600 mect, T1.e. (x + 4)(y + 5) = 600.
Takum ob6pasom, MBI IDUXOAMM K CHCTeMe ABYX ypPaBHEHUH
¢ ABYMs IIEPEMEHHBIMU:

{ xy = 400,

1)
(x +4)(y +5) = 600,

e X, Yy — HaTypaJibHBIE YHCJIa.
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2. CUCTEMbI YPABHEHWHA

Maremaruueckas MOJeJIb 3amavyun COoCTaBJI€HA.

Bropoii atan. Pa6oma ¢ cocmasnienHoil modenvio.
HNmeem:

xy = 400,
xy + 4y + 5x + 20 = 600;

= 400,
{xy @)

xy + 4y + 5x = 580.
HpI/IMeHI/IM METOL am‘e6panqecrcoro CJIIOKEHHUA: BbIUTEM II€EpBO€
ypaBHeHue u3 Broporo. Ilosyuum:
(xy + 4y + 5x) — xy = 580 — 400;
4y + 5x = 180.
3aMeHNM 3TUM ypaBHEHHEM BTOPO€ ypaBHEHUE CHCTEMH (2):
xy = 400,
- (3
4y + 5x = 180.

Cucrema (3) HECKOJIBKO IIpolie, YeM cucrema (2), ee MOXKHO pe-
LIIUTH METOZOM IIO[ICTAHOBKM. BEIpasum y uepes x M3 BTOPOTO ypaB-

180 - 5x
HEeHUdA CUCTEMHI (3): Y = — ITogcTaBUM 5TO BBIpasKeHMEe BMeEC-
TO Y B IIepBO€ ypaBHEHUE cucTeMsl (3):
180 - 5x

x(180 - 5x) = 1600;
5x% - 180x + 1600 = 0;
x2 -36x +320=0
(o0e yacTy HmpeABIAYIIEro YpaBHEHUS ITOYJEHHO pasfeluaIu Ha D);
x, =20, x,=16.
180 - 5x
4
ecau x = 16, To y = 25.

Hraxk, cucrema (3), a 3HAYUT, U paBHOCUJIbHAA el cucTema (1) ume-
oT asa pemenus: (20; 20) u (16; 25).

Tak Kak Y= , TO moJiyyaem: eciau x = 20, To y = 20;
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2. CUCTEMbI YPABHEHMH

"

Tperuit aran. Omeem Ha 8onpoc 3adauu.

OnupasAchk Ha NOJYyYeHHBLIE DEeIIeHUA CUCTEMBI, MBI JOJIKHBI
DpoaHaJIM3UpPOBATh [Be BO3MOYKHOCTH: JUOO B KUHOTeaTpe «PDaxes»
20 pagos mo 20 mMecT B Ka)KAOM pALyY, sub6o 16 pamos mo 25 mecr B
KaKIOM psagy. Eciu BeIOpaTh MepBYIO BO3SMOMKHOCTB, TO B KMHOTEAT-
pe «CuaaBa» Oyzmer 24 paga (1o ycuoBuio TaM Ha 4 paga OoJbIIe) IO
25 mMecT B KaKAOM pAAY (IO YCJIOBHIO B KaKAOM paAxy «CiaBbl» Ha
6 mecr Goabie, ueM B «@Pakese»). ITO HAC HE YCTPAUBAET, IIOCKOJILKY
no ycJoBUIO B KaxkaoM pAxy «CiuaBel» Gosee 25 mecr. Paccmorpum
BTOPYIO BOBMOJKHOCTE: B «@Pakene» 16 pagoB mo 25 MecT B KaKAOM.
Torga B «CiaaBe» O0yzer 20 pagos mo 30 MecT B KasKAOM. JTO HacC yc-
"'parBaer.

Wrak, u3 ABYX pelleHU# cUCTeMHl BeIOMpaeM ofHO: x = 16,
y = 25, a aro o3Havuaer, uTo B KuHOTearpe «®Pakesn» 16 paznos.

OrBerT: 16 pagos.

Ha camom gmejse aTa 3afava He ABJISAETCA [Js Bac HOBOH, MBI pe-
uiaay ee B yueOHUKe «Ajredpa—8», HO IO-APYroMy: MaTeMaTHUYecKoi
MOZeJbIO 3alaui OBLLJIO PAIlMOHAJIBHOE YpPaBHEHME C OJHOU IlepeMeH-
Hoit. IlpuBeneM KpaTkKue HAOPOCKU AJIA COCTABJIEHUA TAKOU MOZEJIM:

X — YHUCJO PANOB B KMHOTeaTpe «MDaxem»,

400
—; — UHMCJIO MECT B Ka)KJ0M DAY KMHOTEATpa «Daxes»,
x + 4 — uucao pAxoB B KuHOTeaTpe «Ciasa»,
600
~ +4  UHCIO MECT B KaXJOM PAAY KMHOTearpa «CnaBa».
600 400
ITonyuaem ypaBHeHUE c+4 z = 5. 9T0 MaTeMaTU4YeCKaA MO-

[eJb 3aJayu.

CpaBHUM [Ba BapuaHTa pelIeHUs 3ajauyud. B IIepBOM BapHaHTE
6uL1a 6oJree CIOKHAA MaTeMaTUdecKas MOZAeJb (cucTeMa ypaBHEHUI),
gHa4YuT, 60Jiee TPYAHBLIM OBLT BTOPOI 3Tam — paboTa ¢ cOCTaBJIEeHHOM
mMoZesbio. 3aTO MeHee TPYAHBIM OBbLJI IEPBHIM aTall, caMa MaTeMaTH-
yecKkad MoOeab OBLIA COCTaBJeHA Jierde u ObIcTpee. B mpuHIIUIE BBI-
rogHee ympomaTh paboTy Ha IIePBOM 3Tale — Ha dTalle COCTaBIeHUA
mMaTreMaTuyecKoil mojenu 3axauu. I1osToMy BO MHOTHX ciaydadax Iie-
JiecoobpasHee paboTaTh He ¢ OGHOM, a ¢ JBYyMsA II€PEMEHHLIMU.

IIpumep 2. Ilpucranu B u C HaxogaTcA HUKE IPUCTaHU A 110
reueHUIo pekr Ha 30 KM u 45 KM cooTBeTCTBeHHO (cM. puc. 51 Ha c. 49).
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2. CUCTEMb! YPABHEHMA

MoropHas jJoAKa OTXOAUT OT mpucTanu A, goxozur ao C, cpasy II0BO-
pauMBaeT Has3ax U npuxogut B B, sarpaTus Ha Bech nyTh 4 4 40 MuH.
B apyroit pas ara ke Joaka oToilaa oT npucranu C, momwia mo A,
cpasy IOBepHYJIa HasajJ W Ipuinja B B, saTpaTUB Ha Bechb IYTh
7 4. Yemy paBHBI COOCTBEHHAs CKOPOCTH JIOAKH M CKOPOCTBH TEUEHHSs
pexu?

Pemen ue. llepBoiit aran. Cocmasnenue mamemamuieckou
Mmodeau. ITO y:xKe chesaHo Bhile (cM. npumep 1 B § 5):

45 15 1
+ =—,
x+y x-y 3
45 30
+

xX-y x+y

3xech x KM/4 — coOCTBEHHadA CKOPOCTb JIOAKH, Y KM/Y4 — CKO-
POCTDH TEUEHHSA DPEKH.

Bropoit atan. Pa6oma ¢ cocmasienHoll modenvio.

J1a penieEus cCUCTEMBI yPaBHEHUN BOCIIONIb3yeMCA METOJOM BBe-

15 15
IeHUuA HOBBIX MepeMeHHBIX. IlycThb =a, =b.
x+y x-y
Torga cucrema IpHUMeT BUJI
14
3a + b = ? Py
2a+3b="1.
Pemus a1y cucTeMy ABYX JHHEMHBIX YPaBHEHUH ¢ IBYMsA IepeMeH-
5
HBIMHU a U b (cmenaiite aTo!), moayuuM: a = 1, b = 3
Hrak,
15 _ , T.e.x +y=15;
x+y
15 5
==, T.e.x—-Yy=09.
x-y 3’ g
Ocraercs peLINTh COBCEM IIPOCTYIO CHUCTEMY YpPaBHEHMM
x+y=15,
x-y=09.

ITonyyaem: x = 12, y = 3.

78



2. CUCTEMb! YPABHEHWMA

Tpetuit atan. Omeem na 6onpoc 3adaiu.

TpebyeTcs onpeneIuTh CKOPOCTh JOAKM B CTOAYEH BOJge M CKOPOCTh
TedyeHUs pexu. IIepByI0 CKOPOCTE MBI 0003HAUMJINU OYKBOHM X, IIOJY-
yuau X = 12; 3HauuT, cOOCTBEHHAA CKOPOCTH JOAKU COCTABJISET
12 kM/4y. CKOpPOCTH TeueHUs Mbl 0003HAUMJIM OYKBOH Yy, IOTYUHIN
y = 3. 3HAUUT, CKOPOCTb TE€UEHUA PEKU COCTaBJIAET 3 KM/d.

OrBeT 12 KkM/4; 3 KM/U.

IIpumep 3. Macrep u ero yuyeHUK ILIAHUPOBAJIM COOOIa BbI-
TMOJHUTH HEKOTOPYIO paboTy 3a 6 aHeii. CHavaJsa 3a JesI0 B3SJICA yue-
HUK, HO, BeINOJIHUB 20 % 3amanudA, oH 3aboses. OcraabHas paGoTa
NPHUIILIach Ha AOJIO MacTepa. B mrore BBIIOJIHEHNE 3aJaHUs PACTAHY-
Jochk Ha 11 gHeil. 3a CKOJBKO AHEH MOr OBl BBIIIOJHUTEL BCE 3aLaHUeE
MacTep M 3a CKOJBKO AHeil yUeHWK, AeHCTBYSA B OGUHOUYKY, €CJIM M3-
BECTHO, YTO KOJHMYECTBO AHEM BBIpA’KaeTCdA IeJbIM YHMCIOM?

Pemenue. Ilepsuiii aran. Cocrmasnenue mamemamuieckoil mo-
denu.

Ecnu peub mpger o BEIIOJIHEHMHM HEKOTOPOH paboThI, HE OXapakKTe-
PU30BAHHOI B KOJHMYECTBEHHOM ILIaHe (T. €. He CKa3aHO, CKOJbKO Je-
Tajiell HaZlo cAesiaTh, CKOJIBKO KyOOMETDPOB 3€MJIM BHIHYTBH U T. A.), TO
00beM paboOTHI CUMTAIOT PABHEIM 1, a 4acTH pPaGoThl BEIPAXKAIOT B J0-
JAX eIUHUIILI.

IIycte x — umcyao gHei, HeOOXOZUMBIX MacTepy, YTOOBI BBHIIIOJ-
HUTH B OAMHOYKY BCIO paboTy, a Y — YUCJIO JHEeH, HeOOXOZUMEIX yye-
HUKY, YTOOBI CIIDABUTLCA B OAZMHOYKY CO Bceil pabotoii. Eciau o6beMm
Bceil paboThl (T. e. 1) pasmeauM Ha YKCJIO AHEl, HEOOXOAMMBIX IJISA
BBINIOJTHEHUS Bceil paGoOTHI, TO y3HAaeM AOJI0 PabOThl, BBIIIOJHAEMYIO
3a 1 genp. UTak,

1
S Aoud palboTEI, KOTOPYIO BBIIIOJHAET MacTep 3a 1 JeHb,

1
;—aona paboThl, KOTOPYIO BBIMIOJIHSAET YUeHMK 3a 1 JeHb.

ITo yciaoBuio, paboTasg BMecTe, MacTep M YYeHHUK MOTJIM Obl BBI-
IOJIHUTL Bce 3amaHue 3a 6 gueit. Homa paborel MacTepa 3a 6 mHeit

, 1 6
BeIpaxkaetrca ¢opmymaoit —-6, T. e. P Hoasa paboTbl yueHUKa
X

6

3a 6 mHeii BeIpaxkaerca dopmymoit — © 6, 1. e. —.

RS
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2. CUCTEMbI YPABHEHWHM

ITocKOJBKY BMeCTe OHH BBINOJHSAT BCIO padory (T.e. 1), cocras-

JIfeM ypaBHEHMUe:
6 6
—+ - =1.
x Yy
Ilo yca0BMIO YYEHUK BBHINOJHUJ, TPYAACH B OZUHOUKY OO CBOE

1
6oJse3uu, 20 % 3amaHud, T.e. 5 dacrs Bcelt paborel. CKOJIBKO Bpeme-

HHN OH HOTpaTHJI? EctecTBenHO, uTO g YacTb TOI'O BpeMeHH, KOTOpoe

1
— -y oueii. ITorom nipu-

HYKHO eMy Ha BBIIIOJIHEHUE Bceli paGoTEHI, T. €. 5

4
IreJ1 MacTep, caejaj OCTaBUIYIOCA paﬁo'ry, T. e. g 3ajaHusd, Ha 4TO

4 .
3aTpaTHI 5 X THEU.

Ilo ycaoBuio BEIIIOJIHEHME 3afaHUs PACTAHYJIOCh HA 11 muei, T. e.

£+4_x=11;
5 5
y + 4x = 55.

Taxkum 06pasoM, MaTeMaTHYeCKas MOAENIb 3aJa4yy COCTABJEHA —
cHuCTeMa ABYX YPABHEHHUU C AByMA IIepPeMeHHBIMU:

rge X, y — LeJble Yucia.

Bropoii atan. Pa6oma ¢ cocmasnennoii modenvio.

BocmoJsbzyeMcsi METOLOM IOACTAHOBKHU. BbIpasuM y uepe3 x u3s
BTOPOTO ypaBHeHus cucreMbl: y = 55 — 4x. IlogcraBuM BHIpaXKeHUe
55 — 4x BMecTO y B IIepBOe ypaBHEHUE CHUCTEMBI:

E+——6 =1
x  55-4dx ) )

Pemaa ato pPanuoOHaJbHOE ypaBHEHIE, IIOCJIENOBATEeJIbHO IIOJIydyaeM:

6Mx_F 6= _lx(55—4x)

x 55 4x =0
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2. CUCTEMbI YPABHEHWA

6(55 — 4x) + 6x-x(55 — 4x) _
x (55 — 4x) -

4x% - 73x + 330 = 0;

0;

33
xl = 10, xz = T .
O6a HailleHHbIX 3HAYEHUS YAOBJETBOPAIOT yCIoBHIO x(55 — 4x) # 0,
T. €, ABJAIOTCA KOPHAMHU ypaBHeHUA (4).

Ocranock Ha¥TH COOTBETCTBYIOIME 3HAUEHUA Y. [IJ1A 3TOr0 BOCIOIb-
syemcsa cooTHomrenueM y = 55 — 4x. Ecau x = 10, To y = 15; ecan

33
x=7,'roy=22.

Wrak, cocraBjeHHaA CHUCTEMa ypaBHeHm‘/i nMeeT ABa PelIeHUudA:

(10; 15) n (37‘3; 22).

ITo ycnoBuio KonuuecTBO AHEi, HEOOXOAUMBIX KaK MacTepy, TakK
¥ VUEHUKY [JIs BHIIIOJHEHUsS B OZWHOYKY BCEro 3aflaHUsd, BhIpasKaer-

33.
sl HeJIBIM YHCJIOM. SHAUMT, Iapa (T’ 22) nac He ycTpauBaer.

Tpetuit saran. Omeem Ha éonpoc 3adauu.
Oxn yxxe moayuen: x = 10, y = 15.

O 1BerT 10 gueit; 15 gueii.

3ameuvanme. ObpaTtuTe BHUMAHWE HA TO, YTO, PEeLas CUCTeMbl YpaB-
HEHMI, COCTaBMEHHbIE B PACCMOTPEHHbIX 333,a4aX, Mbl MPUMEHUNM BCE Me-

TOAbl, O KOTOPbIX LINa peyb B MPeapiayLLem naparpadpe: v rnoAcTaHoBKY, M
anrebpanueckoe CnoXeHue, U BBeAEHWE HOBbIX NepeMEHHbIX.



2. CUCTEMbI YPABHEHMH

OCHOBHbIE PE3YIJIbTATDI

e B 9T0if riaaBe BH IO03HAKOMHJHCH C HOBOM MaTeMaTHue-
CKOIl MoZeJbl0, KOTOpas YacTO CJYKHUT OINMCAHHEeM Mare-
MAaTHYECKOH CYILIHOCTH pPeaJIbHBIX IIPOIECCOB, — CHUCTEMOIl IBYX
YPaBHEHHUH ¢ OByMs IlepeMeHHBIMH.

e Brbl mo3HaKOMMJINCH C HOBBIMU MATE€MAaTUYECKUMHU MOHATHAMU:
ypaBHeHMe (HepaBeHCTBO) C ABYMSA II€PEeMEHHBLIMU;
pellleHre ypaBHeHUs1 (HEepaBeHCTBA) C ABYMs IePeMEHHEIMMU;
cucTeMa ABYX YPaBHEHHI (HEpPAaBEHCTB) C ABYM#A II€PEeMEHHBLIMU;
pellleHNe CHCTeMbI JBYX YPaBHEHUH C ABYMSA IlePeMEHHBIMU;

PaBHOCHJILHOCTh YPaBHEHHH C ABYMs IePEeMEHHLIMH, DABHOCHJIb-
HOCThb CHCTEM YpPaBHEHHIA.

e Mbr o6CcyauaM pasJIMYHbIe METOALI PellleHNs CHCTEeM ABYX YpaBHe-
HUY C AByMsl IIepEeMEHHBLIMMU:
rpapuyecKUi METOX;
MeTOJ, HOACTAHOBKH;
MeTOx ajre0pamdyecKoro CJIOXKeHUs;
MeTOJ, BBeIeHUsA HOBBIX IIePEMEHHBIX.

e Mpb1 o6paTHIM BHUMAHHE HA TO, UTO METOX BBEAEHUS HOBBIX Iepe-
MEHHBIX IIDM DELIeHMU CHUCTEM ABYX YPaBHEHUIl ¢ JBYyMs IepeMeH-
HBIMM IIDMMEHSETCS B ABYX BapuaHTax. IlepBbiil BApHaHT: BBOLUT-
cs OZHA HOBasA IlepeMeHHAas U MCI0JIb3yeTCsl TOJLKO B OMHOM ypaB-
HEHUU cucTeMbl. BTOpO#l BapuaHT: BBOJATCS JB€ HOBBHIE IlepeMeH-
HbI€ U HUCIIOJb3YIOTCA OZHOBPEMEHHO B 000OMX YPaBHEHUAX CHCTEMEI.

e M= goxasanu, uTo (x — a)® + (y — b)? = r> — ypaBHEHHE OKDY KHO-
CTH, IIOCTPOEHHOM Ha KOOPAMHATHON miockoctTu xOy, ¢ LeHTPOM B
Touke (a; b) u paguycom r. B uacrHocTH, x% + y? = r> — ypaBHeHUe
OKPYKHOCTH, IIOCTPOEHHON Ha KOOPAMHATHOM mjockoctu xOy,
C LIEHTPOM B Hauajle KOOPJUHAT M DPaguycoM r.



rMABA
YACNOBLIE DYHKLIUA

8. Onpegenenme 4ucnosos yHKUmM.

O6nacrb onpegenerus, obnacrts 3Ha4YeHui yHKUMM
. Cnocobbi 3agaHms pyHKUMM

10. CsorsicTBa pyHKUM

§ 11. YerHbie u HedeTHble ¢hyHKLMM

§ 12. Dynkuym y = x"(n€ N), mx cBosicTea n rpagmkm
§ 13. dynkuyun y = x"(n€ N), ux cBokicTBa M rpagpmkm

§
§ 9
§10

§ 14. MOynkuns y = Yx, ee csosictea m rpagpuk
OcHoBsHble pe3ynbTatsl

§8. ONPEAENEHUE YMCNOBOM BYHKLMM.
OBJIACTb OMNMPEAENEHMA,
OBJIACTb 3HAYEHMM DYHKLIMMU

3a ABa rozia U3ydYeHUA LIKOJBHOIO Kypca ajareOphl BHL yaKe
IPUBLIKJN K TOMY, YTO TEPMHUH <«(DYHKIMSA» HCIOJb3yeTCA IPAKTH-
YEeCKHU IMOCTOAHHO. ITO M IOHATHO: BeAb MaTeMaTHKa M3ydaeT maTe-
MaTHYeCKHe MOZeJiM, a OOJBLIIMHCTBO 3THUX MOZeJel TaKk WM HHa4de
cBs3aHo ¢ GyHKuuamu. Ho B MaTemMaTuKe qeiiCTByeT 3aKOH: €CJIM HC-
[oJb3yeTcA KaKoii-To TepMHH, ero Hajo TOYHO OIpeeuTb. 3a IBa
roja M3ydeHusa Kypca ajaredpbl Mbl C BaAMM HAKOIIMJIN JOCTATOUYHO MHO-
ro IPUMEPOB, IOATBEPKAAIOIINX 3TOT 3aKoH. Tak, B 7-M KJacce MBI
BBEJIM TEePMUH «CTeIeHb C HAaTypPaJbHBIM IIOKa3aTejleM», TOUHO ero
onpeaeauB: «mox a", rge n = 2, 3, 4, ..., IOHUMaeTCA IIPOU3BEeAEHUE
n MHOMKHUTeJeH, Ka)XAblil U3 KOTOPBIX PaBeH a; Noji a' moHumaercs
caMo 4ucJo a». B 8-M KJjacce MBI BBeJIM TePpMUH «KBaApPaTHBIIA KO-
peHb U3 HEeOTPHUIATEJIBbHOrO YHCJIa», AaB €My TOYHOE OIlipelesieHue:
« \/E — 3TO TaKoe HEeOTPUIIATEJHLHOE YMCJO0, KBaJApaT KOTOPOro paBeH
a». U Tak pajiee u ToMy momo6HOe — BBI CAaMH MOXKeTe IIPUBECTH aHa-
JIOTUYHEIE IIPHUMEPHI.
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3 . YUCNOBLIE dYHKUWMK

B T0 xe BpeMs OBLIM CJIy4Yau, KOU'Za MBI BBOAUJIU TePpMUH M Ha-
YHUHAJW UM I10Jb30BAaThCA, HO TOUHOI'O OIIpeAesieHus He (GopMyJIupo-
BaJM, OrPAHUYMBASICH IPUOJM3UTEIbHLIM HMCTOJKOBAaHMEM TepMHHA.
Tak OBLIO, B YACTHOCTH, C TePMUHOM <«(hYHKIUA». [louemy ke MBI
B 7-M KJiacce, KaK TOJBKO CTAJH MCIOJb30BaTh NMOHATHE QYHKIUHU,
He chOpMyJIUPOBAJIN TOUYHOE OIpeiesieHHe, II0YeMy He CHeJaJH 3TOTO
u B 8-M Kjacce?

Heso B TOM, YTO MCTOPUsS PAa3BUTHA MaTeMaTHKHU IIOKAa3bIBAeT:
OBLIM TIOHATHSA, KOTOPbIE YeJOBEUECTBO aKTUBHO M AJUTEJIbHOE Bpe-
MA KCIIOJB30BAJIO KaK pab0uyMii HHCTPYMEHT, He 3aJyMbIBasACh O TOM,
KaK UX oIpeneauTsh. JIMInb HaKONUB HeOOXOZUMEBII onbim B paboTte ¢
TeM HJIH MUHBIM IMOHATHEM, MAaTeMAaTHMKH HAaUMHAJIN OILYIATh nompeo-
HOCcmb B ero (opMaJIbHOM OIpenesieHuM. Pasymeercs, He Bcerga IepBble
IIONBITKY OINpPEeNeJUTh TO MM MHOE IOHATHEe, Bpoae Obl ACHOe Ha MH-
TYHUTUBHOM YPOBHE, OKA3bIBAJIUCH YAAUHBIMM, €r0 IPUXOAUJIOCH BIIO-
CJIEACTBUU IOMOJHATH, YTOUHATH. TaK OBLIO U C MOHATHEM QYHKIIMHU.

IIpoananusupyem HAIl OINLIT PAaGOTHI ¢ TEPMHUHOM <«(QYyHKI[MA».
B 7-m Kiacce MBI BBeJM TePMHUH «JUHeHHas QYHKUMA», NOHUMAA
IIOJ 9THM ypaBHeHHUE C ABYMA IE€PEeMEHHBLIMM CIEeIMaJbHOrO BHIA
Yy = kx + m u paccMaTrpuBasd IlepeMeHHble X U y KaK HepaBHOIIPaB-
Hble: X — He3aBHCUMad IlepeMeHHad, Yy — 3aBUCHMas IlepeMeHHasd.
3aTeM 3agajiNich BOIIPOCOM: a He BCTpPEYalOTCA JIM IIPU OIMMCAHUM pe-
aJILHBIX IIPOLIECCOB MaTeMaTUYeCKUe MOJAEIH II0J0OHOr0 BHja, HO Ta-
KUe, Yy KOTODHIX Yy BhIpakaeTcd yepe3 X He 10 opmyne y = kx + m, a
10 Kakoii-mubo uHOoM (opmyae? OTBeT Ha 3TOT BOIPOC GBLI MOJYYEH
cpasy: BcTpeuaroTcA. B 7-M KJjacce, KpoMe YIOMAHYTOH JIMHEHHOH
(DYHKIMHU, MBI MU3yYWIu QYHKLIMHA y = X2 U y = —x?%, a B 8-M KJacce —

(byHRuHHy:kxz,y=;,y=ax2+bx+c,y=\/z,y= | x|.

ITocremerHO MBI HauaJ M 0CO3HABATh, YTO, M3y4Uas KaKoH-aIub0 pe-
aJIbHBIN IIpoIecc, OOBIYHO O0Opalal0oT BHUMaHNE HA JBe IepeMeHHbIe
BEJIMYUHEI, YYACTBYIOIIME B HeM (B 0oJiee CIIOXKHBIX IIPOIECCAX Y4acT-
BYIOT 60Jiee JBYyX BEJIMYUH, HO MBI TaKHe IIPOLieCChl IOKAa He paccMar-
puBanm). OxHa M3 HMX MeHseTCs Kak Obl cama 1o ceGe, He3aBHCHMO
HU OT 4ero (Taxkyio ImepeMeHHYIO yallle Bcero 0003Ha4aT OYKBOH X),
a Ipyras IepeMeHHad IPUHUMAET 3HAUYEHHUA, KaxKJ0e M3 KOTOPBIX
KaKuM-TO 06pa30oM 3aBHCHUT OT BHIOpAHHOI'O 3HAUYEHHUA IIEPEMEHHOH X
(Takyio 3aBHCHMYIO IIEPEMEHHYIO dallle Bcero 0003HavaT GYKBOH Y).
MaremaTruecKoil MOZeJbI0 PeaJbHOI'0 IpOoIlecca BO MHOTMX CJIydYasax
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3. YHUCNOBbLIE dYHKLMK

Yy Yy

2 s 2 =r=F
" y= \/; 1 — y= \/;

o] 1 4 ;_ ol 1 4 5
Puc. 68 Puc. 69

KaK pa3 ¥ ABJSAETCSA 3allMCh Ha MaTeMaTHYECKOM fA3bIKe 3aBHUCHMOC-
™ y oT x: y = f(x). Takue maremaTmyeckue MOZENM MbI HASHIBAIH
(QYHKIUAMU.

Maremarnyeckas Moges b y = f(x) 0OBIUHO HZOMOJHAETCA YKa3aHU-
€M Ha TO, U3 KAKOr0 YHCJOBOIO MHOXKEeCTBa 0epyTcsA 3HAYEHUS He3a-
BUCHMOM mepeMeHHOH x. Hampumep, MbI roBopuau o GyHKIUU
Y= \/; , moapasymeBasi, uTo x > 0 (rpadur GpyHKIUM n300paKeH Ha
puc. 68), HoO MH paccMaTpuBaiu U GYHKLIUIO Y = \/; , e x € [0; 4]
(rpadpuk pyHKIuM m3obpaked Ha puc. 69). 9To pasHble GYHKIIUM.

Wcnonb3oBanne MaTeMaTHYeCKOH Mogeau Buja y = f(x) okasbiBa-
eTcsi yO4OOHBIM BO MHOTHX CJy4asX, B YACTHOCTH TOrAAa, KOTAa peajb-
HBIH IIPOLIECC OIMCHIBAETCS PA3JIUUYHBIMU (GOPMYJaMU Ha PAa3HBIX IIPO-
MeXXYTKax HM3MeHeHHsA He3aBUCHMOIl mepeMeHHoO#. Bor omHa u3 rta-
kux byHKnuit: y = f(x), roe

x%, ecnmm x < 0O
f(x) =

2x, ecaun x > 0.
I'padux pyakmuy usobpasken Ha puc. 70. [loMHEuTE, KAK CTPOUTH Ta-
kue rpadpuxn? CHayasa HafO IOCTPOMTHL Hapaboiy y = x? U B3AThH ee
yacTh npu x < 0 (;ieBass BeTBb mapaboJibl), 3aT€M IIOCTPOUTH IPAMYIO
y = 2x u B3ATh ee 4acThb npu x > 0. I HakoHeln, Hago o0e BHIAEJIEH-
HbIe YacTH O0'beAMHHUTL HA OZHOM PHUCYHKE, T. €. IIOCTPOMTH B OZHOM
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3 . YACNOBBLIE ®YHKLIMU

4
\l»
1
>‘F‘
-3-2-10} 1 2 38 |«x
Puc. 70

KOOPAMHATHOM IIJIOCKOCTU. Taxkue KycouHble (byHKIIMM MBI paccMmart-
puUBaJu U B 7-M, ¥ B 8-M KJaccax.

Tak uro ke Takoe pyuxuua? [IpoBeeHHBIN BBIIIE aHAJU3 U HAII
OIIBIT M3y4YeHMsI KOHKDPEeTHBIX (GYHKLUIl B 7-M ¥ 8-M KJaccaxX II03BO-
JIAIOT BBIOEJUTH JBA CYIIECTBEHHBIX MOMEHTA.

1. Banuck y = f(x) yKasbBaeT Ha I P aB U J O (0OOBIYHO I'OBOPAT
«IIPaBUJIO f»), ¢ IIOMOIILI0 KOTOPOTO, 3HasdA KOHKPETHOEe 3HaueHHue He-
3aBHCHMOM IIEPEeMEeHHO X, MOKHO HaifiTH COOTBETCTBYIOIlEe 3Haue-
HUe IIepEeMeHHO Y.

2. YkasbsIBaeTCcA 4YMCJIOBOE MHOKecTBO X (ualle BCEro KaKoi-TO
YHCJIOBOM IIPOMEKYTOK), OTKYZAa OepyTcs 3HaUeHUsA He3aBUCHUMOM IIe-
PEeMEeHHOH’ Xx.

Temeps MBI MOXKeM CHOPMYJIUPOBATH OLHO U3 TVIABHBIX OIIpexese-
HUH IIKOJBHOTO Kypca aareOphl (Ja moskaayii, U Bceil MaTeMaTHKU).

OnpeaeneHne 1. Ecau paHBl 4MCI0BOe MHOKeCTBO X M Ipa-
BUJIO f, MO3BOJAIOIIEE IIOCTABUTHh B COOTBETCTBUE KAKAOMY DJIEMEHTY
X u3 MHOKecTBa X OIIpegesIeHHOe YUCJIO Y, TO TOBOPAT, UTO 3aJaHa
bysxnus y = f(x) ¢ ob6aacrero onpegedenus X; numyt: y = f(x),
x € X. Ilpu sToMm mepeMeHHYIO X Ha3hIBAIOT He3aBUCUMOMN IepeMeH-
HOI WJIM apryMeHTOM, a IIEPEeMEHHYIO J — 3aBMCHMOM IepeMeHHOM.
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3 . HYMCNOBLIE dYHKLIMU

3ameuvanme. B peanbHoM u3Hu uHorpa rosopsTt: «Kakoebl mou doyHK-
umm?» unm «Kakoebl Mou pyHKUMOHaNbHbIE 063aHHOCTM!», CNPALLMBas TEM
CaMbIM: «KaKOB KPYr MOMX BEMCTBUI, MOMX OBA3aHHOCTEM» MAKM «4TO 5 foN-
YeH AenaTtb, Kak aenctsosaTb». B peanbHOM »u3HM cnoBo «dpyHKUMS» O3Ha-
uaeT «encTeme» unu «npasuna gencteun». ObpaTtute BHUMaHME, YTO dak-
TUYECKM TOT e CMbICN UMEET M MaTEMATMUECKUA TEPMHUH «PYHKLMA», KO-
TOpbIN BBEAEH Bbille B onpeaenexmn 1.

Hnsa obnactu ompeneineHus GpyHkmuu y = f(x), x € X npuaaTo
ucnoab3oBaTh obosuHauenue D(f) (or snar. domain — o6sacrs). Ha-
puMep:

DA GYHKIUHU Y =\/§ , x 2 0 (puc. 68) umeem: D(f) = [0; +00);

IinAg GYHKIUHU Y =ﬁ , x € [0; 4] (puc. 69) umeem: D(f) = [0; 4];

oaa dysrnuu y = f(x) (puc. 70) umeem: D(f) = (—00; +00),

Ecau f(x) — anreOpandyeckoe BhIpa)keHHe U MHOXKecTBO X COBIIa-
Jaer ¢ 00JacThbIO ONpPeJeJIeHUS dTOr0 BHIDAYKEHUS, TO AeHCTByeT Co-
rJlalresue: BMecTo 3amucu y = f(x), x € X ucmosabsyerca 0ojiee Ko-
poTKas 3amuch y = f(x), XOTdA, MOAUYEPKHEM, TaKasd 3alliCh HE COBCEM
cooTBeTcTBYeT onpegenenuo 1. Ho maTemaruku craparmTcsa OBITE 3KO-
HOMHBIMU BO BCEM: U B YIIOTPeOJEHUH CIOB B (hOPMYJHDOBKaX, U B
3allMCAX MaTeMaTHUYeCKUX YTBEDP)KIEHUI.

Eure pas moguepkHeM, UTO HeJb3d MOBOPUTH 0 GhyHKIuU y = f(x)
0e3 ykKasaHUA ee 00JACTU ONpeAeseHUdA, KOTOpasA WIH 3aJaeTcA ABHO,
WIH II0ApasyMeBaeTcsi — B cJydae, ecJid 00JIacTh OIpexesieHUs (HYHK-
uun y = f(x) coBagaer ¢ 06J1acThIO OnpeaeeHuA BeipaxeHud f(x) (Ta-
KyI0 00JIaCTh OIIpejesieHus MHOTAA Ha3LIBAIOT ecmecmeenHoll).

IIpumep 1. HaiiTu o6aacTs onpeneneHUs GYHKIINU:
1 1
a =‘}x2—6x+8' 0 s B Eka— ———0
Pemenue. a) Tak xak obsacrs onpegejeHus QYHKIUU SABHO
He yKas3aHa, I10JpasyMeBaeTcs, YTO OHA COBIaJaeT ¢ 00JIacThIO Onpese-

JIeHUA BBIPAXKEHHUA /x? — 6x + 8. TakuM o6pa3oM, pedub UAET O HOHCKE

ecmecmeenHOl obaacmu onpedeseHus yrkyuu (TO XKe MMeeT MeCTO
B 3amaHuaAX 0) u B)).

Bripaskenue /h(x) uMeeT cMbICT JUIIbL npu h(x) > 0. 3Hauur, 3a-
Jada CBOGUTCSA K pellleHMIO KBaJpaTHOro HepaBeHcTBa x2 — 6x + 8 > 0.
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3 . YNCNOBBLIE dYHKLIMK

Puc. 71

Haiigsa KOPHM KBaJpaTHOTO TpexuneHa x%— 6x + 8 (x, = 2; x, = 4)
¥ cXeMaTHYeCKH IIOCTPOMB mapabosy y = x2 — 6x + 8 (puc. 71), Bei6Gu-
paeM HHTepecylolne Hac IIPOMEXKYTKH: X < 2; x 2 4.

Hrak, D(f) = (-o0; 2] U [4; +o0) (HamoMHUM, 4TO U — 3HAK 00B-
eIWHEeHUsS MHOXECTB, cM. § 3).

1 .
6) Pynrkuua y=————— onpejesieHa B jgi000# TOUYKe X, 3a
(x-2)(x-4)
HCKJIIOYEHUEM TOUeK 2 M 4 — IpH 3THX 3HAYEeHUAX X 3HAMEHATeJb
apobu obpamgaercsa B 0. OTBeT MOKHO 3aIlMCATh TaK:

D(f) = (=205 2) U (2; 4) U (4; +o0).
BnpoueM, Ha MPaKTHKe MOXKHO MCIHOJB30BATh COKPAI[EHHYIO 3aIIUCh:
D(f): x # 2; x # 4.
B) 31ech 3ajaya CBOOUTCA K pPEIIeHMIO HepaBeHCTBa
x2-6x+8>0.

BocCmoJib30BaBIINChL MeOMETPUYECKOH MOJEbI0, IPEeACTABJIEHHON Ha
puc. 71, HO MCKJIIOUMB M3 PACCMOTPEHMSA TOUKH X = 2 ¥ X = 4, IOIyIuM:

D(f) = (=00; 2) U (4; +0). @&

OnpegeneHue 2. MHOXeCTBO BeeX 3HaYeHUH pyHKIUHU Yy = f(x),
x € X HasbpIBAIOT 00JIACThIO 3HAUeHUil pyHriumn u obosHauawT E(f)
(or nat. equal — paBHO).

OnpeagenerHune 3. I'paduxom dynxuuu y = f(x), x € X Ha3bIl-
BalOT MHOXKecTBO F ToueK (x; y) KOOpPAMHATHOI miaockocTtu xOy:

F={x;ylxe X, y=fx)

Ecnu usBecTeH rpaduK GyHKIMM, TO 00JACTh SHAYEHUH QYHKIINNA
HaiTH CPaBHUTEJHHO HETPYAHO. [[J15 3TOro ZOCTATOYHO CIIPOEINIPOBAThH




3. HYACNOBbLIE dYHKUMU

rpaduK Ha oChb opAuHAT. To YHCIOBOE MHOXKECTBO, TeOMEeTpUYeCcKasa Mo-
JieJIb KOTOPOro IIOJIYYUTCA Ha OCH OPAMHAT B PE3yJIbTaTe YKA3aHHOIO
PO POBAHUsA, M OyAET IpeAcTaBJATh coboit E(f). Hampumep:

g GyHKIuH y = ﬁ umeeM: E(f) = [0; +°) (puc. 68);

ana Gyrkmum y = Jx , x € [0; 4] umeem: E(f) = [0; 2] (puc. 69);
ana Gysrmuu y = f(x) (puc. 70) umeem: E(f) = [0; +0).

IIpumep 2. Hana dpyaxmua y = f(x), rae

-x%, ecau x < 0;
f(x)=2x+1, ecrm 0 < x < 2;
3, ecau 2 < x < 4.

a) Hatitu D(f);

0) Beruucauts f(-2), f(0), 7(2), 1(3,2), f(4), f(5);

B) HatiTu E(f).

P e enue. a) Ob1acts onpeaeeHnsa QYHKIINN COCTOUT U3 TPEX
npomexxyTkoB: (—0; 0], (0; 2] u (2; 4]. O0beAMHUB UX, TOJTYIUM JYY
(-o0; 4].

Hrak, D(f) = (-0; 4].

0) 3HaueHue X = —2 yAOBJIETBOPSET ycaIoBUIO X < 0, CJIem0BaTeJbHO,
f(-2) HazO BBIUMCIIATH IO IEPBOM CTPOKE 3afaHusa GyHKIuM: f(x) = —x2;
sHauut, f(-2) = —(-2)* = 4.

3uauenue x = 0 yzosieTBopsieT ycaoBuio x < O, cieZoBaTeLHO,
/(0) HaZO BBIUMCIATH IO IEPBOM CTPOKe 3aganud GyHKIuMH: f(x) = —x%;
sHauur, f(0) = -02 = 0.

3HaueHHe x = 2 yAoBJeTBOpseT ycaoBuio 0 < x < 2, ciaemoBaTelb-
HO, f(2) Hago BBEIYMCJIATDH 110 BTOPOl cTpPoKe 3agaHus GyHKuIuM: f(x)=
= x + 1; sgauur, f(2) =2 + 1 = 3.

3HaueHHe x = 3,2 yAOBJETBOpPAET YyCJOBHIO 2 < X < 4, cjegosa-
TeJbHO, f(3,2) Hafo BBHIUMCIATH IO TPEThEH CTPOKE 3aJaHUA (PYHK-
unu: f(x) = 3; suauur, f(3,2) = 3.

3Hauenue x = 4 yA0OBJIETBOPSAET YCJIOBUIO 2 < X < 4, CIeJ0BATEILHO,
f(4) HagO BBHIYMCIATHL IO TPEThEH CTpoKe 3afaHusa pyHxuu: f(x) = 3;
sHauwur, f(4) = 3.

3HaueHne X = 5 He YAOBJETBODSET HU OZHOMY M3 TPEX YCJIOBHM
safgaHua QyHKOUH, a noromy f(5) B JAaHHOM cJiydyae BBIYHCJIUTH
HeJIb3dA, TOUYKA X = D He IPHHALJIEXKUT 00JIacTH OIpeAeaeHus QyHK-
uun. 3agaHue BHIYKUCIUTH f(D) HexoppexmHo.
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3. YNCJIOBbIE dYHKLIMU

| ] }
A [
Yy Yy
x\' o
* 4
7 e
3]l [
1
<B 14
d\l X t' [ >
. ‘o (0] 2 ;
/ - !
) y=_x2 ‘
Puc. 72 Puc. 73

B) OGsacTh (Bmpouem, He BO30OpaHsETCS HCIIOJb30BAaTh TEPMUH
«MHOXK€ECTBO») 3HaUYeHUN (DYHKIWUM, KAaK MBI YK€ OTMETUJH BbIIle,
MOKHO HaiiTu ¢ momombio rpadbuka pyuxmuu. ITocrpoenune rpaduka
OCYIIIECTBUM «II0 Kycoukam». CHadayia IOCTpoMM mapaboiy y = —x*
¥ BBIJEJIUM ee 4acThb Ha Jyue (—°0; 0] (puc. 72). 3aTeM IOCTPOUM
npAMy0 y = x + 1 1 BHZEJUM ee 4acTb Ha noayurTepBase (0; 2]
(puc. 73). Janee nocTpoOMM IIPAMYIO Y = 3 ¥ BBIAEJIUM €€ YacTb Ha II0JIy-
unTepBajne (2; 4] (puc. 74). HakoHer, Bce Tpu «KyCOUKa» M300pasum
B OJHO# cucTeMe KOOpAMHAT — 3T0 U OyAer rpaduk GyHKIUM y = f(x)
(puc. 75).

Yy Yy
3
v
Y
3 ~C 1
10| 2 4 :
L r
4
o 2 4 : y
v
Puc. 74 Puc. 75
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3 . YUCIIOBbLIE ®YHKLUMK

Tenepb XOpOLIO BUAHO, YTO 00GJACTh 3HAYEHHH GYHKIUU COCTOUT
U3 JBYX IIPOMEKYTKOB: Jyua (—°; 0] — OH CILTIOIIb 3aII0JHSAETCSA Op-
JUHATAMH TOYEK BETBH IapaboJsl y = —x2, x < 0 — U IOJTyHUHTEpBaJa
(1; 3] — oH cmomIb 3aNOJHAETCA OPAMHATAMHM TOYEK YYACTKa IIpA-
Mot y = x + 1, 0 < x < 2. Hrak, E(f) = (-o0; 0] U (1; 3]. ]

§ 9. cnocoBbl 3AAAHMA DYHKLMM

3azaTh QYHKIWIO — 3TO 3HAYWUT YKasaThb I P a B ¥ J O,
KOTOpO€ II03BOJISET IO IIPOM3BOJIBHO BBHIOPAHHOMY M3 00JIaCTH OIIpe-
JeseHusA (QYHKIMM 3HAUYEHUIO HE3aBUCUMOI IIepeMeHHOI BRIUMCIUTH
COOTBETCTBYIOLIlee 3HaUEHNE 3aBUCUMOI1 ITIepeMeHHo. Yaie Bcero aTo
TIPaBMJIO CBA3aHO ¢ ) O P M Yy JI O ¥ MJIM C HECKOJIBKMMHU (hOopMy.Jia-
MH — TakKoOI crocob 3ajaHusa YYHKIUK OOBIYHO HA3BIBAIOT QHAAUMU-
yeckum. Bce QpyHKIMM, pacCMOTPeHHBIE B § 8, ObLIM 3ajaHbl aHAJIHU-
THYecKu. Mexay TeM ecThb Apyrue CIocoObl 3aZlaHusa PYHKIMN, O HUX
M IIOHAEeT peub B HACTOAIIEM IIaparpacge.

ITycts F — HeKoTOpas JUHHUA HA KOOPAUHATHOH mockoctu xOy.
CrpoenypoBas 3Ty JUHMUIO Ha OCh a0CIMCC, MBI IIOJIYyYHNM, HAIIPUMED,
oTpesok [a; b] (puc. 76). BosbMeM IIPOMBBOJBHYIO TOUKY X U3 OTPE3-
Ka [a; b] u npoBejem uepes Hee IPAMYIO, IapaJIeJIbHYIO OCH OpPAU-
HaT. IToTpebyeM HOIOJHMUTENBHO, UTOOBI Ka)KAad TaKasd IpsaMas Iie-
pecexkayia JUHUIO F TOIBKO B OOHOM TOYKe — HA puUC. 76 COOTBET-
CTBYIOIIIaA TOYKa obo3HaueHa OyxkBoit M. Opamuara Touku M — 3To
yucao f(x), cCoOoOTBETCTByIOIEE BHIOpaHHOMY 3HAUeHMIO0 x. TeM caMbiM
Ha oTpeske [a; b] samana pyHruua y = f(x). Takoit crmocob samanusA
(GyHKIIMU HA3BIBAIOT 2PAPUYUECKUM.

Ecau pyHKIua OblIa 3ajaHa aHAJIWTHYECKHM M HAM yHOaJloCh IIO-
CTPOUTHL Ipa@PUK (PYHKIHMM, TO MBI (paKTUUECKH Nepellu OT aHaJau-
THYECKOI'0 crocoba 3ananuAa QyHKIuu K rpaduueckomy. OGpaTHBIN
JKe Iepexo]] yIaeTcs OCYLIECTBUTH AajlieKo He Bcerza. Kak mpasuio,
3TO AOBOJILHO TPYAHAs, HO MHTEpPECHAsA 3ajaya.

He BcsAKas JMHUA HA KOOPAUMHATHOH IIOCKOCTH MOXKET paccMaT-
pHBAThHCA KaK I'pa¢uK HEKOTOPOH ¢pyHxkuuu. Hanpumep, OKpYyKHOCTD,
3ajaHHas ypaBHeHueM x2 + y? = 9 (puc. 77), He ABIsETCA rpaPUKOM
¢ysxmuu. B camoMm felie, CIIPOEKTUPOBAB OKPYKHOCTh HA OCh X, IIOJIY-
yuM orpesok [—3; 3]. Jliobas npamas x = a, rae |a| < 3, mepecekaer
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3 . YNCNOBbLIE dYHKUMU

ya F y l S
M 3 I
T f(x) <€ — 8
1T 1N
/L -3\ [9) ARl
N/
Ol a x b :_ T3
RN
Puc. 76 Puc. 77

3Ty JHUHUIO B ABYX TOYKAaX, a AJA 3aJaHuUA QYHKIUU npamas
X = a JOJKHA IepeceKaTh JUHUI0 F TOJBKO B OAHOI TO4YKe. B To ke
BpeMsA €cJIM 9Ty OKPY’KHOCTb paspe3aTh Ha ABE YaCTH — BEPXHIOK
MOJIYOKPY»KHOCTD (PUC. 78) 1 HIKHIOI IOJTYOKPYXKHOCTB (puc. 79), — 10
KaXKAYI0 M3 [IOJYOKPYKHOCTEH MOYKHO CUMUTATh rpaduKoM HEKOTODPOi
GYHKIUY, IPDUYEM B 000MX CIYYAAX HECJOMKHO OT rpaduueckoro cmo-
coba 3afaHuA QYHKIUU NepedTH K aHaJuThdecKkomy. I8 ypaBHeHUA

Yy l Yy
3
AT
-3 3
L >
-3 (0 3 | x 0] x
\\ )

-3

Puc. 78 Puc. 79
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3 . YNCNOBbIE dYHKLIMK

x? + y? = 9 Haxozum: y? = 9 — x% y=++9-x2. BepxHsasa moxyok-
PY?KHOCTb OKPYsKHOCTH X% + y? = 9 gBiaserca rpaduroM PyHKIHU
y=+v9-x? (cM. puc. 78), a HUIKHASA MOJTYOKPYKHOCTE OKDPYXXHOCTH
x2+ y? =9 aBaserca rpabukom GyHKIun Y =—-+9-x? (cm. puc. 79).

IroT mpUMep IO3BoJISET OOpaTHTh BHHMAaHHE Ha OJHO CYIIECT-

BeHHOe obcroarenseTso. IlocMoTpuTe Ha rpaduk GyHKIUN Yy = /9 — x2

(cm. puc. 78). Cpagy scHo, uto D(f) = [-3; 3], uTo, Hanpumep, y_ .= 3,
ay,. =0, uro pyHKnus Bo3pacraeT Ha oTpeske [—3; 0] u yOviBaer
Ha orpeske [0; 3]. A eciu GBI peub 11JIa 00 OTHICKAHUM 00JIaCTHU OIIpe-
AeJIeHUA aHAJIUTUYECKH 3afaHHON QYHKIMK Yy = /9 - x? ? Torga npu-
ioch 6B, KaK MBI 9TO gejaau B § 8, pelraTsh HepaBeHCTBO 9 — x2 > 0.
[MoTpyaurbes npuniiIocsh 661 ¥ JJIA OTHICKAAHUA HaMMEHBIIIEro U Hau-
Oosblirero sHaYeHUM QYHKIMU, U AJISA HNCCJIEJOBAHUS ee Ha MOHOTOH-
HOCTb. AHAJIUTUYECKHNA M rpadHUeCKHUI CIIOCOOBI 3aJaHUA PYHKIIUU
XOPOLIN Ka)XIbIi II0-CBOEMY, IIOTOMY-TO OOBIYHO M cTapaloTcsa pabo-
TATh OOJHOBPEMEHHO U TeM U APYruM crocobom. Bnpouem, 3a aBa roza
M3YYEHHUA Kypca ajreOpnl B IIKOJIE BB K 9TOMY YK€ IIPUBBIKJM.

Kpome aHamuTH4YeCKOro U rpaMuecKoro Ha IPaKTHKe IIPHUMEHs-
10T mabauiHbtil criocob 3amanua pyrxmuu. IIpu arom cmocobe mpu-
BOZUTCA TabJuIa, B KOTOPOil yKasaHbI 3HaUeHUA (PyHKIUM (HMHOTZA
TOYHBbIE, HHOTAA NIPUOJIM)KEHHbIE) IJIsI KOHEYHOro MHOJKECTBa 3Haue-
Hui aprymeHTa. IIpuMepaMu TaGIMYHOro 3afaHUs (GYHKIIMU MOTYT
CIYKUTH TaOJIUIIBI KBaAPaTOB YKUCEJ, KyOOB YKCeJs, KBaAPaTHHIX KOP-
Heit u T. ;.

Bo mHBorux ciayuyaax TabJudHoe 3afaHue QYHKINY ABJISAETCA yI00-
HpIM. OHO NO3BOJIAET HAWTH 3HAUEHHE (QYHKIHMM IJs HUMEIOLIUXCHA
B Tabuuile 3HaUeHUI apryMeHTa 0e3 BCAKHX BBIYMCJIEHHM.

Ananuruyeckuii, rpapuueckuii, TaOMUYHBIN — HaubGoJiee IIOIy-
JIAPHBIE CIIOCOOBI 3aJaHUA (GYHKIIMU, IJIs HALIUX HYMKJI dTHX CIIOCO-
6oB BmoJIHEe mocraTouHo. Ha camMoMm Jejle B MaTeMaTHKe MMEETCH HO-
BOJIBHO MHOT'O PasJHYHBIX CIIOCO0OB 3aJaHUA (PYHKIUK, HO MBI IIO-
3HAKOMUM Bac €eIle TOJbKO C OOHUM CIIOCO60M, KOTOPHIHA HMCIOJIb3yeT-
csl B BecbMa CB0O€0OGpasHbIX CUTyamusax. Peunb UAET O Cl08eCHOM CIIO-
cobe, Korja IIpaBHJIO 3aJaHusa GYHKIMU OIMMCEIBaeTCsA caoBamMu. Ilpu-
BelieM IIPHUMEPEL.

NMpumep 1. dyuxknua y = f(x) 3azaHa Ha MHOXKECTBE BCEX
HEOTPUIIATEILHEIX YHCEJ C IIOMOIIBIO CAEAYIOIIEro IIPAaBUJIa: KayKIOMY
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3 . YMCNIOBLIE dYHKUKK

yucay x 2 0 cTaBUTCA B COOTBETCTBHE IEPBbINl 3HAK IIOCJIE 3aIIATOH B
JEeCATUYHOI 3allMCH YHUCJIA X.
Ecau, craxem, x = 2,534, To f(x) = 5 (epBbIil 3HAK IIOCJIE 3aIld-

2
Toit — nudpa 5); ecau x = 13,002, To f(x) = 0; ecnu x = 3+ TO, 3amu-

cas B BHJe OECKOHEUHOU mecsaTuuHOil apobu 0,6666..., Haxoqum:

f(x) = 6. A yuemy paBHo 3uauenue f(15)? Ono pasro 0, Tak Kak 15 =
15,000..., 1 MBI BUAUM, YTO IEPBbIA AECATHUYHBLIN 3HAK IIOCJE 3alld-
To# ecTh 0 (BOOOIIE-TO BEpHO U paBeHCTBO 15 = 14,999..., HO 00BIYHO
He pacCMaTpHUBalOT OECKOHEUHbIe IIEePUOAUYECKHUE NECATHYHBIE APOOHU
¢ nepuogom 9).

JIro6oe HeoTpUIlaTeJbHOE YHUCJIO X MOXKHO 3aIllUCcaTh B BUAE HECH-
TUYHOM APOOH (KOHEUHOHN MM GECKOHEUHOIT), a IIOTOMY AJS KaKA0TO
3HAUYEHUsS X MOYKHO HAWTM OIpejeIeHHOe 3HAUYEHHEe IIEPBOr0 3HaKa
mocJjie 3alsTOM, TaK YTO MBI MOYKE€M TOBOPHUTH O (MYHKIMM, XOTS U
HECKOJIBKO HEOOBIYHOH. ¥ 3To# (pyHKIUHN

D(f) =[0; +0), E(f)=1{0,1,2,3,4,5,6,7,8,9}. @

IIpumep 2. Dysxknua y = f(x) 3afaHa Ha MHOKECTBe BCceX AeHCTBU-
TEJIbHBIX YHCEJ C IIOMOIIBIO CJIEAYIOLIEro IIpPaBUJa: KaKAOMY UYHCIY X CTa-
BUTCA B COOTBETCTBHE HamOOJblllee M3 BCEX IEJBIX UKCEJ, KOTOPbIe HE IIpe-
BoCXOAAT x. VIHBIMU cloBaMu, QYHKIHA Yy = f(x) ompenenseTcs CiIeXyIOLIu-
MU YCJIOBUSIMHU:

a) f(x) — uenoe umcIo;

6) f(x) < x (IOCKOJBKY IIO YCJIOBHUIO f(X) HE IIPEBOCXOZUT X);

B) f(x) + 1 > x (110 ycyoBuIo f(x) — Han 60 b IIee IeJoe YUCIO, He
IpeBocXojslee X, 3HauuT, f(x) + 1 yxe Goable, yueMm X).

Eciam, ckamem, x = 2,534, 1o f(x) = 2, IOCKOJBKY, BO-II€PBBIX, 2 — Iie-
JI0€ YMCJIO, BO-BTOPBIX, 2 < 2,534 M, B-TPETHUX, CJEAYIOLIee IeJI0e YHCIO 3
yoke OoJibliie, uem 2,534.

Ecam x = 47, 10 f(x) = 47, NOCKOJABbKY, BO-IIEPBHIX, 47 — IeJI0€ YHCJIO,
BO-BTOPBIX, 47 < 47 (Tounee, 47 = 47) u, B-TPETbUX, CIAEAYIOIIEE 3a YUCIOM
47 nenoe yucyao 48 yxxe 6osabire, ueM 47.

A uemy pasHo 3Hauenwue f(-0,01)? Ono pasuo —1. IIposepsiite: ~1 — Han-
OoJiblllee M3 BCEX IEJBLIX YWCeJI, KOTOphle He mpeBocxoxAaT umcaa —0,01.

VY aroit dyukuuu D(f) = (—o0; +0), a E(f) = Z (MHOKECTBO LENbIX YU-
cen). &

DyHKIUI0, 0 KOTOPO# IIlJIa Pe4yb B IpuMepe 2, Ha3hIBAIOT Yen0il Lacmbh
yucaa; AJIS LEeJON YacTH YMCJa X HCIOJL3YIT obosHauenue [x]. Hampuwmep,
[2,534] = 2, [47] = 47, [-0,01] = —1. OyeHb CcBOEOOPA3HO BBIMIALUT rpadux
dyukuuu y = [x] (puc. 80).

3
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3. YACNOBbIE dYHKLUMU
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Puc. 80 Puc. 81

DYHKIIUY BO MHOTUX CIydasaX CJIY:KaT MaTeMaTU4YeCKUMHU Moze-
JIAMH peasIbHBIX IponeccoB. Hampumep, n000ii paBHOMEPHBIH IIPO-
uecc, B KOTOPOM Yy4YacTBYIOT AB€ NepeMeHHBLIe BEJUYUHBI X U Y,
onuceiBaerca opmysaoit y = kx + m, rae k, m — neHdCTBUTEILHBIE
yHucJa; 9TO JUHEHHaa Q)ygmnlm. 3aKoH CBOOOJHOrO MaJeHMs OIMMCHI-

BaeTca (yHKIUEH § = gt_z_; 37ech BpeMA ¢ — He3aBHUCHUMas IIePEeMEeH-

Has, a 3aBUCUMAadA IIepeMEHHasA § — IPOMAEeHHBIN nyTh. MHOTHE 10x00-
Hble IIPUMEPHI U3BECTHHL BaM U3 Kypca (U3UKU.

IIpuBenem euie Tpu ImpHMepa.

1. IlpeamosmosuM, UYTO KOJOHUA KUBBIX OPraHM3MOB HaXOAUTCA B OJaro-
NPUATHBIX YCJOBHAX: IIPOCTPAHCTBO, 3aHMMaeMoe KOJIOHMeH, U IulileBble
pecypcel HeOrpaHWYEeHHBI, 4 XUIOHUKOB, IUTAIOIIMXCA OPraHu3MaMu JaHHOMI
KOJIOHHH, HeT, Ojlarofaps 4eMy pOJKAaeMOCThb BEIIIE, UeM CMEPTHOCTh. B Ta-
KHMX YCJIOBHUSAX OOBIYHO CUMTAIT, YTO CKOPOCTH M3MeHEHHUs YHCJIEHHOCTH KO-
JIOHUH IIPOIIOPIMOHAJNIBHA YKCIeHHOCTH (YeM GOoJIbllle OPraHn3MOB, TeM BBIIIE
¢KOpPOCTb; B — K03(pdOUIIMEHT IPONOPIMOHAJLHOCTH). MaTeMaTUKU ycTaHO-
BUJIK, YTO YKUCJIO OPTAaHU3MOB KOJOHUM BhIpa)kaeTcs (popMyJIoi y = yoe'", Tae
Y, — YHMCJIEHHOCTb KOJOHWH B MOMeHT BpemeHu ¢ = 0, a e = 2,7 (umcyo e ur-
paeT BasKHYIO POJIb B MaTeMaruke, o0 3ToM BbI y3HaeTe B 11-m kiacce). Ha
puc. 81 cxemaTuuecku mpeAcrasieH rpabuk GpyHKIUM Yy = ye* (IyHKTHPOM
Jlo6aBiieHa TUnoTeTUUeCKad 4acTh rpaduka mpu t < 0).

IIpuMepHO MO TaKOMY ’Ke 3aKOHY M3MeHSAeTCA BeJIMUKMHA BKJajJa B OaHke,
OTOT 3aKOH HA3HIBAIOT 3AKOHOM NOKA3AMeAbHO20 pocma.

2. Ilpu pasgmMoaKTWBHOM paclaje MIHOBeHHaf CKOPOCTH paciiaga B MoO-
MEHT BpeMeHH ! NPONOPIHMOHAJbHA HAJUYHOMY KOJHUYECTBY BelleCTBa.
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3 . YMCIIOBbIE PYHKUMM

o 1
3aKo0H PaJMOAKTHBHOrO Paclaja BeIpaxaerca hopMynoi m = m, 5 ; 37echb

m, — Macca BeIlecTBa B MOMeHT Bpemenu ¢t = 0, T — Bpems, 3a KOTOpOE
Macca BelIecTBa YMEHBIINTCA BABOe (TaK HasbIBaeMBIH nepuod noaypacna-
0a). Ha puc. 82 cxemaTuuecKHu mpeicTaBjeH rpadur GyHKIUH m =

\T
= mo(%) (IyHKTHpPOM J00aBlIeHA THIIOTeTHYECKasa yacTh rpaduxa mnpu t < 0).

O6a rpaduka, npeacraBjieHHble Ha puc. 81 u 82 (cO CIJIOIIHONM K IyHK-
THPHOI YacTAMM), HA3bIBAIOT skcnonenmanmu. Ilogpobuee 00 aKCIIOHEHTE PEUb
noijger B cTapUIMX KJaccax.

3. B xomuary ¢ remneparypoii 20 °C BHecan xunamuil yaituuk. [Ipu omnpe-
IEJIEHHBIX YCJIOBHAX MOXKHO CUMTATh, UTO CKOPOCTb M3MEHEHHUS TeMIIepaTy-
PBI HArpeToro Teja IPOIOPIMOHAJBHA PA3HOCTH MEXAY TeMIIepaTypoi Tesa
U TeMIlepaTypoil okpy:karomeil cpeabi. Temneparypa T Tena B MOMEHT Bpe-
Menu t Beipaxkaerca dopmyinoit T =T, + (T, — T))e™™; sgece T, — Temnepary-
Pa oKpysKaromeil cpeapl, a T, — TeMmeparypa Tejla B MOMEHT BpeMenu ¢ = 0.
B curyanum c waitamkom T, = 20°, a T, = 100°. 3uauur, T = 20 + 80e™™.
Tpaduk aroit pyHKIMH cCXeMaTHUYECKHU IpeiacTaBieH Ha puc. 83. IIpamas
T = 20 — acumnTora rpaduka.

T'padhuk HaraAZHO WIJIOCTPUPYET BIIOJIHE IIOHATHOE OOCTOATENBCTBO: C
TeueHreM BPEMEHH TeMIlepaTypa YalHMKa IIOCTEIIeHHO IPubamKaeTca K TeM-
neparype okpy:karieil cpeawl. IIpoieccel ogo0OHOro poza Has3kIBAIOT NpoO-
yeccamu 6vlpaABHUBAHUA.

T
m
\
\
+100

\

\ m| A

\\
20 T
P —
0 7 9) T

Puc. 82 Puc. 83



3 - YMCNOBbLIE ®YHKUMA

§ 10. CBOMCTBA YHKLMWA

B 7-m m 8-M KJaccax BBl M3YUHJIM HEKOTOpPbIE CBOHCTBA
dyuruuii. Ceituac MBI MX cobepeM BMecTe, B OOUH maparpadg), HamoMm-
HHM HMX CYyTh M I'€OMETPHUYECKHI CMBICJ U JOTOBOPMMCS O TOM, B Ka-
KOM IopsaAKe OyfeM MepeurciaTh 3TU CBOMCTBA IPU UYTeHWH rpadukra
(pyugmuu. Ob6paTuTe BHUMAHWE: BO BCeX OIpPEAeJeHUAX (GUI'ypPUPYET
YHCJIOBOE MHOXecTBo X, ABJAAIOIEECA IOJMHOMKECTBOM 00JjacTH
onpeneneuuda ¢pyukuun: X < D(f). Ha npakTuke yaie Bcero BcTpe-
4yalpTCa ciaydau, Korga X — UMCI0BOIl IPOMEXYTOK (OTPE30OK, MH-
TepBaJ, Jy4 U T. A.).

Onpeaenenne 1. dyuxuuio y = f(x) Ha3EIBAIOT BO3pPACTalolIeit
na MmHokecrBe X C D(f), eciu naa n100bIX ABYX 9JIEMEHTOB X, U X,
mHOMKecTBa X, TaKUX, UTO X, < X,, BHIIOJHAETCA HEPABEHCTBO

f(x,) < f(x,).

Onpeaenenne 2. ®yuxuuio y = f(x) HA3LIBAIOT yOBIBalOmeit
ua muoxecrBe X C D(f), eciu ana n00bIX ABYX BJIEMEHTOB X, M X,
mMHO)KecTBa X, TaKUX, UTO X, < X,, BEHIIOJHAECTCA HEPABEHCTBO

f(x,) > f(x,).

WHbIMU clOBaMu, QYHKUUA 603pacmaem, ecau 0oabliemy 3Hawe-
HUt apeymenma coomgemcmayem 60 b U e e 3HAYeHUEe PYHKUUU,S
(hyHKYUa YObleaem, ecau 60AbULEMY 3HAYEHUIO ApZYMeHma coomeem-
cmeyem M e HbU ee 3HAYEHUe PYHKUUU.

B 7-m u 8-M Kjaccax MBI MCIOJb30BaJU CJEAYIOIEe I'eOMeTpH-
YeCKOE MCTOJIKOBaHMe MOHATUN BO3pacTaHus WJIK yOBIBaHUA (DyHK-
1\MM: ABUrafAch Mo rpa¢uKy Bodpacramwiueil ¢GyHKIIUM cjieBa HAaIpaso,
mbl KaK Obl MOAHMMAaeMcs B TopKy (puc. 84); aABHUTafAcChk IO IpaduKy
yObIBatoleil GyHKIUM cjleBa HAalpaBoO, KaK Obl CIyCKaeMCd C FOPKU
(puc. 85).

OOBIYHO TePMMHBI «Bo3pacTamwinad GYHKIUA», «yObIBaOIIas
()YHKIUA» 00BEAUHAIOT OOIIMM HA3BAHMEM MOHOTOHHAA (PyHKIMS, a
nceiaenoBanue (GyHKIIMKM Ha Bo3pacTaHuWe MM yObIBaHUE HA3LIBAIOT
ucenedogaruem QYHKUUU HA MOHOMOHHOCMb.

OTMeTUM elle OZHO OOCTOATEJBCTBO: €CaM (DYHKIIMA BO3PAcTaeT
(1au yOBIBAeT) B CBOEM ecTecTBEHHOI 00J1acTH OIpelesieHuA, TO OOBIYHO

q MopiKoBid, 9 K11., 4. | 97
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TOBOPAT, 4TO (hyHKIIMA Boapacramlnas (MiIn yosIiBamliada) — 0e3 yka-
3aHHUA YUCJIOBOro MHOXKecTBa X.

IIpumep 1. HcciaegoBaTh HA MOHOTOHHOCTH (QYHKIIHAIO

y=5-2x.

Pem e nue. Beegem obosnauenue: f(x) = 5 — 2x. BoseMeM mpo-
U3BOJIbHBIE 3HAUEHUSA apryMeHTa X, U X,, ¥ nycTh X, < X,. Torpa mo
CBOMCTBaAM YMCJIOBBIX HepaBeHCTB (MBI C BaMHM HU3y4aJll HX B Kypce
anre6psl 8-ro Kiacca) GyAeM HMMEThb:

—-2x, > -2x,;
5-2x, > 5 - 2x,.

Ilocnennee HepaBeHCTBO O3HavaeT, uTo f(x,) > f(x,).

HUrak, us x, < x, cneayer f(x,) > f(x,), a aT0 O3HAUaET, YTO 3aAaH-
HadA QyHKUUA yOnIBaeT (Ha Bceil YMCJIOBOM IIPAMOI). (]

Onpegenenue 3. ®yuxnuio y = f(x) Ha3HIBAIOT OrPaHUYEHHOM
cHu3y Ha MHOXKecTBe X C D(f), ecnu cyuiec TBye T YHUCIO M Ta-
Koe, YTO A1 A NI000ro 3HaueHuA X € X BHINOJHSAETCA HEPaBeH-
cTBO f(x) > m.

Onpegenenne 4. dPyaxnumo y = f(x) Ha3LIBAIOT OrpaHMYEHHOM
cBepxy Ha MHoxKectBe X C D(f), ecntu cyuiectByeT uucio M
TaKoe, 4TO AN A NI00o0oro 3HaueHus x € X BBIINOJHSAETCA Hepa-
BEHCTBO f(x) < M.
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Ecnu mHOKecTBO X He YKasaHO, TO IOJPasyMeBaeTCS, YTO PeYb
naer o6 orpaHMUYEHHOCTH (PYHKIMU CHU3Y UJIU CBEPXY BO Bcel obJa-
CTH OIlpeJeJIeHU .

Eciu QyHKIHMA orpaHHuYeHa M CHM3Yy U CBEPXY, TO €e Ha3hIBaIOT
OrpaHUYeHHOIM.

OrpaHM4eHHOCTh (PYHKIMHU JIETKO IIPOYUTHIBAETCA MO €e rpaduky:
()YHKIIUA OorpaHMYeHa CHU3y — 9TO 3HAUMT, UTO €e IPadPUK IeJTNKOM
pacmnoJio’KeH Gbiuie HeKOTOPOH TOPM30OHTAJBHOI IpAMOH y = m
(puc. 86); GyHKIUA OorpaHMUYEHa CBEPXY — 9TO 3HAYUT, UYTO €€ Ipa-
(MK I[ETMKOM PAaCIIOJIOXKEH HUJCe HEKOTOPOH TOPM30HTAJIBHON NpA-
moit y = M (puc. 87).

IIpumep 2. HcciemoBaTh Ha OIPaHUYEHHOCTH (DYHKIIUIO

y=+v9-x2.

Pem e n ue C oaHOIl CTOPOHEI, BIIOJHE OUEBUAHO, UYTO BEPHO

HEPABEHCTBO
Vo9-x2 20
(no ompejesieHNI0 KBagpaTHOI'O KOPHSA \/E 2 0). 9To 03HaAuUaeT, 4YTO

(PYyHKIIUA orpaHUYeHa CHU3Y (B cBoell o0sacTu onpeneleHud, T. €. Ha
orpeske [—3; 3]).

C nmpyroii cTopoHsl, Aiaa Jwboro x € [—3; 3] BrmosHAETCA HEpa-
peHcTBo 9 — x2 < 9, a moTomy

Jo—x2 < 8.

JT0 0O3HAUAET, UTO QYHKUUA OrpaHNUEHA CBEPXY.
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3 . YNCNOBLIE dYHKUWA

A Tenephs mocMoTpuTe Ha rpauk 3amaHHO (QyHKIuMHU (cM. puc. 78
Ha c¢. 92). OrpaHNYEeHHOCTh (QYHKIMYU U CBEPXY M CHHU3Y IIPOYMUTHIBA-
ercd 1o rpauKy JOCTATOUYHO JIETKO. @

Onpeaenenue 5. Yucno m HaA3LIBAIOT HAMMEHBIIMM 3HaYe-
HueMm ynxuuu y = f(x) Ha mHoxkecrBe X c D(f), ecnu:

l)cymecTByeT uncio x, € X rakoe, uro f(x,) = m;

2)ana no0boro 3HaueHUA X € X BBINOJHAETCA HEPABEHCTBO

f(x) = f(x,).

OnpeageneHme 6. Uncno M HaA3LIBAIOT HAMGOJBLIINM 3HAYEHH-
eM dpyuxuuu y = f(x) Ha mHoxkecTtBe X C D(f), ecan:

l)cymecTByerT uncio x, € X Taxoe, uro f(x,) = M;

2)ana noboro sHaueHUA X € X BBINOJHAETCA HEPAaBEHCTBO

f(x) < f(x,).

Haumenbmniee 3HaueHne (pyHKUMM MbI 0003Hauyajau U B 7-M, U B
8-M KJlaccax CHUMBOJIOM Yy, .. a HauboJbliee — cCUMBOJOM y_ .. Ecin
MHOxKecTBo X He yKasaHO, TO MOApasyMeBaeTrcA, UTO peub uaer ob
OTBICKAHMH HAMMEHBIIEr0 MJIM HAauOOJBIIEro 3HAUEHUA PYHKIMUA BO
Bcell 00J1acTH OIpeAeeHns.

CrnpaBenjuBEI CIEAVIOINE YTBEPIKACHUA.

1) Ecau y ¢pynKyuu cywecmayem y__, mo OHG 02PAHUYEHA CHU3Y.

HauM

2) Ecau y pyHKyuu cywecmayem y ., mo OHA 02DAHUYEHA CEEPXY.

3) Ecau pyHKYuA He 0z2DAHUYEHA CHU3Y, TO Y He cyuecmeyem.

HauM

4) Ecau QyHKYus He 0zpanuieHa ceéepxy, T0 y . He cyuecmayem.

IIpuBeseM AOKa3aTeJbCTBA 3THUX YTBEPIKAEHMIA.

1) ITycre y dyurmuu y = f(x) x € X ecTh HauMeHbIIIee 3HAUEHUE.
OTO 3HAUMT, YTO CYLIECTBYET YUCIO X, € X TaKoe, YTO AJIA JIoOOro
x € X peinonHserca HepaBeHCTBO f(x) > f(x)). 9To KaK pa3 u O3HAdUaer,
uyTo (DyHKLUA orpaHuueHa cHU3y. CBOMCTBO 2) HOKa3bIBAETCSA aHAJIO-
THYHO.

3) IJokasaTeanCcTBO IIPOBEAEM METOAOM OT IIpoTUBHOro. Ilpexmo-
JIOKHUM, 4TO Y cymiecTByer. Toraa coriacHo yTBep:aeHuo 1) hyHk-
nud OrpaHWYEHa CHU3Y, HO 9TO IIPOTHBOPEUYUT YCJIOBHUIO. 3HAYHUT,
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3. YACIIOBbIE ®DYHKLMA

Hallle MMPEAIIOJOKEHNE HEBEPHO, T. €. HAMMEHBIIIEro 3HaUeHusa y (hyH-
kuuu HeT. CBOHCTBO 4) HZOKA3bIBAETCA aHAJOTUYHO.

IIpumep 3. Haiitu HamMeHbliee u HamboJblilee 3HAUEHUS

yHKIHUU
y=~9-x2.

Pemen ue. Bupumepe 2 MBI y3e ZoKasaan, uto 0 < /9 — x2 <
< 3, rme x € [-3; 3]. Kpome Toro, eciim x = = 3, To y = 0. ITo onpene-
JIGHHUIO 5 3TO O3HauaerT, uro y_ = 0. Anasoruuno, eciu x =0, To y = 3.

ITosromy y,, = 3. OTMETHM, UTO MOJYYEHHBIE PE3YJbTaThl XOPOILO
witoctpupyer rpaduk GyHKIun y = 9 — x2 (cM. puc. 78). (]

IIpumep 4. Halitu HauMeHbIIee 1 HanOoJblllee 3HaAYEHUA PYHKIIVIN:

a) y = V16 —4x% + 12x; 6) y = "8+x"::24x’f+4.

PemeHue. a) Umeem:
y=416-(4x® - 12x+ 9) + 9 = /25 - (2x - 3)* < /25 = 5.

B Touxe x = 1,5 QpyHKIuA DpuHUMaeT 3HayeHHe 5, BO BCEX OCTAJIbHBIX
TOYKAX 3HaUeHHA PYHKUUH MeHblle, yeM 5. 3HauuT, Yy, .= 5. C Apyroii cTo-
POHBI, JOJKHO BHIMOJHATHCA HepaBeHCTBO 16 — 4x% + 12x =2 0, r. e.
~4(x + 1)(x — 4) 2 0. B Toukax x = -1, x =4 QpyHKuusa obpamaerca B 0, Bo
BCeX OCTAJIBHBIX TOYKaX OHA IOJOXKWTeJbHa. 3HayuT, y = 0.

HauM

X+t +4x® + 4 _ X8+ (2% + 2)°
B 12 AE <2

a’ + v
ab

a? + b? (a - b)?
aeje, ——— — 2 = ——— > (), IpuyeM 3HAK PaBEHCTBa UMeeT MECTO Torja
ab ab

M TOJIBKO TOTJa, Korga a = b, T. e. Ipu ycJoBuu, uTo x* = x? + 2. Y3 aToro
YPaBHEHMA HAXOAUM: x? = 2; x = J_r\/é-. Urax, y_, = y(\/_z-) = y(—\/E) = 2.

IMokaxeM, YTO 3ajaHHasg (QYHKLIUA He OrpaHuYeHa cBepXy. BHIIOJHUM
HEKOTOphle IpeoOpasoBaHUA;

R Gl +x2+2_(x2+2)(x2—2)+4+x2+2_
b= A2 +2)  x2+2 xt X2+ 2 xt

4 x2 +2
=x2 -2+ -z,
x2+2+ x4

IIpeanonosxum nmporuBHoe: GYHKIUA OrpaHUYeHa CBepXy, T. €. CYILEeCTBY-
oT yuego M Takoe, YTO A JIOGOrO X BBHIIOJHSETCA HEPaBeHCTBO y S M.

6) Umeem: Yy = . IIyerp x* = a,

x4+ 2=»b. Torga y = . 9T0 BRIpa)KeHUe He MeHble, yeM 2. B camom
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3 . YACNOBLIE dYHKUNA

BosbmeM TouKy ¥ = VM + 3. Torma x*=M +3,x*-2=M+1,x*- 2> M.

4 x2 + 2 2
Tak kak nanzee ——s > 0 u =——= > 0, monyuaem, uto x2 — 2 +
x2 + 2 x4
4 x2 + 2
+ +=—2 > M.
X2 + 2 x4

MbI OpeAIIoNIOMUIN, YTO JJIA JIIO60T0 X BBITOJIHAETCA HEPABEeHCTBO Y S M,

a 0KasaJloch, YTO B TOYKe X = /M + 3 BBIIOJHAETCA HEPABEHCTBO Y > M.

ITosyunnyu mpotTuBOpeuyne, 3HAYNUT, HAIlle IPEJIOJIOKeHNe HEBEPHO, T. €. QYHK-
nua He orpaHuuyeHa cBepxy. Ho Torza HamboJbiiero sHayeHus y Hee HeT.

OrBera)y, =0,y =50y

Hau6

= 2, y_, . He CYIIeCTBYyeT.

HauM HauM

B 7-m u 8-M Kjaccax MbI YIOMHHAQJH €IIle ABa CBOMCTBA (DYHK-
nuii. IlepBoe HasBasy cBOMCTBOM BhINYKJOCTH (hyHKIMU. CunTaercd,
4YTO QYHKYUA 6bINYKAA 6HU3 HAa NPOMEKYTKe X, €ClIH, COeXUHUB
Jo0bie ABe TOUKM ee rpaduika (¢ abcumuccamu u3 X) OTPE3KOM Ips-
MoOif, MBI OGHAPYXHM, YTO COOTBETCTBYIOIIAA YacTh rpahuKa JEXKHUT
HU XK e IpoBeieHHoro orpeska (puc. 88). Pynkyus evinykaa 66epx
Ha npoMexyTke X, eclid, COeQUHUB JIOOble JBe TOUKM ee Ipaduka
(c abcuuccamu 3 X) OTPEe3KOM NPSAMOM, MBI O0OHAPYIKHM, UTO COOT-
BETCTBYIOIIAA 4acTh rpaduKa JIEXKUT BBIIIE IIPOBEJECHHOI'O OTPE3-
Ka (puc. 89).

Bropoe cBoiicTBO — Henpepvi6HOCMb PYHKYUL HA NPOMENCYMmIe
X — osHauaeT, 4T0 rpad¥K QYHKIUKA HA IPOMEXyTKe X — CILJIOII-
HOH, He MMeeT Pa3pPbiBOB.

Yy yl
)
’/
/ / /
/7 / //
)7,
/
0 *T 0 Al
Puc. 88 Puc. 89
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3 . YACNIOBLIE dYHKUMA

3ameuaHne. Ha camom pene B matemaTuke Bce obCTOMT, Kak roso-
pMTCS, C TOYHOCTBIO A0 Hao60pPOT: rpadmk ddyHKUMKM 306parkaeTcs B BUge
cnnowHoM NuHumn (6e3 paspbiBoB) TONbKO TOrAa, KOraa A,0 K a3aHa Henpe-
pbiBHOCTL PYHKUMKM. Ho chopmanbHoe onpepeneHve HenpepbiBHOCTH PYHK-
UMM, BOCTATOYHO CNOXHOE M TOHKOE, HaMm MoKa He No cunam. To xe camoe
MOXHO CKa3aTb M O BbiNyKNocTH dpyHKumn. O6CcyrKaan ykasaHHble aga CBOM-
cTBa dpyHKUMI, Byaem no-npexxHemy onmMpaTtbcs Ha HarnNAQHO-UHTYMTHBHbIE
npepacTasneHus.

A Temepb BCIOMHUM O T€X (GYHKIUAX, KOTOPbIE MBI C BaMH M3y-
yaju B 7-M ¥ 8-M Kjaccax, IIOCTPOMM MX I'Pa@UKU M IIE€PEUNCINM UX
CBOIICTBA, IPUAEPKUBAACH ONPEREJEHHOrO OPAAKA, HAIPUMEDP TaKOro:
00acTh ONpeAeJeHNsA; MOHOTOHHOCTb; OTPAHMYEHHOCTDb; Y . . Y o
HENpPEepLIBHOCTD; 00JacTh 3HAUEHWMI; MHOTAA OGyAE€M TOBOPUTH M O
BBIIIYKJIOCTH.

BrocieacTBuy MoABATCA HOBBIE CBOMCTBA (DYHKIMIMA, COOTBETCTBEH-
HO OyZeT MEHATHCA U IEPEeYEeHDb CBOMCTB.

1. NuHemHas byHKuma y = kx + m

I'padburom dyaxuum y = kx + m asiaserca npamas (puc. 90—92).

CpoiictBa GyEKIMH y = kx + m

1) D(f) = (=005 +00);

2) Bospacraer, ecau k > O (puc. 91), yoeisaer, eciu k < 0 (puc. 92);
3) He orpaHMYEHA HM CHU3Y, HH CBEPXY;

4) Her HKM Haubosblllero, Hu HauMEHBIIIET0 3HAYEHUI;

5) yHKUMA HenpephIBHA;

6) E(f) = (—00; +o0).

7} 1
m y=kx+m
(k=0)
) T
Puc. 90
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YACNOBbLIE ®dYHKLIMA

2. dyukuma y = kx* (k # 0)

I'padbuxkom pyHrumu y = kx? asasercsa mapa6ojia ¢ BEPUIMHOH B
Hauaje KOOPAMHAT M C BEeTBAMH, HAIPaBJEHHLIMH BBEpPX, ecau k > 0
(puc. 93), u BHU3, ecau k£ < 0 (puc. 94). IIpsamaa x = 0 (och y) ABIA-
eTcs OChbIo mapaboJibl.

CpoiictBa Qpysxuuu y = kx>

HOna cayuyasa k > 0 (puc. 93):

1) D(f) = (-90; +o0);
2) yoniBaer Ha Jsyde (—°°; 0], Bospacraer Ha jgyude [0; +°);
3) orpaHnueHa CHM3y, He OrDAHHMYEHA CBEPXY;

4) Yyoe = 05 Ypuus HE CYILLECTBYET;

5) HempepnIBHA;
6) E(f) = [0; +o0);

7) BHIIYKJIa BHH3.

7 RS L
w¥
Y 20 >\
A @7 N
m / fé\\x{:‘l‘
) %4}
Z | ) X
/, (0] ? (0] \\ :—
Puc. 91 Puc. 92
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3. HYNCIIOBLIE YHKUMU

O6paruTe BHUMaHUMe: Ha IpoMexyTke (—o0; 0] dyHKUuA yObIBaA-
er, a Ha nmpomexyTke [0; +00) pyHKIMA Bo3pacTaeT. ITH IIPOMENKYT-
KU Ha3BIBAIOT NPOMENCYMKAMU MOHOMOHHocmu GyHKuuH y = kx?. Ilo-
HATHE IIPOMEXYTKAa MOHOTOHHOCTY OyJeM HCIIOJIL30BaTh U IJIA APY-
rux (yHKIM.

Haa cnyuas k < 0 (puc. 94):

1) D(f) = (=005 +0);

2) Bospacraer Ha ayue (—o°; 0], yopiBaer Ha ayue [0; +00);

3) He orpaHuYeHa CHU3Y, OrpaHUYEHA CBEPXY;

4) y,... He cymectsyer, Y, = 0;

5) HeIpepHIBHA;

6) E(f) = (-o0; 0];

7) BHIIIYKJIa BBEDX.

I'paduk dyHruuu y = f(x) cTpouTCcA IO TOYKAM; YeM OOJblile TO-
yexk Buga (x; f(x)) Mel Bo3bMeM, TeM (6OJiee TOUHOE IPEACTABJIEHUE O
rpadpuke noayyuM. Ecam aTux TOueK B3ATH JOCTATOYHO MHOIO, TO U
npencTaBjeHue o rpadrke ciaoxkurca Oosee monHoe. IMEHHO B 3TOM
cilydae WHTYHIUS M IOACKa3bIBaeT HaM, uTo rpadux Hazo m3obpa-
3UTH B BH/J€ CILJIOIIHOI JUHUYK (B JaHHOM cjy4yae B BujJe mnapaboJsl).
A yx 3areM, ynTad rpaduK, Mbl €JIaéM BHIBOABI O HENPEPHIBHOCTH
(yHKIIUY, 0 ee BHIIYKJIOCTY BHU3 MJIM BBEpPX, 00 obJslacTu 3HAUEHUH
¢bysxuuu. Bel JOKHBI MOHMMAThH, YTO M3 II€PEUYUCJEHHBIX CEMH
CBOMCTB «3aKOHHBIMM» SABJAIOTCA JUIIb cBoiicTBa 1), 2), 3), 4), —
«3aKOHHBIMK» B TOM CMBICJI€, UYTO MBI B COCTOSHUM OOOCHOBATH UX,
CCBHLIAfACH HA TOYHEIE OIpeJeseHusa (HM)Ke MBI IIOKa’KeM dTO Ha IIpu-
Mepe QyHKIUHU Yy = \/; , cM. ¢. 106). O6 ocTanbHEIX CBOICTBAX y HAC
MMeIOTCS TOJIbKO HAIrJIALHO-MHTYUTHBHEIE IIpeAcTaBieHus. Keratu, B
3TOM HET HUYEro IIOXoro. VI3 McTopuy pasBUTHSA MAaTEMATUKH HU3BE-
CTHO, UTO Y€JIOBEYECTBO HACTO ¥ JOJII'0 II0Jb30BAJIOCH PA3JIUYHBIMU
CBOIiCTBAaMU T€X HJIM MHBIX 00BEKTOB, HE 3HAsd TOYHBIX OIpeAeIeHU.
IToroM, KOTa TaKkue olpeleIeHusA yAaBaaoch cPOPMyJINPOBATh, BCE CTA-
HOBMJIOCH Ha CBOK MecCTa.

3. DyHKUMS y = f

I'padbukom byHKIUM ABIAeTcA runepbosia, oCu KOOPAUHAT CIY-
JKaT acMMITOTaMu ruiepOoJs! (puc. 95, 96).

CpoiicTBa DyHKIUMN Y = i:'
1) D(f) = (—=o°; 0) U (0; +o0);
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3 . HYACNOBLIE MYHKUMH

y4 vh
k
Y=z y=§ '
(k>0) (k<0)
\_’_ — g
T 0} x| o —x |
1 [

Puc. 95 Puc. 96

2) ecau k > 0, To pyHKIMA yOBIBAeT HA OTKPBITOM Jiyde (—°; 0) u
Ha oTKpBiTOM Jyue (0; +°) (puc. 95); ecau k& < 0, To GyHKIUA BO3-
pactaer Ha (—°°0; 0) n Ha (0; +°°) (puc. 96);

3) He orpaHMYeHa HU CHHU3Y, HU CBEPXY;

4) HeT HU HAMMEHBIIIEro, HU HaubOJIbIIIEero 3HAUEHMIl;

5) GbyHKIUA HenpephIBHA Ha OTKPHITOM Jyue (—o°; 0) 1 Ha OTKpbI-
ToM Jyue (0; +0o°);

6) E(f) = (=°0; 0) U (0; +00).

4. dyHKuma y = \/;

I'padukom pyHKIUM ABIAETCA BeTBb Iapaboissl (puc. 97).

I

ye CpoiicTBa QyHKIHU Y = \/J_C

1) D(f) = [0; +0);

2) Bo3pacraer;

Jx 3) orpaHnueHa CHU3Yy, He orpa-

—1 2 ) HUYEeHa CBEpPXY;
T 4)y.. =0,y . He CcyllecTBy-
—l 5) HelpepsIBHA;
: 6) E(f) = [0; +o0);
Puc. 97 7) BBEIIIYKJIA BBEPX.
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3 . HYUCIIOBLIE dYHKLMU

Ha c. 105 MBI ynoMaHYJIN, YTO B IPHUHIIUIIE MBI B COCTOAHHM AJIS
M3BeCTHBIX (DYHKIHUII obocHOBaTh cBoiictBa 1) — 4). Camenaem 31O
B KauecTBe IIpuMepa Ajaa QYHKLIUU Y = \/; . BBegem npuBrIuHOE 000-

3HaueHue: f(x) = \/_ .

1) D(f) = [0; +©°°). Peub uzmeT o ecTecTBEHHOI 00JIaCTH OIIpefeJie-

HUA QYHKIUH, T. €. 00 00JIacTH OLpefeeHUs BbIPAaXKeHudA \/; . Ona
3ajgaeTcs HepaBeHCTBOM X > 0, oTcioga u caenyert, uro D(f) = [0; +00).

2) Ilyery 0 < x, < x,. llpeanosoxkum, 4T0 Jx, = .x,. Torza
Wx ) = (Jx2 ), T. e. X, 2 X,, YTO IPOTUBOPEUYUT YCIOBHIO. SHAUHUT,

Hallle IPeJTI0I0KeH e HEBEPHO, T. €. BEPHO HEPABEHCTBO /X, < /X, .
HUrak, us 0 < x, < x, caeayer f(x,) < f(x,), a 3To U O3HauaeT, 4TO
dyHrua Bo3pacTaeTr Ha Jgyde [0; +00).

3) fAcHo, uTo QyHKIMA OrpaHMUYEHA CHU3Y, IIOCKOJbKY AJA JIIOGOTr0o

x > 0 BBHINOJHSETCH HepaBeHCTBO +/x > 0. JJokameM, 4T0 (DYHKIHA
He orpaHMuYeHa cBepxy. IIpeArosio:XuM IIPOTHBHOE, YTO OHA OrPAHH-
YeHa CBEpXY, T. €. CYIeCTBYeT IIOJOKUTEeJbHOe uncjao M Takoe, 4TO

st J1io0oro x 2 O BBINIOJTHSETCA HEPAaBEHCTBO \/; < M. Bo3bMeM TOUKY

x,=(M+1)% Torga f(%,) = J% = (M +1f = M +1 > M. Urax,
MBI IIPEAIIOJOKHUIN, UTO AJsA Job6oro x 2 0 BhImosHAETCA HepaBeH-

CTBO X < M, ¥ B TO K€ BpeMs HalLIN KOHKPETHYIO TOUKY X,, B KO-
TOPOIi 3TO HEPABEHCTBO He BhINOJHAETCA. IloyueHHOE IPOTHBOpEUME
03HAYaeT, YTO Hallle NPeAI0J0KeHUe HEBEPHO, a IOTOMY (hYHKIHA
HEe OrpaHHYeHa CBEpXY.

4) Ameem: f(0) = 0, u gaa aroboro x = 0 BBIIOJHSAETCSA HepaBeH-

ctBOo Vx = 0. 9TOo 3HAUMUT, UTO Y
He OorpaHHYeHa CBEPXY, Y

o = 0+ A TIOCKOJBKY QYyHKIUA
He CYIIecTBYeT.

Haub

5. DyHKUMA y = |x|

I'padurom GyHKIUM ABIdeTcaA o0beAUHEHHE ABYX Jy4el: y = X,
x20uy=-x, x <0 (puc. 98).

CBoiicTBa yHxumuu y = ||
1) D(f) = (=905 +0);
2) yoniBaer Ha ayde (—°°; 0], Bospacraer Ha jayue [0; +00);
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3. YACNOBLIE dYHKLUMA

vh ve
\ |
/\"‘\ \ Iy=ax2+bx+c
r \ [ @>0

\ | / |

i 0} v, b x
[4) x =%
Puc. 98 Puc. 99

3) orpaHMYeHa CHHM3Y, He OTPaHHYEHA CBEPXY;
4) Y. ..=0, Y. HE CyLECTByeT;

5) HeIpepBIBHA;

6) E(f) = [0; +00).

6. DyHkuna y = ax* + bx + ¢

I'pagurom GyHKRIUM ABAdAeTcA nmapaboJia ¢ BEPIIMHON B TOUKe
(245 Y,)> THE

b
X =

0= T 57 Yo=Fflx,) = axg +bx, +¢,,

U C BeTBAMM, HaIPAaBJIEHHLBIMH BBEpPX, ecau a > 0 (puc. 99), u BHHUS,

b
ecan a < 0 (puc. 100). IIpamaa x = T9q HBIAETCA OCBHIO napa0oJIbL.

CpoiictBa dynxuuu y = ax® + bx + ¢

Hua cayyaa a > 0 (puc. 99):
1) D(f) = (=905 +0);

b b
2) yOrisaer Ha Jyye [_oo; - %} , BO3PACTAET Ha JIyue [—z—a; + 00);

3) orpanHuyeHa CHU3Y, He OTPAHMUEHA CBEDPXY;
4) yﬂanM = yo’ yﬂwﬁ He CYIIeCTBYeET;



5) HenmpepwIBHA;
6) E(f) = [y, +°°);
7) BBIDyKJa BHUS.

s coyuasa a < 0 (puc. 100):
1) D(f) = (=005 +o0);

b b
2) Bo3pacTaer Ha Jy4de [—00; - %] , YOBIBaeT Ha Jyde [—2—a; +00);

3) He orpaHMYeHa CHH3Y, OTPaHHYEHA CBEPXY;
4) Y, o, HE CYIIECTBYET, Y = Y}

5) HempepwIBHA;
6) E(f) = (=905 y,);
7) BBIIYKJIA BBEDX.

CMOTp HAIIMX 3HAHHUH 0 QYHK-
OUAX MOXXKHO CUMTATh 3aKOHYEH-
HbIM. PasymeeTcsi, mpuBeAeHHBIM
mepeyHeM B PEAJIbHOM JKU3HHU He
oboiiTick. Hekorophie HOBBIE QYHK-
IUHA U MX CBOICTBA BCTPETATCA
HaM y»kKe B 3TOii IJase.

Hpumep 5. Ilpounrars
rpadur dpyakuum y = f(x), sagan-
HO# rpaduuecku (puc. 101), rae
0Ch X — TOpPH30HTAJbHAA aCHMII-
TOTa rpapuka.

Pem e u ue. IIpountars rpa-
buK QYHKUIMH — 9TO 3HAYMT,
onmpasch Ha rpaduk, mepedmuc-
JIUTH CBOMCTBA PYHKIIHH.

1) D(f) = [-4; +°°);

2) Boapacraer Ha orpeske [—4; 0],
yOmIiBaeT Ha Jyude [0; +00);

3) orpamMyeHa U CHHU3Y H
CBEpXY;

4) y_  He CYIIECTBYeT, y_ .= 3;

5) HempephIBHA;

6) E(f) = (0; 3]. @&

y A [

Yo

RY

Puc. 101
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3 . HACNOBbLIE DYHKLIMA

§ 11. YETHBIE M HEYETHBIE cDYHKLMM

B npegpigyinem naparpade Mbl 00CY:K AT TOJBKO T€ CBOM-
CcTBa QVHKI[MI, KOTOPbIe B TOM MJIM WHO! CTEINEHH VyiKe ObLIM BaM
3HAKOMBI U3 Kypca ajire6psl 7—8-ro KjaccoB. Tam ke OblI0 OoTMeE-
YEeHO, UYTO 3amac CBOMCTB (YHKIIMI OYJEeT IOCTEIEeHHO IIOMOJHATHCH.
O ZBYX HOBBIX CBOICTBaxX M NIOIJeT peyb B HACTOAIIEM Iaparpade.

OnpeageneHne 1. dyuxnuo y = f(x), x € X Ha3LIBAIOT 4er-
HOM, ecJau AJIA JI000ro 3HAUEHMA X U3 MHOMecTBa X BBIIOJHAETCA
PaBEHCTBO

f(=x) = f(x).
Onpegenenne 2. ®yuxnuio y = f(x), x € X HA3LIBAIOT HeveT-

HOM, ecau AJIA JI000ro 3HAUEHUA X M3 MHO»ecTBa X BBINOJIHAETCS
PaBeHCTBO

f(=x) = —f(x).

IIpumep 1. lokasaTs, uto y = x* — yeTHAd DYHKLIUA.

Pewme uue. Umeem: f(x) = x%, f(—x) = (-x)*. Ho (—x)* = x*. 3ua-
YUT, A8 JI000T0 X BBINOJHSAETCA paBeHCTBO f(—x) = f(x), T. e. DYHK-
nuaA ABJAeTCA YeTHOIl. )

AHaIOrMYHO MOYKHO JOKa3aTh, 4YTO QYHKIUMH y = X%, y = x5,
Yy = X8 ABIAIOTCA YETHBIMH.

Hpumep 2. [okasarb, 4TO y = X — HeuyeTHAdA PYHKIUA.

Pewme uue. Umeem: f(x) = x3, f(-x) = (—x)3. Ho (-x)? = —x3. 3ua-
YUT, AJdA JI000T0 X BBIOJHAETCS paBeHCTBO f(—x) = —f(x), T. e. QyHK-
nus ABJIAETCA He4eTHOM. (]

AHaJIOrMYHO MOYKHO J0KAa3aTh, YTO QYHKIUU § = X, Yy = X°, Yy = X7
SABJAOTCA HEUYETHBIMH.

MsI ¢ BaMHu He pa3 y)Ke yOeKIajJuch B TOM, YTO HOBbIE T€PMHUHBI
B MaTeMaTHKe Yalle BCero MMEIOT «3eMHOe» IPOMCXOXKAEHUE, T. €. UX
MOJKHO KaKMM-TO 00pa3oM 00bACHUTh. Tak 00CTOUT IEJI0 M C YETHBIMU
¥ HeueTHbIMU QyHKIuaMu. Cmotpure: y = x°, y = x°, y = x” — Heuer-
Hble QYHKINY, TOTAA KaK Yy = x%, y = x*, y = x5 — uerHbIe QyHKIUHU.
W BooOmie asa go0oii dYHKIMY BUOa Yy = X" (HUKe MBI CIIEIIHMAJIbHO
3aiiMeMCs M3ydYeHHeM dTUX (GYHKIUil), Ioe n — IeJ0e YUCJIO0, MOIKHO
cIeslaTh BBIBOJ: €CJIM 7 — HEYETHOEe YKCJI0, TO QYHKIHA Yy = X" —
HedeTHasd; eCJH JKe 71 — YeTHOe UMCJI0, TO PYHKIUA y = X" — yeTHasd.
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3. YUCNOBbLIE dYHKLIMU

CyiiecTByIoT QyHKIMY, He ABIAMIONMECS HU YETHBIMH, HU HEYET-
veiMu. TakoBa, Hampumep, dyHKINA y = 2x + 3. B camom jgene, mo-
aokuM f(x) = 2x + 3 u cpaBHMM, HAIpUMep, SHAUCHUA DYHKIIUHU B
Toukax X = 1 u x = —-1. Umeem: f(1) =5, f(-1) = 1. Kak Bugure, 3uech
f(=1) # f(1) u f(-1) # —f(1). 3HauuT, HEe MOIKET BBHIMOJHATLCA HU TOMXK-
mectBo f(—x) = f(x), Hu TOKHECTBO f(-X) = —f(X).

Urak, GyHKIMA MOXKeT ObITh UETHOM, HEUEeTHOM, a TaKiKe HH TOH
HU gpyroii. VsyueHue BOmmpoca O TOM, ABJSAETCA JH 3aJaHHAA QyHK-
L¥A YeTHOH MM HedeTHOH, OOBIYHO Ha3BIBAIOT UCCAe008AHUEM QYHK-
YUU Ha YemHocmob.

B onpenenennax 1 u 2 peub UAET O 3HAUEHUAX QYHKIUH B TOU-
Kax x u —x. Tem caMbIM IpeAmoJsiaraeTcs, YTO PYHKIMA OIpegeseHa
U B TOYKE X, M B TOUKE —X. ITO 3HAUMUT, YTO TOUKA —X HPUHALJIEIKUAT
obsactu onpejeeHuss GYHKIUNA OZHOBPEMEHHO ¢ TOUKOo# x. Ecau unc-
JIOBOE MHOKeCcTBO X BMeCTe C KaKJAbIM CBOMUM 3JIEMEHTOM X COLEDPIKHUT
¥ IPOTUBOIIOJOKHEBIY 3jeMeHT —X, T0 X HasbIBal0T CMMMETPHYHBIM
mHoxkecTBoM. CrayxeM, (—2; 2), [-5; 5], (—o0; +00) — cuMMeTpUUHEIE
MHOKEeCTBa, B TO BpeMda Kak [0; +0), (-2; 3), [-5; 4] — mecummeT-
puuHble MHOXecTBa. Ecau ¢pyuryusa y = f(x) — vwemmnas uau He-
Yemnasn, mo ee o6aacms onpedenenus D(f) — cummempuyunoe muo-
acecmeo. Ecim xe D(f) — HeCHMMETPHUUHOE MHOXKECTBO, TO (DYHK-
uua y = f(x) He MoKeT GbITh HM UETHOM, HHM HEUYEeTHOMH.

YunureiBasg CKa3aHHOE, PEKOMEHyeM IIPH HCCJIeL0BaHUU MYHKIIUHN
Ha YEeTHOCThb MCIIOJB30BATh CJAEHYIOIIUI aJITOPUTM.

AaropuntMm ucciegoBanuss GyHKuun y = f(x) Ha YeTHOCTH w

1. YcTaHOBUTH, CHMMETPHUUYHO Jii MHOKecTBO D(f) — obGmacTh om-
penenenuss Gyuxknuu. Ecau HeT, TO 00bABUTD, UTO GYHKIUA HE
SABJSAETCA HU UETHOM, HM HeueTHOH. Eciu ma, To mepexoauTh Ko
BTOPOMY LIATy AJIOPHTMA.

2. CocTaBuTh BEIpaKeHue M f(—x).

3. CpaBuurs f(-x) n f(x):

a) ecau f(-x) = f(x) mna moboro x € D(f), To GYHKIMA YeTHA;

0) ecau f(-x) = —f(x) paa moboro x € D(f), To QyHKIUA HEUETHA;

B) ecsii XOTsa ObI B OLHOI TouKe X € D(f) BbImOJHsIETCA COOTHOLIIE-
uue f(-x) # f(x) u XoTss 6bI B OHHOM Touke X € D(f) BBIIOJHSA-
eTca cooTHolneHue f(—x) # —f(x), To QyHKIMUA He ABIACTCA HHU

YeTHO#, HU HEeYEeTHOM.
\ Y,
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3 . YACNIOBbLIE YHKUMU

IIpumep 3. HccremoBaTh Ha YETHOCTb (PYHKIIMIO:

x—-4
x2 -9’

a)y=x“+36; B) y=
X
6) y=x5—%; r) y=vx-3.
2
Pemwemnue. a)y = f(x), rae f(x) = x* + 5.

1) dyurnusa ompenesieHa IIPKM BCEX 3HAUEHHAX X, Kpome x = 0.
CanepgoBarenbHo, D(f) — cUMMeTPUYHOE MHOYKECTBO.

2
2) f(-x) = (~x)* + =xt+ 5.

(-x)°
3) 3ameuaeM, uTO AJIA JIOOOr0 X M3 00JIACTH OmpeaesieHusa QyHK-
LMY BHITIOJHAETCA PaBEeHCTBO f(-x) = f(x).

2
Takum ob6pasom, y = x* + 76 — UeTHas GYHKIIHMA.
- 3
6) y = f(x), rne f(x) = x* - 3.
1) ®yHKIMA ompeneseHa IPH BCeX 3HAUEHUAX X, Kpome x = 0.
Cuneposarenbro, D(f) — cuMMeTpPHUUYHOE MHOXKECTBO.

2) f(=x) = (-x)° -

3 3
=-x"+ - =—-(x°- =).
(_x)3 x3 ( xS )

3) 3amMeuaeM, UTO AJA JIOOOr0 X M3 00JAaCTH OIpejeeHnss QYHK-
UK BBHIMOJIHAETCA PaBeHCTBO f(—x) = —f(x).

3
Taxum obpasom, y = x° - — — HeueTHas QYHKUHUA.
X

x—-4
B) y = f(x), rme f(x) = 2 _g"

1) ®dyHKINA OmpeleseHa BO BCeX TOUKAX X, KPpoMe TeX, KOTOpbIe
obpanaT 3HaMeHaTeJIb IPo0Hu B HYJb. M3 ycaoBusa x® — 9 # 0 Haxo-
IuM: x # = 3. 3HauuT, 00J1aCTh OmpejAeJeHusA PYHKIUN — YKCJI0BAs
npAMasi, U3 KOTOPOIi yxajeHbl [Be TOUKM: 8 U —3. OTO CUMMETPUUHOE
MHOXK€eCTBO.
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3. YACNOBbLIE ®DYHKLUMA

(-x)-4 _ x+4

(-x-9  x2-9°

2) f(-x) =

3) CpaBuus f(-x) u f(x), 3ameuaeM, 4YTO CKOpee BCEro He
BBITIOJHSAIOTCSA HH TOKIECTBO f(—x) = f(x), Hu ToxkaecTBO f(-x) = —f(x).
Y106BI B 9TOM yOEAUTHCSA, BO3bMEM KOHKPETHOE 3HaueHHe X, Ha-

npumep x = 4. Umeem: f(4) = —%, a f(-4) = 0. 3uauur, f(-4) # f(4)
u f(-4) # —f(4).

Taxum o6pasoM, GYHKIMA He ABJIAETCA HU UeTHOM, HU HEUYETHOM.

r) PyHrnua y = +/x — 3 onpejeseHa mpu ycaosuu x — 3 > 0, T. e.

Ha Jyue [3; +00). ITOT Jyd — HECHMMMETPUUHOE MHOIKECTBO, 3HAYUT,
(DYHKIMA He SIBJISETCA HU YETHOM, HM HEUETHOH. (]

IIpumep 4. HccrezoBaTh Ha YeTHOCTh (PYHKIIUIO:
a)y=|x|, x € [-2; 2]; B) y = x3, x € (-5; b);
6) y=lxl, x e [-3; 3); r)y = 2% x € (-5; 5).

Pemenue. a) D(f) = [-2; 2] — cuMMeTpHMYHOE MHOXKECTBO,
AJisi 1i060oro X € D(f) BBINOJHSIETCSA PABEHCTBO —x|= |x| . 3Hauwur,
3aflanHad QyHKIUA — dYeTHad.

0) D(f) = [-3; 3) — mecuMMeTpUUHOE MHOKeCTBO. B camoM JeJre,
TOUKa —3 NPHUHAAJEKHUT IOJTyuHTepBandy [-3; 3), a IPOTHBOMIOJIONK-
HasA TOUKA 3 He IMPUHAAJIEKHT STOMY IIOJYHHTEePBaJy. SHAUYUT, QYHK-
KA He SIBJAETCS HU UYeTHOI, HM HEeUYeTHOI.

B) D(f) = (-5; 5) — cuMMeTpUUYHOE MHOXeCTBO, u (—x)° = —x® nusa
apob6oro x m3 mHTepBata (—5; 5). 3Hauur, 3agaHHAA QYHKIUA —
HeuyeTHad.

r) ®yHKIUA 3afaHa Ha HOJIYHUHTEPBAje, KOTOPHIA He SABJIAETCS
CHMMETPHUYHBIM MHOJKECTBOM. SHAUYUT, QYHKIUA — HU YeTHAsd, HU
HeueTHas. (]

Teneps 00cyaquM reoMeTPUUYECKHI CMBICJ CBOMCTBA UETHOCTH M
CBOMCTBA HEUETHOCTH (DYHKIIHH.

Ilycets y = f(x) — derHasa GyHKUUA, T. €. f(—x) = f(x) pua awodoro
x € D(f). PaccmorpuM aBe Touku rpabuka pyuxmuum: A(x; f(x))
u B(-x; f(-x)). Tark kax f(-x) = f(x), To y Touek A u B abcuuccsl
ABJISAIOTCA IIPOTHBOMIOJJOKHBIMM UYMCJIAMM, a OPAHUHATHI OJMHAKOBHI.
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3 . YACJIOBbIE PYHKLIMA

cx iy |V | e fan VR (m @) 4
B A v

—X|

A

#
L4

B
—x [9) X x (=x; f(=x))

Puc. 102 Puc. 103

ITH TOYKHM CMMMETPHUYHBI OTHOCHUTEJIbHO ocu Y (puc. 102). Takum 06-
pas3oM, AJad KasKgo¥ Touku A rpadmka ueTHOM GyHKIum y = f(x) cy-
LIECTBYET CUMMEeTPUYHAA €fi OTHOCHTEJbHO OCH Yy TouKa B Toro ke
rpadura. ITo 03HAYAET, UTO 2PAPUK HemHOU PYHKUUU cumMempu-
YeH OMmHOCUmMeNLbHO OCU Y.

Ilycers y = f(x) — HeueTHas GyHKIUHUA, T.e. f(—x)=—f(x) gna amo-
6oro x € D(f). Paccmorpum aBe Touku rpadura pyuHrumm: A(x; f(x))
u B(-x; f(-x)). Tak kak f(-x) = —f(x), T0 y Touek A u B abcuuccsl
ABJISIIOTCSA IPOTHUBONOJIOXKHBIMY YUCAAMH U OPAUHATHI ABIAIOTCA TIPO-
THBOIOJIOHBIMHA YHCJIAMHU. JTH TOYKHM CHMMETPUYHBI OTHOCHUTEJIHHO
HayaJsia KooppuHat (puc. 103). Takum obpasom, Aasa KaXkAo¥ TOUKu A
rpaduka HeueTHOH GyHKUMHU Yy = f(x) CylIecTByeT CUMMETPUYHAA el
OTHOCHUTEJIbHO Hauvajla KOOPAMHAT TOYKa B Toro ke rpadgura. Ito
O3HAYaeT, YTO 2padux Hewvemuol PYHKYUL cummempuien OMHOCU-
menvHO HAYala Koopduxnam.

Bepubl u 00paTHBIE YTBEPIKACHUS:

1. Ecnu zpagux ¢pynrkyuu y = f(x) cummempuien omHocumenv-
HO ocu opdunam, mo y = f(x) — wemHaa PyrKYUA.

B camom gene, cumMmerpusa rpadpurxa GyHKmuu y = f(x) oTHOCH-
TEJIBHO OCH Y 03HAYaeT, YTO AJsA JI0O0Tro X M3 o0JIACTH OIIpefesIeHUI
QYyHKIHM cUpaBeAJuBO paBeHCTBO f(-x) = f(x), T. e. y = f(x) — uer-
Hadad QyHKIHUA.

2. Ecau zpaguk ¢pynrkyuu y = f(x) cummempuien omrnocumens-
HO Hauaaa Koopduwam, mo y = f(x) — HewemHas QyHKYUA.

Cummerpus rpadura GyHKIuU y = f(X) OTHOCUTENBHO Havaja Ko-
OPAMHAT 03HAYAET, UTO AJA JI000ro x u3 0byacTu onpeaeaeHusa QPyHK-
MM CIIPaBeAJHuBO paBeHCTBO f(—x) = —f(x), T. e. y = f(x) — HeueTHas
GyHKIUA.
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3. HYNCNOBLIE dYHKUMKU

IIpumep 5. HccregoBaTh HA YETHOCTh (DYHKIIHIO
y=v9-x%.

P e e uue. [lepBhlil cmocol.
fx)=v9-x2; f(-x)=9-(-x)? =+/9-x%. Buaunr, gua m060TO

x € D(f) cupaBexamnBo paBeHCTBO f(-x) = f(x), T. e. GYHKII A ABJISA-
eTCs YEeTHOH.

Bropoit cnoco6. 'padmkoM QYHKIHH CIYIKHUT MOJYOKPYKHOCTH
C IIEHTPOM B Hauajie KOOPAMHAT U paguycoM 3 (cM. puc. 78), oHa cuM-

MeTPUYHA OTHOCHUTENHHO OCH Y. ITO O3HAYAET, uTo Y = /9 — x? — uer-

Had QYHKIAA. [

§12. OYHKUMM y = x" (n€EN),
MX CBOMCTBA M TPAGMKM

dyukuuo Buga y = x", rne n =1, 2, 3, 4, 5, ..., Ha3pIBAIOT
CTelleHHOM (PYHKIMEe#l ¢ HaTypaJbHBIM IOKAa3aTeJIeM.

IIBe cTemenHble GYHKIMM Mbl C BaMH y)Ke M3y4muu: y = x (T. €.
y=2xY) 1y = x% OTUM IepeueHb HAIIUX JOCTHIKEHUI HCUepIILIBA-
ercdA, 00, HAUMHAA ¢ n = 3, MBI 0 GYHKINK Yy = X" IOKA HUUYEro He
sHaeM. Kak BrIragar rpadukm QyHroui y = x3, y = x4, y = x5,
y = x%u 1. 1.? Kakossl cBoiicTBa 3TuX QyHKuuit? O6 sTom u moiizer
peun B HacrosmeM maparpade. Ilpasna, B § 11 oguHo CBOMCTBO MBI C
BaMM TIPEIYCMOTPUTEABHO OOCYAMIN: AOKA3alu, u4To ¥ = X* — yeTHAd
dyHKImMs, a y = x* — HeueTHaa GyHKkumus. U aTo, Kcratu, HaM ceii-
yac O4eHb Hpurogurcsa. Mel BeAb 3HaeM, 4TO rpadMK UeTHOH GYHK-
LMY CUMMETPHUYEH OTHOCHUTEJLHO OCH OPAMHAT, a rpadMuK HEeUeTHOH
QYHKIMKM CHMMETPHYEH OTHOCHUTEJBbHO Hauajla KOODAWHAT. 3HAUMUT,
MbI MOXKEM H AJiA QYHKIuU Y = X!, v Ald QyHKIuM Yy = x° DOCTYIUTH
TaK: pacCMOTPETh 9TH GYHKIINHN Ha Jyue [0; +0°), mOCTPOUTH UX TIpa-
¢ukm (Ha yKas3aHHOM Jyde). 3aTeM, HCIIOJb3yd CUMMETPUIO, IOCTPO-
UTh rpaduK QYHKIMK Ha BCeil YMCJIOBOM IPAMOM M C IIOMOIIBIO I'pa-
(huKa mepeuncanTh CBOMCTBA GQYHKIMH IO TOM cXeMe, KOTODYIO MBI
BEIpaboTaJIn B HNpeabIAyIuX maparpadax (zob6aBuB CBOMCTBO ueT-
HOCTH).
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3 . YACNOBbLIE dYHKLIMU

1. DyHkuma y = x4, x 2 0

CocTraBuM TAOJMIly 3HAYEHHUH OJIS 3TOM (QPYHKIMHA.

1 | 3
xOlE2
ylof1| L |8

16 | 16

2 16) (216
nnockoctu (puc. 104a); oHM HaMedyaloT HEKOTOPYIO JHUHUIO, IIPOBEIEeM
ee (puc. 1046).

1 1 3 81
IToctpoum tTouru (0; 0), (1; 1), ( ; ), ( —) Ha KOOPAHMHATHOM

2. DyHKuma y = x*

Hob6aBuB K rpaduKy, nsobpaskeHHomy Ha puc. 10406, tuHMIO, CUM-
METPUYHYI0 IIOCTPOEHHON OTHOCHTEJIHLHO OCH OPAMHAT, IIOJYYHM Ipa-
bur dyHruuu y = x4, x € (—o0; +00) (puc. 105). On noxok Ha mapa-
60sy (1O mapaboJioif ero He HA3LIBAIOT).

IIpesxe ueM mmepeducaIuTh CBOiicTBA GYHKIIMH, 3aMETHM, UTO MBI
OyzeM IIpUIEPKUBATBCA TOrO e IOPAIKa XOZ0B, KOTOPHIN MCIIOJb-
goBaJsu B § 10, ¢ ogHO# ONIpPaBKOil: CBOMCTBY YETHOCTH (PYHKIIUH OT-
BeieM BTOPYIO IIO3HIIHIO.

ye 7 \ y A

oo
—
oo
-

-
X

noleo
o eo o

1

T +

Puc. 104a Puc. 1046 Puc. 105
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3. YUCNOBbIE dYHKLIUKA

CsoiictBa pyHKuMHM y = x*

1) D(f) = (=005 +0);

2) ueTHada GYHKLIUA;

3) yomiBaer Ha ayue (—o°; 0], Bosdpacraer Ha Jgyue [0; +0);

4) orpaHMYeHa CHHU3Y, He OrPaHMYEHA CBEPXY;

9) Y,.u = 0, Y, HE CYIIECTBYyET;

6) HempephLIBHA;

7) E(f) = [0; +0);

8) BHIIIyKJIa BHHUS.

I9TH CBOICTBA MBI IPOYUTATIU O rpadUKy, 4TO, KOHEUHO, HE AB-
JAeTcsa AOKa3aTeJbCTBOM. OOBIYHO IMOCTYIAIOT HAO0OPOT: MCCIEAYIOT
cBoiicTBa ()YHKIMM, & IIOTOM, OIIMPAsCh HA Pe3yJbTAaThl IIPOBEAEHHO-
ro mccjaeoBaHuA, CTPOAT ee rpaduk. B cocroAaHMM Ju MBI C BaMu
yoKe Telmeps AeHMCTBOBATh TaK, KaKk NpHUHATO B MmaTemaTuke? Iloka ere
He coBceM. VI3 mepeuncieHHbIX BbIIIe BOCBMH CBOMCTB OYE€BHIHO IIEp-
Boe (IIOCKOJBKY J1000€ YMCJI0 X MOXHO BO3BECTH B YETBEPTYIO CTe-
neHb). B npexabiaymiem maparpade AoKasaHO BTOpPOe CBOMCTBO. MoK-
HO [OKa3aTh M TPeThe: B CaMOM JeJe, ecau x, > x, > 0, To mo cBoii-
CTBY YHCJIOBBIX HEPABEHCTB Xj >Xj, & 9TO M O3HAYAET BO3PACTAHUE
dysruun Ha gyue [0; +00).

HokaxeM yerBeproe M maAToe cBoicrsa. ITonmoxkum f(x) = x*. fcHo, yro
JJisl 1Io00ro X BBINOJIHSETCS HepaBeHcTBo x! > 0. Oro o3Havaer, 4To GyHK-
pusa Yy = x* orpaHuyeHa cHu3y. [IpeAmoIoKUM, YTO OHA OrPaHUYEHA CBEPXY,
T. €. MPEeAMOJIOMKHM, YTO CYIIeCTBYeT IOJIOJKUTEeJbHOe 4mucjao M Takoe, 4TO
a5 Jo6oro x BHEIMOJHAETCS HepaBeHCTBO x* < M. BosbmeM HaTypajibHOE
4ymuca0 n > M u paccMOTDHM 3HadYeHHe QYHKIMH Yy = X* B TOUKe X, = I.
Hmeem:

f(x)=n*>n>M.

Hrak, MBI HALLIM TaKy0 TOYKY X, B KOTOPOH BEINOJIHAETCS HEPaBEH-
cTBO f(x,) > M, 4TO IPOTHBOPEYHT HAllleMy NPEeAIOJIOo/KeHHI0 00 orpaHuYeH-
HOCTH quchqu CBepXxy. 3Ha'~lﬂ’l‘, (IJyHKIJ,Hﬂ He orpaHn4YeHa CBepxy. ITockoab-

Ky QYHKLUA He orpaHMYeHa CBepXy, HauboJblLIero 3HayeHus y Hee Her. B To
e BpeMd fACHO, uro y_ = 0.

Yro Xe He AOKA3aHO, I'le Mhkl BEIHY KJEHBI IIOKa ONMPATLCA Ha reOMeTpH-
yeckyo uHTynnuio? He gokasaHml cBoiicTBa 6, 7 u 8.

BrnpoueMm, npu jKeJaHMH MOXKHO JATh HMOJCHEHHME M CBOMCTBY BBIIIYKJIOC-
™1 ¢yHKuyn BHM3. ITokarxem, HampuMep, uTo Ha orpeske [0; a], rae a > 0,
rpaduk GyHKIHH y = x* pacmoyoxxeH HuKe orpeska OA (puc. 106).

Ha unrepsase (0; a) BosbMeM NPOHM3BOJLHYIO TOYKY X, M BOCCTABUM H3
3TOH TOYKH MEPHNEeHAUKYJIADP K OCH X A0 IepecedyeHHA ¢ rpaduxom GhyHKIIMH
y = x*(B Trouke P) u ¢ npamoii OA (B Touke M) (puc. 106). Opgunara Touku P
paBHa X; . A yemMy paBHa opAMHAaTa ToYykKu M? BelacHuM aTO.
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3 . YACNOBBLIE dDYHKLIMU

y y A
VEG
y=x! II
\\ M/I‘:A )
01 1

PI

o xl; 7_
L I

Puc. 106 Puc. 107

IIpamas OA npoxoZuT Yepe3 Ha4aji0 KOOPAMHAT, 3HAUUT, ee YpaBHEHUe
uMeer Bujg y = kx. OTa npsMas OPoxXoauT 4yepe3 Touky A(a; a*). Ilogcrasus
KOOpAMHATHI TOYKU A B ypaBHeHue y = kx, moayuum: a* = ka. 3Hauur,
k = a®, 1. e. ypaBHeHue npamoi OA Takoso: y = a’x. Temepsb ACHO, UTO OPAK-
Hara Touku M pasHa a’x,.

Wrax, opauHaTa TOuKu P paBHa X;, a opguHara Touku M paBHa a°x,.
Kaxoe u3s atux yucesn Gosbpme? Mmeem: 0 < x; < @, 3HAYUT, [I0 CBOMCTBaM
YIC/IOBEIX HEPaBeHCTB X, < a® u marnee X, +x, < a® +x,, T. e. x; <a’x.Yro
o3HavaeT mocjeaHee HepaBeHCTBO? To, uTo Touka P pacmosiaraeTcs HHUKe
TouYKH M. A OTCIOZa MOKHO CZeJIaTh BBIBOZ: €CJIU IIPOBECTH IIPOM3BOJIBHYIO
npsamylo OA, To okaxercs, uTo rpaduk GyHKiuu y = x* Ha orpeske [0; a]
JIEXKUT HUXKe COOTBETCTBYIOIEro yyacTKa npsamoit OA.

3. dyHKumusa y = x3

3aMeTHM IIpeX{e BCero, uro y = x° — HeueTHass QYHKUUA, CIEO-
BATEJbHO, ee rpadMK CUMMETPHYEH OTHOCHUTEJbHO Havaja KOODIAWHAT.

Tpadur ¢pyarnuu y = x° npu x = 0 B IpUHIUIE BHIIVIALUT TaK
JKe, Kak rpadpuk pyuxkuuu y = x! npu x 2 0 (puc. 1046), HyKHO JHUIIbL
YUecTbh, YTO HOBas KPUBAasd UyTh MeHee KPYTO UAET BBEPX U UYTh Jajb-
1IIe OTCTOHUT OT OCH X OKOJIO HauaJia KoopguHat. [[o0aBUB JIMHUIO, CUM-
METPUYHYIO IIOCTPOEHHON OTHOCUTEJNBHO Hauajla KOOPAWHAT, IOJYIUM
rpadpur Gyarnuu y = x° (puc. 107). 9Ty KpUBYIO HA3bIBAIOT KyOHde-
CKO#l nmapa6oJIoii.

3ameuvanme. Mexpy nNpPoYMM, 3TO OAMH M3 PEOKMX Cny4aes, KoOrpa
MaTEMAaTHKM MCMOMb3YIOT HE O4YeHb yaauHbii TepmuH. [Mapabona — reo-
MeTpHryecKas urypa ¢ onpeaeneHHbiM1M cBOMCTBaMM. JIuHus, nsobpamen-
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3 . YACIIOBbLIE ®DYHKLIMM

Has Ha puc. 107, atumu csorcTBamu He obnapaeT, noatomy nyywe 6bino
6bl NpuayMaTtL en ppyroe HassaHue, 6e3 ucnonb3oBaHMs TepmuHa «napa-
6ona» («kybuueckas napabona» — 3TO YTO-TO BpOAE «KBAAPATHOM OK-
py»xHocTu»). Ho TepmuH «kybuueckas napabona» npuxuncs 8 mMaremaru-
Ke, NPMAeTcsl M1 HaM ero MCnonb3oBaTh.

OTMeTMM HEKOTOphle NeOMETPUYECKUE OCOOEHHOCTH KYyOHUYECKOH
napaboJbl y = x3. YV Hee ecTb LeHTP cumMmeTpun — Touka (0; 0), Ko-
TOpas OTAEJAET APYT OT Apyra ABe CUMMETPHUYHEIE YacTH KPUBOIL; 3TH
CUMMETPHUYHEIe YaCTHU Ha3bIBAIOT 8emeamu kybuueckoi napaboawvt. O6-
paTuTe BHUMaHHUE: KOIZa OJHA BETBb KyOMUYeCKOH mapaboJbl IIepexo-
OUT Yepes Hauajlo KOOPAUHAT B APYTYIO BETBb, 3TO IPOUCXOIUT ILJIAB-
HO, 0e3 m3jaoma.

CaoiicTBa dynrxuuu y = x°

1) D(f) = (=905 +0);

2) HeueTHas QYHKIHA;

3) Boapacraer;

4) He orpaHUYE€Ha HU CHU3Y, HU CBEPXY;

5) HeT HM HauUMEHBIIIEr0, HYM HAMOOJIBIIIEro 3HAYECHUIL;

6) HempepHIBHA;

7) E(f) = (=905 +9);

8) BrimyKJa BBepx Ha (—o0; 0], BeimykJa BHU3 Ha [0; —o0).

4. DyHKUMA y = x"

Peus uzger o GpyHruax y = x°, y = x® u BooGIie 0 cTerneHHON QyHK-
UMM C YeTHBHB M HaTypaJbHLEIM IOKasarejeM cremeHu. I'paduk
Ja1000# TaKoi (GYHKI UM IOXO0X Ha rpapuk QyHKuum y = x*
(puc. 105), ToaBKO €ro BeTBU GoJiee KPYTO HAIpaBJEHBLI BBEPX.

OTmeTuM emie, UTO KpHUBaA Yy = Xx2* kacaemcsa ocu X 8 mouke
(0; 0). 'eomeTpuyecku 3TO 03HAYAET, YTO OJHA BETBH KPUBOU ILIABHO
IEePEXOJUT B APYIyI0, Kak OBl IpMKMMasAck K ocu x. Tounoe ompene-
JIeHMe IOHATUA KacaHuA Oyger maHo B 10-M KJjacce.

5. DyHKymusa y = x¥"+1

Peub uzger o dpyHKIMAx y = x%, y = x°, y = x” ¥ BooOmIE O CTEIIEH-
HOM GYHKIMM C HeYeTH B M HaTypaJbHBEIM IIOKa3aTeJEM CTEIEHU
3,5, 7,9 ur. a.). I'pabuk a1060#1 Takoil PyHKIUU IMOXOXK Ha rpa-
buk pyuxuuu y = x3 (puc. 107), ToabKo uem GoJuiblile IIOKa3aTelb,
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3 . YNCJIOBLIE dYHKLIMM

7\
y=x°
3
\ |/
1 A

i o

Puc. 108

TeM 0oJiee KPYTO HaIlpaBJIEHBI BBePX (M COOTBETCTBEHHO BHU3) BETBU
rpadpuxa. OrmeruMm eime, 4TO KpuBaa y = x2"*1 xacaemcs ocu x 8
mouke (0; 0).

IIpumep 1. Pemurs ypaBuerue x° = 3 — 2x.

Pem e n ue. 1) Paccmorpum aBe pynkuuu: y = x° u y = 3 — 2x.

2) ITocrpoum rpadux GpyHruuu y = x° (puc. 108).

3) Ilocrpoum rpaduk JuHeHHON GyHKUUU y = 3 — 2x. ITO IpA-
MadA JuHUA, npoxonAmasn uyeped Touxku (0; 3) u (1; 1) (puc. 108).

4) Cynsa 1o yeprexy, IOCTPOEHHBIE IPA(GUKHU IIePECeKaloTCA B TOU-
ke A(1; 1). IIpoBepxa IOKa3bIBAET, UTO HA CAMOM JeJie KOOPAHUHATHI
Touku A(1l; 1) yZoBIeTBOPAOT U YPABHEHUIO Y = X°, U YPABHEHUIO
y = 3 — 2x. 3HauuT, ypaBHeHME MMEET OLUH KOpeHb: X = 1 — aro
abciucca Touku A.

OrBeT: x=1.

Mexzny IpoYyMM, reOMeTPUUECKas MOZEJb, IPELCTaBJIECHHAA Ha
puc. 108, HarasagHO MJJIIOCTPUPYET CJIELYIOIEEe YTBEP KIEHUE, KO-
TOpOE MHOTA II03BOJISET U3SAIHO PeIlaTh LOBOJBHO CJIOKHBIE YPaB-
HEHU:

Ecnu ¢pynxyus y = f(x) eéo3apacmaem, a pynkyus y = g(x) yoot-
6aem u ecnu ypasHnenue f(x) = g(x) umeem KOpeHb, mo MOALKO
00uH.

HoxaxeM aTo yrBepskaeHue. IIpeAnosoKuUM, UTO ypaBHEHHE
f(x) = g(x) kpome KOpHA X, UMeeT ellle ONUH KOPEeHb X,. ITycTh x, < x,.
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3 . YUCNOBbLIE DYHKLIMKN

TIocKOMBKY X, ¥ X, — KODHU 3aJJaHHOT0 YPABHEHUSA, TO BHINOIHAIOTCA
paseHcrsa f(x,) = g(x,) u f(x,) = g(x,). Pynkuus y = f(x) Boapacraer,
a IOTOMY BHINOJHAETCA HepaBeHCTBO f(x,) < f(x,); GyHKHuA
y = g(x) yObIBaeT, a IOTOMY BBHIINIOJIHAETCA HEPaBeHCTBO g(x,) > g(x,).
HUrak, f(x,) > f(x,) = 8(x,) > &(x,). Illonyuunocs, urto f(x,) > g(x,).

AHaJIOrMYHO MOKHO JOKa3aTh, UTO €CIHU X, > X,, TO f(x,) < &(x,).
HUrak, B n1000M ciaydae mosnydaercs, 9to f(x,) # g(x,), T. e. x, He AB-
JnsAeTcs KOpHEM ypaBHEHus. 3HAYUT, YPaBHeHUE MMeeT TOJBKO OZUH
KOpEeHb, YTBepiKAeHue AOKA3aHOo.

Bor kax, onupasch Ha 3TO yTBepJKAeHue, MBI MOYKeM 0e3 uepTerka
peluTh ypaBHeHUEe u3 npumepa 1:

1) sameTuM, 4TO IIpu X = 1 BBINOJHAETCA PABEHCTBO

15=3-2-1,
3HAUUT, X = 1 — KOpeHb ypaBHeHudA (3TOT KOPeHb MEI yragajmu);

2) pyuknua y = 3 — 2x yObiBaeT, a GyHKIHUA Yy = X5 BO3pacraer,
3HAYUT, KOPEHb y 3aJaHHOI0 ypPaBHEHUS TOJBLKO OJUH, U 3TUM KOp-
HEM SBJISETCS HalifleHHOe BhHIIIE 3HaueHue X = 1.

B kypce anre6phr 8-ro Kjacca MBI I'OBOPHJM O TOM, KaK, 3Hasd
rpaduk GyHKOUH y = f(x), MOMKHO IOCTPOUTH rpaduK GpyHKIUU
y = f(x + m) + [. BcnoMmHUM, KakK dTO HejaeTcs.

HDpumep 2.ITocrpours rpaduk ¢pyHKmuu y = (x — 1) — 2.

Pere nue. 1) ITepeiizem K BcmoMoraTeJbHOII cucTeMe KOODPIU-
HAT ¢ HauyaJoM B Touke (1; —2) (HyHKTUpHBIE nIpAMEBle X = 1 u y = -2
Ha puc. 109a).

vy 1 y ¥
i
|
|
| y=(x-1)¥-2
T
| |

o 1 > 011 T
|

-————4-—,-—___—____-

-2 | y:..2 -2
|
|
|
Puc. 109a Puc. 1096
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3 . YACNOBbLIE DYHKLMM

2) «IIpuBsoxkeM» (PyHKUMIO ¥y = x® K HOBOH cucreMe KOODIUHAT.
st aTOro BEIGEPEM KOHTPOJIBHBEIE TOUKM AJisA pyHKumu y = x5 (0; 0),
(1; 1), (-1; 1), HO cTpouTh MX OygeM He B CTapoii, a B HOBOI cu-
creMe KoopAauHAT (3TH TOYKM OoTMedeHBI Ha puc. 109a). 3arem uepes
KOHTPOJIbHBIE TOYKHU IIPOBEAEM JIMHHIO, IIOXOXKYI0O Ha Ty, KOTOpas
unszobpakeHa Ha puc. 105, — 3ro u Oymer Tpebyemniii rpaduk
(puc. 1096). Pasymeercs, ecii Ha3bIBATh BEIIU CBOUMHU MMEHAMH, 9TO
3CcKu3 Tpedyemoro rpaduxa. (]

§13. OYHKUMM y = x(n *N),
WX CBOMCTBA M FPADMUKM

ITIpomonkaem paciupaATh Kiaace GYHKIUM, C KOTOPBIMU
HaM HY>KHO, 00pasHO roBODs, IIO3HAKOMUTHCA HAKOPOTKe. B mpexasi-
ayieM naparpade TaKOBBIMHU ObLIM CTEIIEHHbIE QYHKIIUU C HATYypajb-
HBIM IIOKa3aTejieM y = X", a B 3ToM naparpade MbI pacCMOTPUM (YHK-
LU BUAA Y = X", TAe N — HaTypaJibHOe YKcyio. FIX Ha3hIBAlOT CTENEH-
HbIMU (PYHKUMAMHU C OTPHLATEJBHBIM IEJBIM IOKa3aTejieM.
ITo onpegeneHUIO CTEIEHU C OTPUILIATEJIBHBEIM IIOKA3aTeseM

x" = F.
1
IToaTomMy BMECTO 3aIUCH J = X~ MOXKHO HCIOJIb30BATh 3AIIUCH Y =0
Ozny GYHKLMIO TAKOTO BUAA MBI C BAMHM HU3YUHJIHN B Kypce ayre6-
1 .
puI 8-To Kiacca — 3T0 OblIa QYHKUUA Y = <" BaMm u3BecTHBI U CBOIi-
CcTBa 3TOI PyHKLMHU, U ee rpapuxk — runepbona (puc. 110). Crenaem
" 1
CIIeAYIOIIMII 1ar: paccMOTPUM GyHKIU Y = — . HauneM ¢ uccaenosa-
X

1
HUA QYHKUNHN Y = 2 Ha YeTHOCTH, 4YTO, BUAUMO, BaC He YAUBUT.

BcnomMHUTE, Begb U B NpeABIAYIEM naparpage Mbl HAaUYMHAJIU C

KMCIIOJIb30BAHUSA YETHOCTH (PYHKUMU Yy = X M HeUeTHOCTH (DYHKIUU
— 43

y=x°%

1
Hrak, qokakeMm, 4to Y = = Yemuas QYHKYUs.

3aMeTuM IMpeXKJe BCero, uTo 00JIACTh ONpeAeaeHus GYHKUUU —
MHOYKECTBO BCeX AEHCTBUTEJILHBIX UMCEN, 38 UCKIIOUEHUEM 3HAUEHU

1
x = 0; aT0 cuMMeTpuYHOEe MHOMKecTBo. [lamee umeem: f(x) = 2
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3 . YACJIOBbIE DYHKLIMA

Y A
T1
LAk
1
’..
<10 1 x
-1
Puc. 110
1 1
f(=x) = (Tx)_z = -x—z; TakuM 00pasoM, AJIA JIIOOOro X M3 06JIacTH OII-

pezenenusa GYHKIUUU BBIIOJHSAETCSA PaBeHCTBO f(—x) = f(x). Aro 3Ha-
1
YMT, UTO Yy = ~5 — UeTHad byHKIUA.

CBoiicTBO YeTHOCTH (PyHKIUU Y = -xl—z HaM cefiyac OUY€Hb IIPUTO-
gurcsa. Mb1 Begb 3HaeM, uTO rpauK YeTHOH QYHKIUU CUMMETPUUYEH
OTHOCHUTEJILHO OCH OPAUHAT. 3HAYUT, MOKHO IIOCTYIIUTh TaK: PacCMOT-
peThb 3Ty (GyHKIUIO Ha OTKPBITOM Jyde (0; +0°) U mocTpours ee rpa-
(UK Ha yKa3aHHOM Jyde. 3aTeM, UCIOJb3yA CUMMETPHUIO, IIOCTPOUTH
rpadux GYHKUUU Ha BCEH YMCJIOBOU IIPAMOM U C €r0 IIOMOLILIO Iepe-
YHCJUTL CBOMCTBA QYHKIUU IO TOIH cxeme, KOTOpaA ObLjla UCIIOJIb30-
BaHa B IIPeABIAYIIEM Hmaparpade.

1. DyHKUMA y = Xl, x>0

Ho cux mop MbI crpouu rpadhuk GyHKIUU, a IIOTOM I'OBODPHJIH O
ee cBoiicTBax. Ha camoMm peJsie, KaKk MBI yKe He pa3 OTMeUaJId, MaTe-
MaTHKM OOBIYHO CHauyaJjia HUCCJEIYIOT CBOMCTBA (PYHKIMH B COOTBET-
CTBHM CO CTPOTMMU OIpPENEeJEHUAMHU 3THUX CBOICTB, a IIOTOM MCIIOJb-
3YIOT TOJyYEHHBIE PE3YJbTAThI AJA IIOCTPoeHusA rpaduxa. Bel yixe
NpUOOPeIN HEKOTODBIH OIBIT B MCCIAE€AOBAHUYM (QYHKIIUM, BOCIIOJbL3Y-

eMcsA UM [JJIA KCClefOBaHUA QyHKuuUM y = —IT,x > 0. Beegem mpu-
x

BBIUHOE o0o3HaueHUe: f(x)= iz
x
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3 . YACNOBBLIE dYHKLIMA

1. D(f) = (0; +0). TyT obCcyxaaTh HEUEro.
2. ®ynknusa ybwiBaomaa. B camom gmene, mycts 0 < x, < x,;
TOTZA II0 CBOMCTBAM UYHCJIOBEIX HEPABEHCTB IIOCJIEZOBATEJIbHO IIOJIY-

gaeM: x? < x2; xiz > xlz Hrak, us x, < x, crexyer f(x,) > f(x,),
1 2

a 3TO U O3HauaeT yObIBaHUE (QYHKIIUHU.
3. @yHKUUA OrpaHMUYEHa CHU3Y U He OrpaHMuYeHa cBepxy. Orpa-

1
HHUYEHHOCTb CHH3Y CjiegyeT M3 OUEeBHAHOTO HEpPaBEHCTBa — > 0.
X

IIpeanonoxum, 4T0 QYHKLUA OrpaHUUYEHA CBEPXY, T. €. CYIIECTBY-
€T IIOJIOMKUTEJIbHOE Uucjio M Takoe, 4TO IJidA JI000ro x > 0 BBINOJHS-

eTcs HepaBEHCTBO iz < M. Ilyctep x, = 1 . Torpa
x M+1
fr) =+ =1:—1—=pM+1>M.
0 x2 M+1

HWrak, MBI HallJIM TOYKY, B KOTOPOi 3HaueHUe QYHKIUHU GOJIbIlle
yucia M, BOIpeKH HallleMy IIPEeAIIOJIOMEHUI0. SHAUUT, IIPEAII0JIONKE-
HUE HEBEPHO, T. €. GYHKUUA He OrpaHUYEHa CBEPXY.

4. Y GyHKUUYU HET HM HaMMEHbIIIEro, HU HanOOoJIbIIEero 3HaUeHUI.
To, uTo HeT HAaMOOJBIIETO0 3HAYEHUSA, BHEITEKAET M3 HEOTPaHUUYEHHO-
cT QYHKIMU CBepXy. A KaK JOKasaTb, UTO HET HauMeHbIIEero 3Haue-
HUA, Begb CHU3Y-TO QYHKIUA orpaHuueHa? ByaeMm paccyKzaTh Tak.

IIpengnososkuM, 4YTO HaMeHbIlee 3HAUEHUE CYII[ECTBYET. ITO 3Ha-
YHUT, YTO CYILIECTBYET TOYKA X, TaKad, 4TO AJdA Jroboro x > 0 BeImOJ-
HAETCA HepaBeHCTBO f(x) > f(x ). Ho eciu B3ATH TOUKY X, > X, TO, B
cuiy yOblBaHUA (PyHKUMHM, BBIIOJIHAETCA HEPaBeHCTBO f(x,) < f(x,),
YTO IIPOTHUBODPEUHUT HaAllleMy IpeAnojoKeHuno. UTak, QyHKIUS He
UMeeT HauMEHbBIIEero 3HAYeHU.

Teneps mocTpouM rpad®ur GyHKIMHU.

CocraBuM TalbnuLy 3HAUCHUI IJIA 3TOM (PYHKI[MH.

1
2

=
|
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3 . YNCJIOBbIE dYHKLMU

ye yA

41e

1 1

O]l 1 2 3 a’c' ol 1 -:
L1 L
Puc. 111a Puc. 1116

1 1 1
ITocrpoum Touku (1; 1), 5;4 , 12 1) 3; 9 | Ha KoopauHar-

HOM mockocTH (puc. 111a), oHM HaMeUYalOT HEKOTOPYIO JUHHUIO, IIPO-
BeJeM ee, YUUTHIBaA IIOJIyYeHHEIe BHILIE cBOiicTBa 2, 3, 4 (puc. 1116).

2. DYHKUMS y = x2

Jo6aBuB K rpaduky, usobpakeHHOMYy Ha puc. 1116, BeTBb, cCUM-
METPHUYHYIO IIOCTPOEHHOH OTHOCHUTEJIBHO OCH OPAUHAT, IOJYYUM Ipa-

buK QyHKIHUHN Y = ;12— , T. €. y = x2 (puc. 112).

CpoiicTBa dpynxuun y = x2

1) D(f) = (-°0; 0) U (05 +0);

2) ueTHad QYHKIUA;

3) yOnIBaeT Ha OTKPBITOM Jy4de (0; +0°), Bo3pacTaer Ha OTKPLITOM
ay4e (—o°; 0);

4) orpaHuYeHa CHU3Y, He OrPaHUYEHA CBEPXY;

5) HET HM HaMMEHbIIIET0, HU HamOOJbIIIETO 3HAUECHMUIA;

6) HenpepoiBHa nIpu X < 0 (T.e. HA oTKpeiTOM Jyue (—°°; 0)) u
npu x > 0 (T. e. Ha OTKpBEITOM Jyue (0; +09));

7) E(f) = (05 +0);

8) BeinykJia BHU3 1 IIpu X < 0, u mpu x > 0.
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3 . YNCNOBLIE dYHKUKMH

77 N
1
17
\
N
-10] 1 x|
1]
Puc. 112

3. DyHKymus y = x°"
1 1 1
Peur uger o QyHKIuAX Yy = 7' Y= wo Y= LTA I'pa-

1
buk mob60# Takoil GYHKIMH NIOX0K Ha rpadukK QPyHKIUU Yy = ]

1
(puc. 112). OrmeTu™m, 4TO KpuUBad y = S QCUMNMOmuUuecKu npu
6auxcaemces k ocam koopdunam. ['OBOPAT TakKe, 4YTO OChb X (T. €. Ipd-
mada y = 0) ABaseTcsa 20pu30HMaAbHOlU acumnmomol rpaduka QyHk-

1
Uuu Y = 5o, 8 0Chb Y (T. e. mpamasa x = 0) ABIAETCA 8ePMUKAJLHOL

acumnmomoi, 3Toro rpajduka.

4. DyHKumMa y = x 0+ 1)

1 1

Peus uzner o pyHKIUAX Yy = B Y= BT I'padur aroboii

1
Taxko¥ (pyHKIUY Moxok Ha rpaduk GyHKUUM y = 5 (puc. 110).
OTMeTHM, YTO OChb X ABJISAETCS 20PU3IOHMAAbHOU acumnmomoil rpa-

1 .
(uka GYHKOUM Yy = ——, & OCb Y ABJIAECTCA 6EPMUKANLLHOUL ACUMN-
x

momotii 3Toro rpapuka.
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3. YNCSIOBbIE dYHKLIMA

CaoiictBa byrkuun y = x~ @+ 1

1) D(f) = (=905 0) U (0; +0);

2) HeueTHass GYHKIUA;

3) yoniBaeT Ha OTKpPBITOM Jyude (0; +0°) M HA OTKPHITOM Jiyde
(=905 0);

4) He orpaHUYeHa HU CHU3Y, HU CBEPXY;

5) HET HU HAMMEHLILIEro, HM HAUbOJBIIEero 3HAUYCHUIH;

6) HenpepriBHA npu x < 0 u npu x > 0;

7) E(f) = (=05 0) U (0; +o0);

8) BuinmykJa BBepX npu X < 0, BeImykJa BHU3 npu x > 0.

IIpumep 1. Halitu Haumenbiiee u HauboJiblllee 3HAUEHUA

1
GbyHKIUYN Yy = -2 HA 33J[AHHOM IPOMEXYTKe:

1 1
2) [5?3]; 6) ["2? -5); B) [1; +00).
Pemenue. a) Ina yaobecrBa paccyxkaeHuii BBegeM oOo3Haue-

nue: f(x) = % ®yuxknua yoeiBaer npu x > 0, 3HAYUT, HAUMEHb-

1Iero M HauOOJILLIEr0 3HAYEHUH OHA MOJXKET AOCTUTraTh TOJIBKO Ha

KOHI[aX IIPOMEXKYTKa (COOTBETCTBEHHO Ha IIPABOM M JIEBOM), €CJIH,
pasyMeeTcs, aTH KOHIBI IIpMHAAJEXKAT IIPOMEXKYTKY. B paccmarpu-
BAEMOM CJIy4ae

1 1
Yuaue = TB) = g Yps = f(g} = 4.

0) @yukuuA Bo3pacraer npu x < 0, 3HAUNT, HAUMEHbIIIEr0 U HaH-
6oJIbIIIEr0 3HAUEHHUI OHA MOXKET JOCTHUTaTh TOJbKO Ha KOHIIAX IIpPO-
MEXYTKa (COOTBETCTBEHHO Ha JIEBOM U IIPAaBOM), €CJIM, Pa3yMeeTcs,
9TH KOHIbI IPHUHALJIEXKAT IIPOMEKYTKY. B paccMaTpuBaeMoOM ciiydae

y"ﬂﬂM

= f(-2) =7 8 Yy, HE CYIECTBYET (mpaBhBIfl KOHEI HE IIPUHAaJJIe-

KUT 33JaHHOMY NIPOMEXYTKY).

B) C momomrbio rpaduka ¢pyaknuu (puc. 112) ycranasiuBaeM, 4To
Y,0ms HE CYILIECTBYET, 2 Y 1. @&

IIpumep 2. Iocrpours rpapur pyuruum y = (x — 1) + 2.

Pemen ue. 1) IlepeiifeM K BcioMOraTeJbHOH cUCTEME KOODAU-
HaT ¢ HavajsoM B TouKe (1; 2) (myHKTUpHBIE IpAMEBe X =1 n Yy = 2 Ha
puc. 113a).

HAmG

127



3 . YUCJIOBbIE dYHKLIMU

ye Y4
x=1
y=(x-1)y%+ 2
2 [ —t—
y=2
g 1
[9) 1 x
(0] 1 x
Puc. 113a Puc. 1136

2) «IIpuBskeM» QYHKLIHIO Y = X2 K HOBOM CHUCTeMe KOOPJUHAT -
aro u Oyger TpebGyemsblil rpadux (puc. 1136). (]

§14. oyHkuMs y = ¥x,
EE CBOMCTBA M TPAMMK

OnpegeneHue 1. Yucno b HAa3LIBAIOT KyOMYECKUM KOp-

HeM (MJI KOPHEM TpPeThei CTENEeHM) M3 YMCJA d, eCJIU BHIIIOJHSETCs!
paBeHCTBO b = a.

TIumryT: 3/; = b; a — nodxopeHHoe wucao, 3 — nokazameb KOPHA.

Taxum o6pa3oM, paBEeHCTBA 5/; =b,¥=aun (3’/2)3 = @ 5KBUBa-

JIEHTHEI, T. €. BBIPAXKAIOT OJHY U Ty K€ 3aBUCUMOCTb MEXKIY Heii-

CTBUTEJBLHEIMU uMcaaMu a u b. Kopoue 3T0 MOMKHO 3amucaTh Tak:

3/5 =b o bW = a; © — 3HaK IKEUBAJEHMHOCTU.

Hanpumep, 327 = 3, Tak xak 3% = 27; 31 =1, rak xax 1° = 1;
Y0 = 0, rax xax 0°=0; 364 = —4, rax xax (—4)3 = -64; 3/3—2— = —g—,

3
TaKk Kak 31 =27 3§.
2 8

Kybuueckuii KopeHb % CYILIECTBYET AJs Jro00oro umcjaa a. Ito
YTBepKAeHUEe OOKAa3bIBaeTCA B Kypce BuIcIIell maTemMaTHKH. Mbl Oy-
JeM II0Jb30BaThCA UM 0e3 AOKa3aTeJbCTBa. Pe3ysbTaT HM3BJIEUEHUS!
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3 . YACNOBBLIE ®YHKLUMM

KyOHYeCKOro KOPHS CPaBHUTEJIbHO PEJKO OKAasbIBAETCs DALlMOHAJb-
HBIM uucioM. Yallle IOJydYaeTca MPPAlMOHAIBHOE YHMCIO0, JJISA KOTO-
POro MOXKHO HAMTH JHUIIb IPUOIMKEHHOE 3HAUCHHE.

IoxasmeM, s IpUMepa, 4TO 35 — uppanuoHaibHOe umciao. IIpexmo-
m

JIOXKUM IIPOTHBHOE, 9TO 45 — panuoHaIbHOe umcao, T.e. 35 = 22, rpe
n

3
m m
— — HecOKpaTumMasi OObIKHOBeHHaA apobb. Torga | — | = 5, r.e. m3 =5nd
n n

IMocsegHee paBeHCTBO O3Hadaer, 4yro md i 5, T.e. HaTypajbHOe yucjao m?
meaunTcA Ha 5 6e3 ocTarka (HalIOMHHM, YTO CMMBOJI : O3HAYAET «JEJHUTCA Ha»).

Ho aT0 BO3MOXKHO TOrjga M TOJIBKO TOTAA, Korga m : 5, T.e. m = 5k, rae
k — HeKoTOpoe HaTypajJbHoe yucjao. IloacraBuM BbIpa)keHue 5k BMECTO m B
pasenctBo m® = 5n’; moxyuum: (5k)° = 5n3, orkyza n® = 25k%. ITocnenuee pa-

BEHCTBO O3Hauaert, uto nd i 25 u y» rem Gosee n® : 5. Ho rormam n i 5.

WUrak, moaydmau, yro m : 5 u n : 5. Orcioga caegyer, 4To apobb n

n
cOKpaTuMasd (ee YMCJIUTENb M 3HAMEHaTeJb MOXKHO COKPATHTb Ha 5), a aTo
[IPOTUBOPEYUT YCJOBHUIO, COrJIACHO KOTOPOMY m HecOKpaTumas ApoOb.
n
ITosyyeHHOE NMPOTHBOpEYHE O3HAYaeT, YTO Hallle IPeANOJIOKEHHe O pa-

IUOHAJBbHOCTH YHCJa 35 HEBEPHO, T. €. 3TO YUCJIO — HpPpalluoOHaJIbHOE.

ROpeHb TpeTbeﬁ CTeNIeHN M3 IIOJIOHUTEJIBHOTO YHCJjia — IIOJIOXKHU-
TeJIbHOEe YHCJIO, & KOPEHb Tpe'rbeﬁ CTEeNIeH!W 13 OTPHUUATEJIBHOI'O YHC-
Jla — OTpHIATEeJIbHOE YHCJIO. 3ro ciaenyeT U3 TOro, 4YTo Impu BO3BeLe-
HHU B Ryﬁ 3HaK 4YHnCJjia He MEHSAETCH. CHpaBe,Zl.TII/IBO TOXAECTBO

x = -4z

B camoM gese, mycTh i-x = b, a {‘/; = c. Torga b® = —x, a
¢® = x. Orcroga caexnyer, dro b® = —c?, unm b3 = (—c)3. U3 nociaenuero
paBeHCTBA CJIeAyeT, 4To b = —¢, T. e. ¥Y-x = —i‘/— .

IIpumep 1. doxkasars, uTO:

3
a) Yab = 3a - ¥b; o) g2 _Ya (b # 0).
b P
3 3 3

Pemenue. a) Umeem: (3/; . Q/I;) = (%) (3/5) = ab. 3Ha-

YurT, {“’/E . 3/?)- — 3TO0 YHCJIO, Ky0 KOTOPOro paBeH ab. A TaKUM YUCJIOM

ABJAETCA Q/E. 3Hauur, 3/; = {3/; . 5/5

6) JlokaseiBaeTCca aHAJOTHMYHO (caenanTe 3To!). (]

5 Mopaxosud, 9 k1., 4. 1 129



3 . YACNIOBBLIE dYHKUMU

Paccmorpum yHKIUMIO Y = §X , OTMETHM HEKOTODEIE ee CBOHCTBA

u nocrpouM rpadpux. Benem npusbsiuHOe ob6o3HaueHue: f(x) = 3/;

1) D(f) = (—o0; +0°) (peub UET O eCTECTBEHHOM 006J1acTH OIpeneJe-
HUuA QyHKumM — cM. ¢. 87), IOCKOJbKY, KaK Mbl OTMETHUJIM BBIIIE,
KyOm4ecKuil KOpeHb MOJKHO M3BJIeUb U3 JIIOOOTO AeACTBUTE/ILHOIO YHCIIA.

2)y= 3/; — HedeTHadA QYHKUUA. ITO BHITEKAET U3 JOKA3aHHOTO
BhIme Toszecrea I-x = —¥x.

3)y= 3/; — Bo3pacrapmasa GyHKuua Ha jgyde [0; +00),

B camowm pgene, nyets 0 < x, < X,; HaM HaJ0 AOKAa3aThb, YTO TOTAA
u 3x, < $x,. IIpeanosoum NpOTUBHOE, UTO ;ﬁxl > ,3/x2 . Torga mo

3 3
CBOICTBY YMCJIOBBIX HEPaBEHCTB (;’*/x1 ) > (,3/x2 ) , T.€. X, 2 X,, 4TO

IPOTUBOPEYUT YCJIOBMIO. 3Ha‘-II/IT, Hallle IIpeAIoJIoKeHnue HeBEPHO, a

IIOTOMY é/;cj < é/x— .

HUrax, us x, < x, creayer, uro f(x,) < f(x,), a 370 03HaUaeT BO3pa-
craHue QYHKIUU.

4) ®yuKuUa Y = 5’/; He OrpaHHYeHa CBepxy Ha Jyde [0; +00).
IIpeamonosxum mpoTuBHOE: cymiecTByeT uucjao M > 0 Taxoe, 4To AJs
awboro x € [0; +°0) BrImONHAETCA HEPAaBEHCTBO §/; < M. Bospmem

Ha jayue [0; +00) Touky x, = (M + 1)3. Torma f(x,) = J(M + 1) =
=M +1 > M. ATax, MBI HalllIi TOYKY X,, B KOTOPO# BBINMOJIHAETCA
HepaBeHCTBO f(x,) > M. 3TO NPOTMBOPEYUT IPEAIOIOMKEHHUIO O TOM,
410 AndA jboro x 2 0 BBIIOJIHAETCA HepaBeHCTBO f(x) < M. 3Hauwur,
Hallle IPEeAIOJIOXKEeHNEe HeBePHO, T. €. GYHKUUA He OrpaHHYEHa
cBepxy. B To ’Xe Bpemsa oHa orpaHnyeHa CHM3y: Ha Jjyde [0; +°) BuI-
TIOJIHAETCSA HepaBEeHCTBO Q/Z 2 0.

5) HemocpeCTBEeHHBIM CJIEACTBHEM IIPEABIAYIIEr0 CBOMCTBA ABJIA-
ercda cjepyomee cBoiictBo: ¥y =0, y _ He CyIIeCTBYeT.

HauM Haub

ITocTrpoum rpadux dyHKRUUH Y = 3/; Ha Jgyue [0; +00). Cocra-
BUM Ta0auIy 3HAYEHHUH.
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YACNOBLIE dYHKLIMU

ye y
2 12 E—
[ ]
1 +1
- -
o} 1 x o 8x
Puc. 114a Puc. 1146

IToctpoum Touxu (0; 0), (1; 1), (8; 2), [3%; 1,5] Ha KOOPAMHAT-

HO#l miockoctu (puc. 114a); oHM HaMe4alOT HEKOTOPYIO JHHHIO,
npoBezeM ee (puc. 1146). Mbl yuuTeIBaeM IIpU 3TOM U TO, YTO GQYHK-

s Bo3pacTaeT, U TO, YTO OHA He OrpaHH4YeHa CBEpPXYy.

Bocnonb3oBaBIINCH TEM, UTO Y = 3’/; — HeueTHad GYyHKIUUA, KO-
6aBUM K rpaduky, IOCTpOeHHOMY Ha puc. 1146, BeTBb, CUMMETPHUY-
HYIO eMy OTHOCHUTEJbHO Hauasa xoopauHat. Torga moay4yum Bech rpa-

bux GyHKOIUHN Y = 3’/; (puc. 115).
CpoiictBa QyHKIMH Y = i*/;
1) D(f) = (—00; +0);
2)y = 3‘/; — HeueTHasd QYHKUUI;

| v
9 y=x
——"—_
' o >
-8 1 8 x
| _—-’A/%’
i |
Puc. 115
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3 . YACNOBBLIE ®YHKLIMA

3) byskuusa y = Jx Bospacraer Ha BCeli UMCJIOBOHN NpPAMOIL;

4) dyHKIMNA Y = 3’[;; He OrpaHUYeHa HU CHHU3Y, HU CBEPXY;

5) y GyHKIMU HET HA HAaUMEHBIIEro, HU HauOOJIBIIEero 3HaYeHMI;

6) byHKIuA HenpepbIBHA HaA BCEHM YMCJIOBOI IIPAMOIL;

7) E(f) = (-90; +o0);

8) dbyHKuusa BBINYKJa BHU3 Ha (—°°; 0] u BBINYKJAa BBEPX Ha
[0; +00).

IIpumep 2. Pemmurs ypaBHeHUE 3x =10 - x.

Pewmenue Ilocrpous B 0gHOII cHCTeMe KOOPAUHAT I'PadUKU
byaxknuit y = 3/.; uy=10 - x (puc. 116), ybexxzaemcs, 4TO OHHU
mepecekaroTcsa B Touke (8; 2). Tak Kak y = i*/; — Bo3pacTaromias
dbyurnuda, a y = 10 — x — yOniBaromasa ¢GpyHKIUA, TO X = 8 — eauH-

CTBEHHBIH KOpeHb 3aJaHHOro ypaBHeHUdA (cM. c. 120).
OrBerT: x=38.

T}
10
y=10-x
) y=3x
(0]
g
8 10 x
.//
Puc. 116
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3 . YACNOBbLIE dYHKLIMU

VA
x=-1
y=-2
I
y=Yx+1-2
Puc. 117

Il pumep 3.Iocrpours rpadux dpyskmun y = Jx +1 - 2.
Peme H ue. IlepeiizeM K BCcIOMOraTeJbHOH cucTreMe KOODAM-
HaT ¢ HayaJoM B Touke (—1; —2) (IyHKTUpHEIE IIPAMBIE X = —1, y = —2

Ha puc. 117) u «npuBsixkeM» GYHKOUIO Y = &"/; K HOBOI1 cucreMe Ko-
opauHar. Ilonyuum Tpebyemsiii rpadpuk (cm. puc. 117). (]

Il pumep 4. ITocTpours U IPOUYUTATH IrPaduK QYyHKIUM

-2 - x,ecaun x < -1,
y= s
\/;,ec.rmx>—1.

Peure H ue. IlocTpoum npaMy:o y = —2 — X 1 BOBbMEM €€ 4acTh
npu x < —1 (puc. 118). IlocTrpouM rpadpux QyHKIHHU Y = {’/; u
BO3bBMEM €ro 4uacThb Ipu x = —1 (puc. 119). A teneps 00e mocTpoeH-
Hble JIMHWY PACIOJIOMKHM B OLHO# cumcreme KoopAuHaT (puc. 120) —
aT0 u OyzerT TpedyeMslil rpadux.

IIpounTaeM IOCTPOEHHBIN rpaduk.

. D(f) = (=00; +00).

. DyHKIUA HE ABJAETCA HU YETHOM, HNM HEUYETHOH.

. YourBaer Ha (—°0; —1], Bogpacraer Ha [—1; +0).

. DyHKIMA orpaHWYeHa CHHU3Y M HE OIDAaHMUYEHA CBEPXY.
. ¥ byHKIuM HeT HAUOOJbIIEro 3HAYEHHUs, a Yy = —1.

HauM

OU s DN
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3 . YUCNOBbLIE dYHKUKUU

y4 y4
y ==z |
fpam— |
-1
g a8
-2\| 0 x o x
0% C—T=
Y _9 P
N\
N
N\
> x=-1
\\
x=-1 <
| .
Puc. 118 Puc. 119
7y
N\,
1 —T
’.
INFLAO x
2 -1
Puc. 120

6. ®yHKIMA HEIpephIBHA Ha BCEIl UMCJIOBOM IPAMOI.

7. E() =[-1; +). @&

3aBepiiad 3Ty IVIaBy, YIOMSHEM eIlle OJHO CBOHCTBO, KOTOpOE
HHOrAa ObIBaeT IIOJIE3HBIM IIPH HCCIEeIOBAaHUM (MYHKIUU, IPU IIO-
cTpoeHuH ee rpaduka, Npu PellleHNH HEPaBeHCTB IrpaduuecKuM MeTo-
xoM. Peun umer o npomexcymixax 3HAKONOCMOAHCMEA PYHKYUU, T. €.
0 TeX IIPOMEXKYTKaX OCH X, Ha KOTOPbIX ()YHKIHUA COXPaHSAET IIOCTO-
AHHBIA 3HakK. Tak, gaA GyHKIUU, rpadUK KOTOPOI mM300paken
Ha puc. 120, mpomMeXyTKaMM 3HAKOIOCTOSAHCTBA OYAYT: OTKPBITHIH
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3. YACNOBbLIE ®dYHKLUMM

Jay4q (—90; —2) — 3gech GYHKIUA NPUHUMAET II0JOXKUTEJIbHbLIE 3Hade-
Hud; (—2; 0) — Ha 3TOM MHTEepBaje GYHKUMA IPUHNMAET OTPUIATEb"
Hble 3HaueHuA; (0; +00) — Ha 3TOM OTKPBITOM Jyde (GYHKIUA IIPU-
HHMAaeT ITOJIOKHUTeJbHble SHaAYeHUAd.

OCHOBHbBIE PE3YJIbTATHI

e B aT0i#1 riiaBe MBI HaBeJIM OTHOCHTEJbHBINA IIOPALOK B HaUIUX IIpex-
CTaBJEHUAX O QPYHKIUAX, UX CBOMCTBax M rpadukKax, KOTODbIe
CKJaJblBaJIUCh IIOCTEIEHHO B XOA€e M3yUeHHUdA ajaredpnl B 7-M u
8-m KJjaccax.

e Mpul chopmyaupoBadu OUpenEeJeHUd CAEXYIOLINX ITOHATHUI:
¢byHKIUA, 00JIaCTh OIpeeseHus, 00JaCTh 3SHAUEHUH PYHKIUHU;
MOHOTOHHOCTH (Bo3pacTaHue u yObIBaHME) QYyHKIMHU;
OrPDAHUUYEHHOCTh (PYHKLUU CHUBY, CBEPXY;

HauMeHbIIlee ¥ HauboJbllee 3HAYEHUA (HYHKI[MHU;
YETHOCTh M HEUETHOCTb (PYHKIIMU.

e Bnl mozHakoMuINCH C Ppa3iin4YHbIMHA crocobamu SaJaHUA Q!HEEI/II/I,

TaKUMHU, KaK:
aHAJIMTUYECKUll, rpaduuecKuii, TaOJIUIHBIH, CJIOBECHBIIL.

e Brn! y3Hasu HOBHIEe MaTeMaTHYeCKNE TEPMUHBL:
yeTHadA (QYHKIUA, HedeTHada QYHKIIUA;
cTelleHHasA (QyHKIuA.

e Mpb1 BBeJIM HOBBIE 0003HAUYEHUA (HOBBIE CHMBOJIBI MaTeMaTHUYECKOI'O
A3BIKA):
D(f) nna obnactu onpegpenieHnsa GyHKuuu y = f(x);
E(f) pna obnactu sHaueHUH GyHKIUU Yy = f(x).

e Brl y3Hanu HOBBIE MaTeMaTHUYECKHE MOAEIH — QYHKIUHU
y=x",y=x", rie n — HaTypajJbHOE UHUCJO, U GYHKIHUIO y = 3/x ;
paccMOTpeJH UX CBOMCTBA M rpaduKu.

e M= obGcyauian reomerpuueckue ocobeHHocTH rpaduxa:
Bo3pacTaiolleil (yHKINMY, yObIBAIOILE QYHKIINH,
yeTHON (QYHKIIMU, HEUETHOI (hYHKIMU;

OrpaHUYEHHOHN CHU3Y, OrPAaHHYEHHOHN CBepXy (byHKIUU;
HeIIpepbIBHON (HYHKIIUU;
BBINIYKJIOM BBEpPX, BHINYKJION BHU3 (HYHKIIUHU.



TNABA
4 NPOrPECCHMM

§ 15. Yucnossie nocnegosarenbsHOCTH

§ 16. Apugpmerudeckas nporpeccus

§ 17. Feomerpuyueckas nporpeccus
OcHoBHble pe3ynbTarsl

§15. YCnoBLIE NOCNEQOBATENBHOCTH

1. Onpepenenme 4YMCNOBOM NOCNEROBATENbHOCTH

PaccMoTpum deThipe (GYHKIMM:
Dy=2x% xe [0;1]; 3)y = x%
2) y = x%, x € [0; +0); 4)y=x% x € N.

Onu 3agaHbl OGHOM U TOH 2Ke (opmyson y = x%, HO objacTu ompene-
aeHUus (GpyHKUumi pasnauusbl. B nmepBom ciayuae D(f) = [0; 1]. Bo Bro-
pom — D(f) = [0; +°0). B TpeTbeM — oOusiacThb onpeneseHus GyHKIIUN
He ykasaHa. CorziacHo melicTBylolleil B MareMaTUKe LOrOBOPEHHOCTH
roagpasyMeBaeTcsa, 4TO B 3TOM caydae D(f) coBmazaer ¢ 00acThio
ompejesieHUA BbIPDAYKEHU, 3aJaiolero GyHKIuio, T. e. ¢ 00/1acThio OI-
peneneHusa BbipaykeHus x?: D(f) = (—o0; +00). HakoHel, B 4eTBePTOM
caydae 006J1aCThIO onpeneaeHUA GYHKIINMY ABIAETCA MHOXKecTBO N Ha-
TypanbHBIX yuces: D(f) = N. I'pabuxku 3tTux QyHKIUHA 1300pakeHbI
Ha puc. 121—124 (B pasauuHBIX Macirabax).

Corsiacurecs, 4To IepBble TPU (PYHKIMHU 0oJiee IPUBLIYHBI AJ15 Bac,
He)Keau derBepTas. Ha IpoTsAKeHUU TpeX JieT U3YUYeHUA aareOpnl B
IIKOJIe Mbl PacCMaTPUBAJIM caMble PasHble (PYHKIMU, HO 00JIaCTHIO UX
oIIpezesieHUS IPAaKTUYECKH Bcerga Obla KaKOH-1100 TPOMEIKYTOK MJIN
o0'beIVHEeHNe HECKOJbKHUX IIPOMEKYTKOB, a IpaduK (PYHKIIUM COCTOSN
13 OLHOI MU HEeCKOJIBKUX CILJIOUIHBIX JUHUMA. A Kak 00CTOUT LeJjo ¢
yeTBepToii QyHKuuMeir? Ee obsacTh onpeneneHUs — MHOMKECTBO Ha-
TypPadbHBIX UMCEJ — COCTOUT M3 OTHEJbHBIX TOUEK (MaTeMaTHKHU Io-

136



4. NPOrPECCHA

BODAT: M3 M30JMPOBAHHBIX TOYEK); COOTBETCTBEHHO U IpaduK QPyHKIMN
COCTOMUT M3 OTAEJbHBIX TOYEK. BOZHMKAaeT BOIPOC: a HYKHO JU M3Yy-
yaTh QYHKIIUY, 3aJaHHbIE HA MHOKECTBE HATyPaJbHBIX YKCEJ, BCTPE-
YaIOTCA JIU OHU B PEAJbHOM JKM3HW; TOYHEEe, BCTPEYAIOTCH JIM CHUTYya-
uuy, MaTeMaTuueCKUe MOJEeJU KOTODPBIX MPEACTABJAIOT CO00M (QYHK-
guu ¢ ob6JsacTbio onpegeneHuda N?

yh 9 A Yy
: /
: /
. 4 }
1
/
4 1
0 1 1l ol
I O] 1 2 3 x
Puc. 121 Puc. 122
YA || ya
\ y=x 16
\ :
\ / .
\ / :
4 o1 |4
\ / o N
1 1 d' ) i
o] 12 3 4l 1234 "
Puc. 123 Puc. 124
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4. MPOrPECCHH

Benmomuum 3apauy us yuebHuKa «Anrebpa—7». Ha cxkiage umeercsa
500 T yrag, xaxaslil geHb moaBo3AT o 30 T. CKoMbKO yrias Oyzer
Ha CKJaje 4depe3 JeHb, 2 AHA, 3 mHA, 15 mgueit u T. 1.? Ecam 3a x
NIPUHATH YUCJIO HHeH, a 3a Yy — KOJMUYeCTBO yrid (B TOHHaxX), TO
MaTeMaTHYeCKO MOZEJbIO CUTyaluu OyzeT JuHelHHasa (GYHKIUA, 3a-
IaHHasa Ha MHO)XecTBe N HaTypaJIbHBIX YHCEJ:

y = 500 + 30ux, x € N.

Eme npumep. Ha 6anKoBCcKHMi cueT monoKuIN @ p., 6aHK exxeMe-
cAYHO HauucasaeT p % . CKOIbKO JeHer Ha CUeTy CTaHeT dYepes MecHll,
2 mecAna, 12 mecaunes u T. 1.7 OKaseIiBaeTcs, MAaTEMaTUUYECKOI Moje-
JIBIO 3TOH cUTyauuy CIYKuT GYHKuMA y =a - 2¥, x € N; sgechb y —
cymMMa BKJaga (B pyOasix), X — UHCJIO IIOJHBIX MECAIEB, IIPOIIET-
IINX C MOMEHTA OTKPBITHUA CYeTa, & B — HEKOTOPHIIl IIOJIOYKUTEb-
HBI K0a(h(duIeHT, cBA3aHHbIN ¢ 0AHKOBCKHUM IIPOLIEHTOM P (00BIYHO
KCIIONb3YIOT HpUOIMIKeHHYI0 dhopmyay k = 0,014p).

OTBeT Ha IMOCTABJIEHHBII BOIIPOC MbI MOJYUYMIN: QYHKIMU, 3a0aH-
Hble Ha MHOXKECTBe HaTypaJbHbIX uuces (y = f(x), x € N), HyKHO
U3y4aTh.

Bmecto damucu y = f(x), x € N, 0oOBIYHO HCIIOJB3YIOT 3aIIUCh
y = f(n), goroBopuBIINCH Pa3 U HaBCETa IIOAPa3yMeBaTh B 3TOil 3amnu-
CH, UTO apryMeHT n — HaTypajbHoe uucio (n € N). B paccmorpesn-
HBIX BBIIIE IIPUMeEpax:

BMecTO Yy = x%, x € N, MOKHO 3anmucars y = n?

BMecTo y = 500 + 30x, x € N, moskHO 3anucars y = 500 + 30n;

BMecTO y = a - 2%, x € N, MOKHO 3amucathb y = a - 2%,

W eme BOT 0 yeM AOTOBOPHUJINCH MaTeMaTUKH: ecau y = f(n), To
Bmecto f(1) Oynem mucats y,, BMecTo f(2) — y,, Bmecto f(3) — y,,
BMecTO f(n) — y, u T.A. 3HaueHuA GYHKUUHU Y = f(n) MOoxHO 3anu-

catb nocaedosamenvHo ogHo 3a apyrum: f(1), f(2), f(3), ..., f(n), ...
Wi¥, B COOTBETCTBMM C YKA3aHHOH BRIIIE JOTOBOPEHHOCTBIO, Y., Y,»
Ygs ++s Y, ... . Hanpumep, faa dyHKuMM y = n® uMeeM:

y,=1=1;

y,=2=4;

y,=3=9;

y,=4*=16ur. 1.
ITony4yeHHbIe 3HAUEHHUS MOXKHO 3allHUCATh NOCaedo8amesbHO OLHO 3a

IPYTHUM:
1, 4,9, 16, ..., n?%, ....
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4. NPOrPECCUN

Yucao 1 B 9Toi 3ammucu HAXOOUTCS HA IEpBOM MecTe, 4 — Ha BTO-
poMm, 9 — Ha TperbeM, 16 — Ha yeTBepTOM, a n? — Ha n-M MecTe.

Onpeaenenue 1. ®ynxnuio y = f(x), x € N, HaselBaOT yHK-
uHell HaTypaJbHOT0 apryMeHTa UK YUCJIOBOM IMOCIe0BATEIBbHOCTHIO
U 0003HAYAIOT Y = f(N) MK Y5 Yy Ygs oes Yps oev -

3HaueHus y,, Y, Y, (4 T. 1.) HA3LIBAIOT COOTBETCTBEHHO NEPBbLM,
emopuvim, mpembvum (A T. 4.) waeramu nocaedosameavrocmu. B cum-
BOJI€ Y, YHUCJIO N HA3BIBAIOT uHOeKcoMm, KOTOPHII 3ajaeT MOPALKOBBIN
HOMED TOT'0 MJIM MHOTO 4jeHa mocjegoBaTenbHocT. MHOTAA As1s 060-
BHAYEHUA II0CJIEeJOBaTEeJbHOCTH MCIOJb3YeTCHa 3amuch (Y, ).

MHorotouus B 0003HaYeHUY ITOCJIeJOBATEIBHOCTY (MMeeTCs B BULY
BAMUCD Y, Y,s Ygs +++s Y,» +-.) OBHAYAIOT, UTO [IPABEE Y, PACIIOJIATAIOTCS
NaJbHEHMIINe UJIeHbl [IOCJIEN0BATEIbHOCTH (y4, Ygs Yg B T. I.), pAIOM C
Yy, HaxogATcs (& B cIyvae HeOOXOAUMOCTH U 3alIUCHIBAIOTCA) Y, _ , (cte-
Ba)u y, ., (copasa). Uneny y, _, mpeauiecTsyer y, _,, a 3ay caeny-
ery,,,u T. O.

s o6o3HaueHUs YJIEHOB IIOCJIEeLOBATEIbHOCTH MOTYT MCIIOJIB3O-
BATBCA PA3IUUYHBIE OYKBBI: X, X, Xgy eees X5 oeny WIHA @), Gy Ggy ooy
a,..,umb,b, by, ...,b,.. 1T 0.

Kak usBecTHO, QyHKIMA MOXKeT GBHITH 3afjaHa PABIMYHBIMHU CIIO-
cobaMu, HanpuMep aHAJUTHYECKH, rpaduuecKy, CJIOBECHO U T. I.
(cMm. §9). IlociegoBaTeIbHOCTH TOMKE MOJYKHO 3aqaBaTh Pa3IUYHBIMU
crocof6aMu, cpeiu KOTOPBIX OCOGEHHO BaYKHBI TPHU: GHAAUMUYUECKUIL,
CA08€CHbLIL I PeKYPPEHMHDbLIL.

n-1 n+1

2. AHanMTHMYECKOe 3ajjaHue
nocnefoBaTenbHOCTH

T'oBopaT, uTO mMOCIEIOBATENILHOCTh 33JaHa AHAAUMUYECKU, €CIIU
yKasaHa GopmyJa ee n-ro uieHa y, = f(n).

ODpumep 1.y =n? OT0 aHaTuTHUECKOE 3aJaHUe MOCJENOBA-
reapHOCTH 1, 4, 9, 16, ..., n?, ..., 0 KOTOPOM ILIJIa PeUb BHIIIE.

VYKazaB KOHKpPETHOe 3HAaUYeHue 7, HeTPYAHO HANTH UJIeH IIOCJIemo-
BATeJbHOCTH C COOTBETCTBYIOUIMM HoMepoM. Eciau, Hanpumep, n = 9,
T0 Y, = 9% T.e. y, = 81; ecmu n = 27, 10 Y,, = 277 T. €. Y, = T29.
HanporuBs, ecjau B3AT onpeaeieHHBLIM 4YJIEeH ITIOCJeLOBATEJIbHOCTH,
MOXKHO yKa3aThb ero Homep. Hanpumep, ecau y = 625, To us ypaBHe-
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4. NPOrPECCHU

Hua n? = 625 HaxoguM, 4To n = 25. ITO 3HAUUT, YTO Uucja0 625 Haxo-
AUTCA Ha 25-M MecTe 9TOH II0CJIeIOBATEILHOCTH.

1
IHpumep 2.y = (—1)"; . Ameem mociezoBaTebHO:

1
b= § =L
1 1
=(=1)2 . — = =+
yz_(l) 2 2,
Ceps i L
y3_(—) ¢ 3—_3a

| =

1
=(=1) . = ==
y4_(1) 4 4°

Taxkum o0pasom, IOJy4YaeM IIOCJIEZOBATEJILHOCTh

S O U |
) 2;"3’ 4’---’(_)n,....

3amMeTuM, YTO ITY K€ IOCJIEAOBATEJIBLHOCTh MOYKHO OBLIO 3axaThb
aHAJIWUTHYECKHN B BUJe KycouHO# dyHKuuu y = f(n), rge

1
fm=1 ;'

—, €CJIn n — YeTHOEe HaTypaJIbHOE€ YHCJIO.
n

, €CJIM N — HEeYEeTHOE HaTypPaJIbHOE YHCJIO;

Kaxk u B npegpigyniem npuMepe, HeTPYAHO HATH YJIEH IIOCJIeJ0Ba-

1 1
TEJIbHOCTHU C 3alaHHBIM HOMepoMm. Hampuwmep, y,, = "37°8Ys= 13-
MIpumep 3. y, = C. 9T0 3HAUMUT, UTO Pedyb MOET O IOCjeAoBa-
reasHoctu C, C, C, ..., C, ..., KOTOPYIO Ha3bIBAIOT CMAYUOHAPHOLL.

IIpumep 4. y, = 2", 9TO0 aHaAJIUTHYECKOe 3aJaHue IIOCJIeJOoBa-
TeJpHOCTH 2, 22, 23, 24, ..., 2", ... .

Kax Buaure, 3Haa ¢opmMyJay n-ro ujeHa II0OCJIeLOBaTeJIbHOCTH,
HeTPYAHO HaiiTu ee NEPBLIil, BTOPOi, TPETHUII YJIeHBI U BOOGIIE JII000¥
YjieH ¢ yKasaHHBIM HoMepoMm. I'opaszo TpyAHee, HO 3aTO M MHTEpPeC-
Hee pelllaTh O0OPATHYIO 3afauyy: yra o bl B & T b BO3MOKHYIO (OpMy-
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4. NPOTrPECCHH

JIy n-TO 4JjieHa IOCJeJOBATEILHOCTH, AJIA KOTOPOH yKasaHO HEeCKOJIBKO
HavaJabHEIX 4jeHOB. IIpuBemeM mpumeps! Takoro yragbiBanuda. IIpu
3TOM IIPUXOAUTCH NIPEAI0JaraTh, 4YTo oOHapyKeHHaA 3aKOHOMEDPHOCTh
npucyia Bcell mmociiefoBaTeNIBLHOCTH.

MDIpumep 5. 1,3,5,7,9, ....
3meck y, = 2n — 1 (moCeROBaTENBHOCTL HEUETHBIX UMCE).

IIpumep 6. 2, 4,6, 8, 10, ....
3nmeck y, = 2n (I0oCI€N0BATENLHOCT YETHBIX YKCEN).

IIpumep 7. 4, 8,12, 16, 20, ... .
3gech y, = 4n.

IIpumep 8. 7,11, 15, 19, 23, ... .

Kaxxgpiit ueH 3Toi IOCIEZOBATEJLHOCTH Ha 3 0OJbIIE COOTBET-
CTBYIOII[Er0 YjieHa IOCJEefOBATEJbHOCTH M3 NPEALIAYINEro ImpuMepa.
3uauur, y =4n + 3.

Ha puc. 125 uzobpaxen rpaduk nociegoBareabHocTd y = 4n + 3,
T. e. rpaduk pyHKnuu y = 4x + 3, x € N. OH cocTOUT U3 TOUEK IIpsi-
Mot y =4x + 3 c abcuuccamu x =1, x =2, x=3 u 1. 1.

YA !

191

o ~d.

154

~

114

S
=~
DN
“r
I

Puc. 125
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4. NPOrPECCHM

2 3 4
IIpumep 9. 1°2°9°

3xech Y, = n;;l (poBepbTe!).
IIpumep 10. 1, 2, 4, 8, 16, 32, 64, ... .

3pece y, = 21,

3. ChoBecHOe 3agaHMe NocnefoBaTeNnbHOCTH

CYTB 3Toro cmocoba 3amaHusd mocjgenoBaTeJIbHOCTH IIOACHHM Ha

npumepe. VYI3BecTHO, UTO \/E = 1,41421... . C 3TuM uppayuoOHaJb-
HBIM UMCJIOM MOJKHO CBSI3aTh PAa3HbIE IOCJEAOBATEIbHOCTH:

1) mocsief0BATENBHOCTD JECATUYHBIX MPUGIMMKEHNT YHCIa 1 2 110
"Hepocratrky: 1, 1,4, 1,41, 1,414, 1,4142, 1,41421, ...;

2) mocJyef0BaTeIbHOCTD JEeCATUYHBIX MPUOIMKEHNN Ynca \/5 o
us3beiTKy: 2, 1,5, 1,42, 1,415, 1,4143, 1,41422, ...;

3) mocJieoBaTeIbHOCTh AECATUYHBIX 3HAKOB umciaa 1,41421...:

1,4,1,4,2,1, ....

Bo Bcex Tpex ciydasix IMPaBHJIO COCTABJIEHMS ITOCJIEL0BATEIbHOCTH
oIlMcaHo cjoBaMu (He QopMmyJsioit).

Eme ofuH mpuMep — IMIOCJIELOBATEJIbHOCTDH IMPOCTBHIX YMCEJI:

2,3,5,7,11, 13,17, 19, 23, 29, ... .

ITocnenoBarenbHOCTE 3aZjaHa CJIOBECHO.

HaxoxzaeHrne aHaJIMTUYECKOrO 3aJaHUSA IOCJIELOBATEJIbHOCTH IO
ee CJIOBECHOMY OIMCAHUIO YacTo OBIBAET CJIOMKHOM (a MHOTZA U Hepas-
pemtumoit) 3amadeil.

4, PeuyppeHmoe 3ajlaHMe nocnefoBaTteNbHOCTH

BaKHBIH 1A NPUIOIKEHUH CIIoco0 3amaHus [OCJIeL0BATEJIbHOCTH
COCTOHUT B TOM, YTO YKA3bIBAETCA NPABUJLO, N0380LAI0ULEe BbILUCIUNMD
n-ii wien nocnedogamerbHOCMU, eCal U3BeCMHbL ee Npedvliyujue YaeHbL.
IIpu BRIYMCIEHNM YJIEHOB IIOCJIEL0BATEJIbHOCTH II0 3TOMY IIPABUJIY MbI
Kak GbI Bce BpeMs BO3BpaliaeMcsa Hasal, BbIICHAEM, YeEMY PaBHBI IIpe-
AbIgyIIue ujaeHbl. Takoil croco6 3agaHuA IOCJIeL0BaTeJIbHOCTY HA3bl-
BaIOT peKyppernmHuuim (OT JaT. recurrere — Bo3Bpaliarbca). darre Bcero
B TAaKMUX CJIy4YasiX YKasblBalOT (OpMYJy, IHO3BOJAIOIIYIO BHIPA3HUTh
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4. NPOrPECCHM

n-ii 4JIeH MOCJIeJOBATEJIbHOCTH Uepes IpebIAYIINe, M 3aJaI0T OFUH-
IBa HaAYaJbHBIX WiIeHAa mocJjefoBaTeJbHOCTH. IIpuBegeM HpuMephI.

IMIpumep 11. y, =3;y,=y,, +4,ecun=2, 3,4, ...
HMupiMu ciioBamu, n-il 4ieH II0OCJIELOBATEJIbHOCTH IIOJIYYAETCS U3 IIpe-
geigyiiero (n — 1)-ro uieHa npubaBjeHneM K HeMy uucja 4.

Nmeem: Yy, =3;

Y=y, +4=3+4=T7;
Y; =y, T4=7+4=11;
y,=y,+4=11+4=15ur. Aa.

TeM caMBIM IOJIyYaeM IIOCJIELOBATEIbHOCTD

3, 7,11, 15, ... .

3aMeTHUM, UTO ATy IOCIEJOBATEJIBHOCTh HETPYLHO 3aJaTh AHAJIUTH-
yecku: y, = 4n — 1 (uposepbrel).

MHIpumep 12.y =3;y,=2y,,, eciu n = 2, 3, 4, ... . UuniMnu
CJIOBAMH, N-# UJIEH IOCJIeAOBATEILHOCTH IOJYUAETCH U3 IPEABILYIIEro
(n-1)-ro ujeHa YyMHOXX€HUEM ero Ha 2.

Hmeem: y,=3;

Yy, = 2yl =2.3=6;
y,=2y,=2-6=12;
y,=2y,=2-12=24ur. a.
TeMm caMbIM IOJIyYaeM IIOCJIEAOBATEIBHOCTD
3, 6,12, 24, ....
3aMeTHuM, YTO U 3JeCh HEeTPYIHO NMepedTH K aHAJIUTHUYECKOMY 3ama-

HUIO IIOCJIeI0BaTeNbHOCTH: Y, = 32"~ ' (mpoBepbTel).

Mpumep 13. y =1 y,=L;y =y, ,+y,_ ,,ecmun=3,4,

5, ... . UHRIMU ciOBaMu, n-il 4JeH II0CJIeZ0BATEeJIbHOCTH PaBEH CyMMe
IBYX IPEAIIECTBYIOLINX €My UJIEHOB.
Nmeem: Yy, = 1;
Y, = 1;

Yy,=y,ty,=1+2=3;
Y=Y, +y,=2+3=5;
y5=y4+y5=3+5=8 u T. I.
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4. MNPOTPECCHH

Tem caMbIM ITOJIyYaeM IIOCJIEZOBATEBHOCTD
1, 1, 2, 3, 5, 8, 13, 21, 34, 55, ....

ATy MOCJIEAOBATEJIbHOCTh CIEIMANILHO N3YYaloT B MaTeMaTHKE, I10-
CKOJIBKY OHa 00JiazaeT IEeJHIM PAAOM MHTEPEeCcHbIX cBoicTB. Ee Ha-
3EIBAIOT nocJsedogamenvHocmuvio PuboHayyy — MO UMEHU UTAJbAH-
cxkoro marematuka XIII B. 3agaTes mociemoBaTesbHOCTh PuGOHAUUH
PEKYPPEHTHO JIETKO, 8 aHAJUTUYECKH — TPYAHO (OHa 3ajaeTrcdA C IIOo-

1 [(1+8] (1-BY
2 :

Mombio opMyssl Buné: y, = — -

NG 2

Cpenu peKyppeHTHO 3aJaHHBIX ITIOCJIEJOBATEJIbHOCTEH 0C000 BBI-
JeJIAIoTCA ABa HauboJsiee MPOCTHIX U B TO JK€ BPEMSA BaXKHBIX CJIydad.

Ilepseiii cryvaii. YKas3aH NepPBLIA WIEH ITOCIeJ0BATENbHOCTH Y, = a4
U 3a/1aHO PeKYDPPeHTHOe COooTHoweHue y =y _, + d (a u d — uucna),
rnen=2,3,4, ...

Bropoii ciyyaii. YKaszaH nepBblif 4ieH OCIEA0BATENIbHOCTH Y, = b
¥ 33[aHO PEKYPPEHTHOE COOTHOIIEHUE Y =Y - q (buq — uyucia),
rzen =2, 3,4, ...

B nepBoM ciiydae roBopfAT, YTO 3aJaHa apugpmemuieckas npozpec-
cusa (cm. Beiure npumep 11, sgecy a = 3, d = 4). Bo BTOpOM ciydae
roBOPAT, YTO 3aJaHa zeomempuueckas npozpeccus (CM. BBILIE IIPU-
mep 12, 3gecy b = 3, ¢ = 2). IlogpoOHee 0 mporpeccuax peysb MOHAET
HuKe, B §16 u 17,

n-1

5. MOHOTOHHBIE NoCcnefoOBaTeNbHOCTH

YucsoBad IOCIEAOBATEJBHOCThE — YAaCTHBIN Cciydail 4MCJIOBOM
(GyHKIHHN, a IOTOMY HEKOTOphIe CBOIcTBAa (hYHKIMII pacCMaTpPHUBAIOT
M AJIA TocjaemoBaTesibHocTe. MBI orpaHMYMMCS 30€Ch JIMIIbL CBOI-
CTBOM MOHOTOHHOCTH (O APYIHMX CBOMCTBAX UMCJIOBEIX IOCJIEAOBATEb-
HocTell peub noiger B 10-m Kiacce B Kypce «Anrebpa 1 Hauajia MarTe-
MaTHYECKOro aHaJIM3a»).

Onpeaenernme 2. IlocnenoBaTeabHoCTs (y,) HA3LIBAIOT BO3PAC-
Tapume, ecau KaKablil ee uwieH (Kpome mepBoro) 6oJblie Ipe-
OBIAYIIEro:

Y, <Y <Y; <Y, < ... <y <yY,,; <.
Onpesenerne 3. TlocnenoBarenbHOCTs (y,) Ha3hIBAIOT yOBIBA-
IOIIeH, ecIn KaKIblil ee WieH (KpoMe IIePBOro) MEHbIIe IPeabIAYIIEero:
Y2 Yo Z YU Yy ” e 2 Yy 7 Y 7 e s
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4. NPOTrPECCHH

Bospacramoiue n yObIBaIOIIE IOCIELOBATEILHOCTH O00BEINHAIOT
00IIMM TEPMHUHOM — MOHOTOHHBIE IOCJIEN0BATEIbHOCTH.

IIpumep 14. 1,3,5, 7, ..., 2n-1, ....

ATo BO3pacTawllasa MOCJeL0BATEJIbHOCTD.

1 1 1 1
IIpumep 15. 1, -, 3 g e
ATo yOBIBAIOIAs MOCJIELOBATEILHOCTD.

1 1 1 1
IIpumep 16. 1,——2-, 3T -1, Ry

JTa mocjeI0BaTEILHOCTD He ABJAETCA HU BO3paCTAaIoIel, HU yObI-
Barolell (HEMOHOTOHHAs IIOCJIELOBATEJIBHOCTD).

IIpumep 17. y =2

Peus uger o mocaegosaresnHocTH 2, 4, 8, 16, 32, ... . 9ro Bo3pa-
CTaoIas [0CJIeL0BATEIbHOCTD.

Boobwe, ecau a > 1, mo nocaedosamenvrocms y, = a* 603pa-

cmaem.
ln
IIpumep 18. y = (g) .

1 1
s 970 BLY e 10 yOBI-

o=
|-

Peus uger o mocsieoBaTeJIbLHOCTH

’
BamwIasa nocjaeqoBaTeJIbHOCTbD.

Boobte, ecau 0 < a <1, mo nocredosamenvhocms y = a" yoviéa-
em.

§ 16. APUDMETHUECKAS MPOrPECCMUS

1. OCHOBHbIE NOHATHA

OnpegenexHue. UuciaoByio MmOCIeOBATENIBHOCTD, KaK-

IOBI{ YJeH KOTOPOil, HAUMHAA CO BTOPOrO, PaBeH CyMMeE IpeabIAyIie-
ro 4jeHa M OJHOTO M TOTO JKe umcja d, HasbIBalOT apudMeTHdecKoit
nporpeccueii. IIpu sToM umcsio d Ha3KIBAIOT Pa3HOCTBHIO IIPOT'DECCUM.
Takum o6pasoM, apudMernyeckas Oporpeccus — 3TO YUCJIOBAs
IIOCJIeJOBATeNIbHOCTD (@,), 3aJaHHAA PEKYPPEHTHO COOTHOILIEHUAMMU:

a=a, a=a _,+d
n=2,3,4,..)

(@ u d — 3ajaHHbBIE YHKCJA).
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4. MPOTPECCHN

MoskHO Ju, IIggs Ha YHCJIOBYIO IIOCJIEZOBATEJIbHOCTH, OIpene-
JIUTh, ABJISIETCS JIX OHA apudmMeruueckoii mporpeccueit? Moxto. Eciiu
BBl yOeZUJIHUCH B TOM, UTO DPA3HOCTh MEXAY JIOOBIM YJEeHOM
IOCJIEZOBATEJLHOCTH U MPEAIIECTBYIOIIUM €My YJIEHOM IIOCTOSHHA
(r.e.a,-a,=a,-a,=a,—-a,=...), To nepes BaMd — apupmeruyde-
cKad nporpeccusi. Pagymeercs, npu 3ToM IIpeAIoaraeTcs, uro o0Ha-
PYy’KeHHas 3aKOHOMEPHOCTH CIIPaBeIJINBA He TOJbKO AJIA ABHO BHIIH-
CaHHBIX YJIEHOB IIOCJIEJ0BATEJbLHOCTH, HO U AJIA BCEH IIOCJIef0BaTE Ib-
HOCTHU B I1I€JIOM.

MIpumep 1. 1,3,5,7,9,11, ....

9ro apupmeTHdeCKasa NPOrpeccus, y KOTopoii a,

IDIpumep 2. 20, 17, 14, 11, 8, 5, 2, -1, 4, ... .
9ro apumernyecKas mporpeccus, y Koropoit a, = 20, d = -3.

IIpumep 3. 8§,8,8,8,8,8, ....
9dro apumernvecKas Iporpeccus, y Koropoit a, = 8, d = 0.

]
-
U
]
o

OuyeBHUAHO, YTO aApuUpMEeMULECKAA NPOZPECCUl ABIAEMCA 803
pacmarwuweil nocredogamenvnocmuio, ecaiu d > 0 (cm. mpumep 1), u
yowviearoweli, ecau d < 0 (cm. mpumep 2).

Hsi 0603HAaYEHUS TOrO, YTO MOCJIEAOBATEILHOCTD (Q,) ABJIAETCA
apudmeruyecKoil mporpeccueii, nHorga GniBaer ygoGHA CjeAyIoOIasd
3aIHUCh:

+ A Ay Qgy oey By een
3HaUOK -+ 3aMeHsieT CJIOBOCOUYETAHME «apu(MeTHUYeCKas IMPOrPeccusi».
Ecinu B apudmeTrnuecKoil mporpeccut OT6POCUTL BCE UJIEHBI, CJIe-
AYIOIIYE 38 KAKUM-TO KOHKDPETHBIM 4JIEHOM IIOCJI€AOBATEILHOCTH, Ha-
IpuUMeDp 38 @ , TO MOJYUYUTCA KOHEYHAA APUPMEMULECKAA NPOZDECCUS
+a, ay, A ...y Q.

n

WNBorga B KoHeuHOM apudMeTHUECKOil mporpeccuu yAoOHO 3aIlMChI-
BaTh He TOJIBKO HECKOJILKO YJIEHOB B Hayajle, HO ¥ HECKOJbKO UJIEHOB
B KOHIle, HAIIDUMeEpP TaK:

+a,0, 0, .0 _, 0 4.

B panmpHelmmx nmyHKTax aToro maparpada paccMorpum Haubosee
BaJsKHbIE CBOMCTBa apu(MeTHUYECKOil IIPOrpecCcui.
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4. MPOrPECCHH

2. MopMyna n-ro YneHa apmMMeTHYeCKOH NPOrpeccum

Croco6 3agaHus apu(pMeTUUECKOM Iporpeccuy, 0 KOTOPOM HUAET
peub B ompejelIeHUH, SABJIAEeTCA PeKypPpeHTHhIM. Bo MHoOrux ciyua-
AX OH HeyAOOeH: YTOOBI BHIYMCIUTD, HAIPUMED, 4, , HaJ0 IpeABapu-
TeJIbHO HaliTu npeguiecTsyiomue 99 4jieHoB mocjae0BaTeJIbHOCTH. ITY
BBIUMCJIMTEJIbHYIO Pa00Ty MOMKHO CYIIIeCTBEHHO YIIPOCTHUTD, €CJIUN yAa-
cTes HaliTu GopMyJsy n-ro 4jaeHa, T. €. IepeiiTu K aHAJTUTHUYECKOMY
3aJaHUIO0 apU(METHUYECKOM IPOrPEeCcCUM.

PaccmoTpuM apugMeTHYECKYIO IPOTPECCHIO A,y Ay, Qygy ovy A s oo
¢ pasHocThio d. Umeem:

a, =a,
a,=a, +d,
a,=a,+d=(a +d)+d=a, +2d,

18]
I

=a,td=(@,+2d)+d=a, +3d,
a,+d=(a,+3d)+d=a +4dur. g

1S}
Il

HerpyzaHo gmoragarbcs, 4To AJis JIFOOOrO HOMEDA 7 CIIPABEIJIMBO pa-
BEHCTBO

( an=a1+(n—1)d.) 1)

910 Popmyna n-20 yaeHa apuphmemurecKoil npozpeccuu.

BaxHoe 3ameuvaHmne. «HetpypHo porapatbcs», «MOMXHO coobpa-
3UTb» M T. . — 3TO CTUIUCTMHECKHE OBOPOTbl M3 O0BNacTU MHTYULMM,
AOragku, osapeHus. PazymeeTtcs, MaTeMaTMKM MMM MONb3YHOTCS, HO B OC-
HOBHOM 115 OTKPbITUS KaKMX-TO HOBbIX (PAKTOB, a He ans ux 06OCHOBaHMS.
®opmyny (1) Mbl «npouyBcTBoBanM», Ho He obocHosanu. Mpueegem (ans
MHTEPECYIOLUMXCS) AOKA3aTeNbCTBO.

Ecm n=1, 10 g, = a, + (1 — 1)d — BepHoe paseHcTBO, T. €. ¢op-
myna (1) gna n = 1 BepHa.

Mpeanonoxum, uto bopmyna (1) BepHa Ans HaTypanLHOro uMcna
n=k, T. €. NPeAnoNoXM1M, 4TO BEPHO paBeHCTBO a, = a, + (k — 1)d. [oka-
KeM, 4To Torpa dpopmyna (1) sepHa u ans cnepyroLEero HaTypanbHOro YMena
n=k+1,7.e. pokaxem, yto a, ., = a, + kd.

B camom pene, no onpepeneHuto apuMETUHECKON NPOrpeccum
a,,,=a + d. Nanee umeem:

«
ak+1:ak+d:(a|+(k—1)d)+d=al+kd.
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4. MPOrPECCHH

A Tenepb cmoTtpute: gns n = 1 dopmyna (1) BepHa (3To mbi npose-
punn). [lanee mbl gokasanu, 4to ecnu popmyna (1) sepHa ans n = k, 1o
oHa BepHa 1 ans n = k + 1. Bocnonb3yemcs atum: copmyna (1) sepHa
ans n =1, 3Ha4MT, OHa BEPHa M QNS N = 2; TaK KaK OHa BepHa gnsa n = 2,
TO OHa BepHa u ans n = 3 u 1. A. 3HaumT, bopmyna (1) BepHa ana noboro
HaTypanbHoOro uucna n.

MpuBegeHHbIM MeTOA PacCyAEHMM HOCHUT Ha3BaHWME «METOJ4 Mmare-
MATHHECKOH HMHAYKUMM»,

Ilepenumem ¢Gopmyay n-ro ujeHa apudMeTHUECKOH IIPOrPEecCHH
a,=a, +(n-1)d B Buze a, = dn + (a, — d) u BBefieM 0003HAUEHUS:
a,=y, a —d=m. loxyunm: y = dn + m, uiu, noapobuee,

y=dx + m, x €N.

3HauuT, apupMETUYECKyI0 IIPOrpecCUI0 MOMKHO pPaccMaTpuBaTh KakK
AuHelnyo pynryuio (y = dx + m), 3adanuyo Ha mHoiwecmaee N Ha-
mypanvHblX Yuces. YriaoBoil KoaddumueHT 910 JUHENHHON QyHKIMN
paBeH d — pasHocTHu apudMerndyecKoil nporpeccuu. Ha puc. 126 cxe-
MaTu4YeCcKu m3o0pakeH rpaduk apudMeTHUecKoil mporpeccuu (mis
caydas, Korga d > 0) — usoJupoBaHHBIE TOUKM Ha MPAMOI ¢ abciuc-
camux=1,x=2,x=3ur. A
Bepremcs k mpumepaM 1 u 2, pacCMOTPEHHBIM BBHIIIIE.
1,3,5,7,9,11, ... . 3ro apudMeTnUecKas Iporpeccus, y Ko-
Topoit a, = 1, d = 2. CocraBuM hopMyJy n-ro ujieHa:
a,=a, +(n-1)d;
a=1+(n-1)-2

a =2n - 1.
n
YA
ot
m —
% e T
12 & v
0'# >
o I 2 6 9 |«x
Puc. 126
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4. NPOrPECCHH

(3ameTum, uTo 9Ty (hopMysy HETPYAHO OBLIO yrajgaTh, IVIgfsa Ha 3a-
JAHHYIO ITOCJIeL0BATEJIbHOCTh HEUETHbIX uucea 1, 3, 5, 7, ....)

2) 20, 17, 14, 11, 8, 5, 2, -1, -4, ... . T0o apudMeTHUECKAA IIPO-
rpeccus, y Koropoit a, = 20, d = -3. Cocrasum GOpMyJy n-ro 4ieHa:

a =a +(n-1)d;
a =20+ (n-1)-(-3);
a,=23 - 3n.
IIpumep 4. [Haua apudpmeruueckas Iporpeccus
A, Ay Qgy eeey Ay one
a) UasectHo, uto a, = 5, d = 4. Haiitu a,,.
6) UssectHo, uro a, = -2, d = 3, a, = 118. Haiitu n.

B) UssecTHo, uto d = -2, a,, = 83. Haiitu a,.
r) UssectHo, uro @, = 7, a, .= —35. Haiitu d.

P e m e H u e. Bo Bcex ciyuyasix B OCHOBE DeIIEHU JIEXKHUT (op-
MyJia n-ro 4jieHa apuPMeTHUEecKOoil IIPOrpeccuu:

a =a, + (n-1)d.

a)a,, =a,+21d=5+21-4=89.
0)a,=a, +(n-1)d;

118=-2+(n - 1)-3;

118 = 3n - 5;

n=41.
B) a,.= a, + 38d;

83 = a, + 38-(-2);

a, = 159.

r) a.=a + 144d;
-35 =17 + 14d;
14d = -42;
d=-3.
OrserT:a)a,=2389; 6)n=41;8)a, =159 ) d=-3.

IIpumep 5. Ilpu gerenuu AeBATOro 4WieHa apudMeTHUYECKOMN
IIPOrpeccHy Ha BTOPOIl ee UJIeH B YACTHOM IIOJIyYaeTcs 7; IIpH JeJIeHUH
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4. NPOrPECCHH

IEeCATOro 4jieHa IPOrpecCHuM Ha ee NATHIM YIeH B 4acTHOM IIoJyda-
ercsa 2 u B ocrarke 5. Hailtu nBagmarelil 4jleH 9TOM IIPOTrPECCHUH.

Pemexnue. [lepBriiit aran. Cocmasnenue mamemamuieckoil
modenu.

VYcmoBuA 3agauu MOXKHO KPaTKO 3alHUCcCaTh Tak:

1) = Ay Ay Agy ooy Ay e 3

2) a,="Ta,

3)a,, =2a, +35.

Bocrnonb3oBaBiuch (HeCKOJBKO pas) ¢GopmyJioi n-ro uieHa apub-
MEeTUYECKOH ITPOTPECCHU, MOJYyUUM:

a, = a, + 8d,
a,=a, +d,

a,=a,+9d,
a,=a, +4d.

Toraa Bropoe ycioBue 3agaus (a, = 7a,) MOKHO 3anucaTh B BUAE
a, +8d="Ta, +d),
T. €.
d = 6a,.
Tperbe ycnosue sagauu (a,,= 2a, + 5) MOXKHO 3anucarb B BUIe

a, +9d =2(a, +4d) + 5,
T. €.
d=a, +5.

B urore noaydaem oueHb IIPOCTYIO CHCTEMY ABYX JHHEMHBIX ypaB-
HeHuil ¢ AByMs NepeMeHHbIMHU a, U d:
d = 6a,
d=a +5,
KOTOpas B COYETAHHUM C 3allMCAHHBLIM BBIIIE yCIoBueM 1) u mpencras-
asier coboif MaTeMaTUYEeCKYyI0 MOJEJb 3aJauH.

Bropoii aran. Pa6oma ¢ cocmasnenHoil modenvio.
Pemus cucremy, moayuum: a, = 1, d = 6.

Temepps MBI MOYKEM 3amuCcaThb apU(METHYECKYIO IIPOTDECCHUI0
1, 7, 13, 19, 25, 31, ... .
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4. NPOrPECCUMMH

Tpetuii aran. Omeem Ha eonpoc 3adauu.
Tpebyercs BLIYUCIHTD 4, UmeeMm: a, =a, +19d =1+ 19-6 = 115.

Orser: a,=115.

3amevaHmne. B paccmoTpeHHOM Npumepe peub LWNa O KOHKPETHOM
martemaTtnyeckon mogenu — apudmeTuieckon nporpeccum. MNepebi atan
PeLUEHUs Mbl Ha3BanM, Kak OBbIMHO, «COCTaBNEHWME MaTeMaTHHECKOW MO-
aenu». Mony4aeTcs, 4TO Mbl COCTaBMNM MaTeMaTHUECKYlo Mogenb pns
martematnyeckon mogenu. Kak aro noHumars? [leno B Tom, 4to npu pe-
LEeHMM 330,34 OYEHb HacTO MPMXOOUTCA 3aMEHATb OOHY MaTEeMaTHYECKYo
mogenb gpyrom, 6onee npocton. Tak obcTout Aeno u B pacCMOTPEHHOM
3apade: MaTemaTHHecKylo mofenb, odopmneHHyto B Buge ycnosun 1),
2) u 3), Ham yganocb 3ameHuTb bonee NPMBLIYHOM MOAEnNblO — cucTe-
MOM YPaBHEHHM.

3. dopMmyna CyMMbl YNIEHOB KOHEYHOM
apndMeTHYeCKOM Nporpeccum

IlycTs maHa KoHeuHas apuGMeTHUYECKAsA MIPOrPECCHU

+a, 0,08, ...,a,_, 04 _,a,.

-1 n
O6osnaunm uepes S, CyMMy €e UJIE€HOB:

S =a +ta,+ta,+...+ta, _,+ta _ t+a,.
PaccMoTpuM KOHKDeTHBIH mpumep oTeicKanufa S . JlaHa KoHeu-
Hasa apudmeruueckas nporpeccus 1, 2, 3, ..., 98, 99, 100. Cymmy ee

YJIEHOB BEIUMCJIUM CJIEAYIOLIUM 0GpasoM:
Sp=1+2+3+..+98+99 +100=
=(1+100)+(2+99) +(3+98) + ...+ (50 + 51) =

= 101 + 101 + 101 + ... + 101 = 101-50 = 5050.

50 CIaraeMBIX

IIpumepHO Ta Ke MAedA HUCIOJb3YeTCA [JIA BBIUUCIEHUA CYMMbI
YJIEHOB IIPOU3BOJIbHOM KOHEeYHOH apudmMeTHuecKOd Iporpeccuiu.
[y Hayasa 3aMeTHM, YTO

a,ta, _,=a ta,.
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4. NPOrPECCHH

B camom gmesne, 1o ompezesieHHI0O apU(METHUYECKOM IIPOrpeccuu

a,=a, +d, a,, =a, - d. 3Hauur,

a,ta, =(@,+d)+(a,-d)=a, +a,.
AHaJIOTHYHO MOYKXHO YCTAHOBHUTDb, UTO

a3+an_2=a2+an_1=al+a’l

u BoOOIle cymma uJaeHa, Haxo0au,ezoca Ha k-m Mecme om Haua.ua
KOHeuHOll apupmemuyecKoll npozpeccuu, U 4iera, Haxo0au,ezoca Ha
k-m mecme om ee KOHUG, PABHA CYMMe NEPE0z0 U NOciedHezo0 YaeHOs
npozpeccuu: a, +a, _, ,=a, +a,.

Teneps Bpiuucaum S,. Umeem:

S =a,+a,+a,+...+ta,_,+a, _,+a,

n
S =a,+a, +ta, ,+..+a,+a,+a,.

n 2

C0KUB 9TH JBa PABEHCTBA, IIOJYYUM:
28, =(a,+a)+(a,+ta,_)+t(a,+a, _,)+..
w.t(a,_,ta)+(a,_,+a)+(a+a).

B npaBoii yacTu paBeHCTBA 1 Ilap cJaraeMbIx, Kajkgas rapa, Kak
MBI YCTAHOBUJIM BBILIE, PaBHa a, + @,. 3HA4HT,

28, =n(a, + a);

S = n(a, + an).
" 2

ITO GopMyaa CyMMbL NepeévlxX N YJaeH08 apupmemuieckKoil npo
zpeccuu.
IIpumep 6. Hanma KomeunHas apud)MeTHUYECKAA IPOrPECCUA
a, a, a; ..., a.
a) UssectHo, uto a, = 5, d = 4, n = 22. Haifitu S, 1. e S,
6) 3BecTHo, uTO a,=7n=38, S8 = 140. Haiitu d.
Pemenue. a) Umeem: a,, = a, + 21d = 5 + 21-4 = 89.

3Hauur, 822 = .M

=11-(5+89) =1034.
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4. NPOrPECCHMH

6) Cuavasa HaiineMm a,. Hnmeem:
8(a, + a,)

’

S, = 3
140 = 4(a, + a,);
140 = 4(7 + ay);
35="T+ag
a, = 28.
A Tenepp MpuMeHMM K a, GOPMYJy 1-TO WieHa apudMeTHUecKOn
IpOrpeccuu:

a8=a1+7d;
28 =7+ 74d;
d = 3.

Orser: a)S,=1034; 6) d = 3.

IIpumep 7. HaiiTu cyMMy BceX YETHBIX TPEX3HAYHBIX YUCEJI.

Pemen ue. Peub uger o cymme 4IeHOB KOHEUHOH apudmeTuye-
ckoif mporpeccuu 100, 102, 104, ..., 998. V¥V aroit mporpeccuu
a, =100, a, =998, d = 2. Hy’kHO BLIYUCIUTE S, HO AJIs ITOrO CHAYa-
Jla HaJO Y3HaTh, Y€MY PaBHO 7, T. €. CKOJIbKO YJIE€HOB COZEPKUTCA B
YKa3aHHOH KOHEUYHOH apudMeTHUecKO#l IMpOrpeccuu.

HMmeeMm mociieZOBATEIBHO:

a=a, +(n-1)d;
998 =100 + (n - 1)-2;
998 = 2n + 98;
n = 450.

HUraxk, a, = 100, n = 450, a, = 998. Hawa 3ajaua — BBIYUCIUTH
S, 1. e S, Umeem:

450
S, = 450@, *+ a0) _ 995 (100 + 998) = 247050. @
2

WHorpa okasblBaeTcA I0JIe3HOM HECKOJIbKO BHUAON3MEeHEeHHas (op-
MyJia CYMMBI 71 YJIEHOB apudMeTH4ecKoil mporpeccuu. Ecau B ¢op-
MyJe A S, y4ecTb, 4To a, = a, + d(n — 1), To nory4um:
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4. NPOrPECCHU

IIpeumymecTBO 3TO# (HOPMYJBI COCTOMT B TOM, UTO S, MOXHO
BBIYKCJIUTD, 3HAA @, U d U He BBIYMCIAA 4.

IIpumep 8. Typucr, gBurasch 110 CHJILHO Il€PECEUEHHOH MeCT-
HOCTH, 3a nepBbIif yac nmytu npomrea 800 M, a 3a KaKAblil clenyio-
My yac MpPOXOAMJI Ha 25 M MeHbIIe, 4eM 3a npeablgyiui. CKoJbKO
BpeMeHH OH IOTPaTHJ Ha Bechb IyTb, paBHEIN 5700 m?

Pemenue. IlepBuiit aran. Cocmasrenue mamemamuyeckoil
Mmodeau.

3a mepBbIi uyac Typuct npomrea 800 M, 3a BTopoit — 775 M, 3a
Tpetuit — 750 M u T. . MaTeMaTHUYeCKON MOZAEJIBLIO ABJSETCA KOHEU-
Haa apudMeTHUyecKas IIPOTrpeccHs

+a, a, a,; ..., a,
y xotopo#t a, = 800, d = -25, S, = 5700. Hano naiitu n — Bpema
JIBHKEHUA Typucra (B yacax).
Bropoit sran. Paboma ¢ cocmagnrenHoll modenvio.
Bocnosibayemca Bropoi#t dopmystoi gia S :
S = 2a, +d(n-1) .
n 2
2-800 - 25(n-1) .
3 H
64 - (n-1)
2
(00e yacTu ypaBHEHMs pasmeamsd Ha 25);
456 = n(65 - n);
n? — 65n + 456 = 0;
n, =8, n,=>5"7.

?

5700 =

228 = n

Tperuit aran. Omeem na onpoc 3adauu.

CupamuBaeTcsi, CKOJIBKO BpeMeHHu ObLI B rtyTu TypucT. [To cMeIcTy
3ajavyy M3 ABYX HalileHHBLIX 3HAYEHHH 7 BbIOMpaeM nepBoe: n = 8.
IIposepsitte: 800 + 775 + 750 + 725 4+ 700 + 675 + 650 + 625 =
=5700.

O T B e T: Typucr ObLI B IyTH 8 4acoOB.
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4. NPOrPECCHA

4. XapaKTepucTHyeckoe CBOMCTBO apMMeTHYEeCKOM
nporpeccmn

ITycte mana apudMeTHUECKasA MPOTPECCHA @), Ay, By ey A5 oon
Paccmorpum Tpu ee dieHa, caeqyioliue OPYr 3a APYroM: @, _,, @,
a,,, HM3BecTHO, UTO

a,-d=a,
a +d=a, .

CJI0K¥B 9TH PAaBEHCTBA, MOJYIUM:

an—l+an+1

a"=—_2—o

ITO 3HAUUT, YTO KAMKABI UIeH apudMETHUECKOM IPOrpeccHuH, Kpome
nepBoro (¥ mocjegHero — B CIy4ae KOHEUHOH IIPOIpeccu), paBeH cpel-
HEeMY apudMeTHUYECKOMY IPEIIIECTBYIOIET0 U ITOCIEIYIOIIEro UIeHOB.

Bepro u o6parHoe: ec/u IocjIe0BaTeIbHOCTD (a,) TAKOBA, YTO JJIA
106010 7 > 1 BBIMOJIHAETCA PABEHCTBO

a = an—l+an+1
(O 2 ’
TO (an) - apmpme'mqecxaa mporpeccus.

B camowm fesie, mociaeqHee paBEHCTBO MOYKHO II€perucaTh B BHIE
=a, ., ,-a,.

an - an -1 %n+1

3Jto 3Ha4YUT, B YaCTHOCTH, UYTO (12 - al = a3 - (12, a3 - az = a4 - aa
u T. O Nupivu CJIOBaMH, PAa3HOCTb MEXIYy JIIOOBIM UJIEHOM nocJseno-
BaTeJIbHOCTHU U IIPEILIECTBYIOIIIUM €My Bcerga ogHa U Ta e, a 9TO U
O3Ha4vaeT, 4TO 3aJZaHa apmpme'rnqecxaﬂ Imporpeccusd.

TeM caMbIM MBI JOKa3aJIH CIEAYIOIIYIO TEOPEMY.

Yucnoeasa nocnedoeamenbHocmd A8AAEMCA APU-
MemuuecKkol npozpeccueii mozda u moavko mozda,
Koz0a Kaxcovlil ee unen, kpome nep6ozo (u nocned-
Teopema Hez0 — 6 cyuae KOHeiHOU nocredoéamenrbHocmu ),
pasen cpednemy apudmemuieckomy npeduecm-
8youLezo u nocredyoujezo wienoé (xapaxmepucmu-
yecKoe C60ilcmeo apupmemuveckoll npozpeccuu ).

IDIpumep 9. IIpu KakoMm 3HaueHVH X yucaa 3x + 2, 5x —4 u
11x + 12 006pas3yoT KOHEUYHYIO apu(PMETHUYECKYIO IIPOrPEecCHo?
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4. NPOrPECCHM

P e m e H u e. CorstacHO XapakTepUCTUUECKOMY CBOMCTBY 3aJaH-
Hble BBIPDAKEHHUA HOJIKHBI YIOBJIETBODPATHL COOTHOILIEHUIO
Bx + 2) + (Llx + 12)
3 .

5x-4 =

Perrast a3T0 ypaBHeHne, HaXOOUM:
10x — 8 = 14x + 14;
x = -5,5.

IIpu sTom 3HaueHuM X 3afaHHBIEe BeIpaKeHus 3x + 2, bx - 4,
11x + 12 npuHMMAaOT COOTBETCTBEHHO 3HaueHus —14,5, -31,5, —48,5.
10 apudmMeTnyecKas Iporpeccud, ee pasHOCTb paBHa —17.

OrserT: x=-5,5.

§ 17. rEOMETPMUECKAS NPOFPECCHS

Hns ynobcrBa uurarenda 9ToT maparpad CTPOHTCA TOYHO
II0 TOMY XKe ILJIaHy, KOTOPOr0 MbI IPHUAEPXKUBAJIHNCH B IPEALIAYIIEM
naparpade.

1. OCHOBHbIE NOHATHA

OnpeaeneHue. YucioByio I0CIeL0BATEIbHOCTD, BCE YIEHBI KO-
TOPOM OTJIMYHBI OT HYJIA U KaKIbI¥ 4JeH KOTOPOi, HAaYMHadA CO BTO-
pOro, MOJIyYaeTcsa U3 IMPEIBIAYIIEero 4jeHa YMHOMKEHHEM ero Ha OJHO
U TO 2Ke YHCJIO ¢, Ha3bIBAIOT reoMeTpUYecKoii mporpeccueii. IIpu aTom
YHCJIO ¢ Ha3bIBAIOT 3HAMEHATeJeM IIPOI'DeCCHH.

Taxkum o0pa3oM, reomMerpuuecKasi IPOTPECCHA — ITO UHUCIOBAA
nocjefoBareabHOCTh (b)), 3aJaHHAsA PEKYPPEHTHO COOTHOLIEHUAMHU:

b=b, b=b_,q
(n=2,3,4,..)

(b u ¢ — 3apmaHHBIe yucia, b # 0, ¢ # 0).

MoskHO s, IIAAS HA YUCJOBYIO IIOCJIENOBATEJIbHOCTh, OIpene-
JINTh, ABJSIETCA JIM OHA reoMeTPUUecKoi mporpeccueii? Moxuo. Eciu
BBl yOeJUJIXCh B TOM, YTO OTHOILIEHHUE JIIO6Oro ujeHa I0CJeL0BaTelb-
HOCTH K IpPeAbIAyIeMy 4YJeHy NOCTOAHHO (T.e. b, : b, =b, : b, =
=b,: b, =...), To Iepes BaMH — reOMeTPHYECKAs IIPOTPeCcCUs.
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4. MPOTPECCHM

IIpumep 1. 1,3,9, 27,81, ....
9dr0 reomerpuuecKas nporpeccus, y Koropoi b, =1, ¢ = 3.

I s 33 83 3
pumep . ’ 94, 8, 16,...-

1
ITO reoMeTpUYECKAs IPOrpeccHsd, y KOTopoit b, = 3, ¢ = PR

I 3. 5 -1, &, —, =, -1
pumep o. » =L 5 T 1250 T35’ vt
ITO reoMeTpPUYECKAs NPOrPeccHs, y KOTopoii b, =5, ¢ = —% .

IIpumep 4. 8,8,8,8, 8,8, ....

IT0 reomMeTpHUECKas NPOrpeccus, y KoTopoi b, =8, ¢ = 1.

3amMeTHM, UTO 3Ta IIOCJIEJ0BATEJbLHOCTD SABJISAETCA U apudmeruye-
CKoi1 nporpeccueii (cMm. npumep 3 ua § 16).

IDIpumep 5. 2,-2,2,-2,2,-2,....

9TO reomMeTpUYeCKas MPOrpeccus, y KoTopoit b, = 2, ¢ = ~1.

OueBUIHO, UTO 2e0MeMPULECKAs NPOZPECCUA ABILIEMCA 603PACMAIO-
weli nocaedosamenvrocmoio, ecau b, > 0, ¢ > 1 (cm. mpumep 1), u
yovieawwel, ecau b, > 0, 0 < ¢ <1 (cm. npumep 2).

st 0603HaUEHUS TOTO, YTO IOCJIEA0BATENBHOCTS (b)) ABIsAETCA reo-
MEeTPHUUECKOI mporpeccueii, mHOra ObIBaeT yA00HAa ClIeAYIOIAasa 3aIlUCh:

2B, by, by ey b

3HAUOK X 3aMEHSEeT CJIOBOCOUETAHHE «eOMETPUUYECKAN IPOrPEeCCUsi».

9 see o

n

OTmMeTHM OZHO JIIOOOIBITHOE CBOMCTBO reOMETPHUYECKOM Iporpec-
cHH.
Ecau nocanedosamenvrocms

by, by byy eeey by oo

ABNACMCA 2e0MeMPULECKOl npozpeccueil, mo u nocaedosamenrbHOCMy
Keadpamos, m. e.

B, B, b5, s B, s,

ABNACMCA 2eomempuyecKoil npozpeccueil.
¥ BTOpOIi reoMeTpUYECKOIl IPOrpeccuy NepBblil uieH paseH b?,
a 3HaMeHaTeJb pPaBeH ¢°.
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4. NPOrPECCHH

Ecin B reomerpuueckoil nmporpeccuy OTOPOCUTh BCE WJIEHBI, CJe-
aymomue 3a b, TO MOJYIUTCA KOHEUHAA 2e0MEeMPUUECKA NPOZPECccUs

By, by by wees b, b, b

B paspHelImx myHKTax 3TOro maparpada MbI PACCMOTPHM Hau-
0oJiee BaXKHBIE CBOMICTBA reOMETPHUYECKOI IIPOrPEecCHUH.

n-2 “n-1°

2. MdopMyna n-ro YneHa reoMeTpPM4eCKoM Nporpeccum

Paccmorpum reomerpuyeckyo mporpeccuio b, b,, by, ..., b, ... co
3HaMeHareneM q. meem:
b=b,,
b,=b4q,
b,=b,g = (b,9)g=b,¢%
b,=bq = (b,g*)q=b,¢%
by=b,q = (b,g°)g=bg" ur. x.
Herpyzauo morajgaTbcs, UTO AJS JIOGOr0 HOMEpA 71 CIPaBeAJIHUBO

PpaBeHCTBO
b, =bg . )

910 hopmyna n-20 uaeHa 2eo0mMempuiecKoll npozpeccuu.

3ameuanne. Ecnu Bbl npounu Ba)kHOe 3amedaHne M3 npepbifyLiero
naparpacda M noHsnu ero, To nonpobyite pokasate dopmyny (1) meto-
AOM MaTEMaTM4ECKOM MHAYKLMM, NopobHO Tomy Kak 3To Bbino caenaHo
Ans POPMYTbl N-FO YneHa apUdPMETHHECKON NPOrpeccum.

I[Iepenumiem ¢opMyJay n-ro dieHa reoMeTPUUYECKON IIPOrpeccuu

b, =b,g"" ' B BUZIE .

b =1, q"
q

n

b

u BBezieM o6o3HaveHud: b =y, — = m. [lonyuum: y = mq", uam, noa-
q

pobHee,

y=mqg*, x €N.
ApPrymMeHT X COZEpyKHUTCA B IOKAas3aTese CTENeHM, II03TOMY TaKyIo
G YHKIIMIO HAa3bIBAIOT N0KA3AMENbHOU. S3HAYNUT, TeOMETPHUUECKYIO IIPO-
rPECCHI0 MOYKHO pacCMaTpHUBaTh KaK NOKA3aAMeJNbHYI0 QYHKUUIO, 3a
Oarnuyo Ha mHoxdcecmee N nHamypaavHboix yucen. Ha puc. 127a n3o6-
paxkeHn rpaduk ¢yskuum y = 2*, x € N, a Ha puc. 1276 — rpadux
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4. NPOrPECCHA

y} YA
o 1}
. 0
sl |2 "
M "
4| I "
2] I
¥ <
cded-a4 | > e . $-0-0
O[1b 34 % ol 1| 2] 3| 4| 5| 6
Puc. 127a Puc. 1276

1 X
dysrmuum Y =| 5 | , x € N. B oboux ciayuaax uMeeM H30JIMPOBAHHBIE
2

Touku (¢ abcuuccamu x = 1, x = 2, x = 3 u T. 4.), JeKallue Ha HEKO-
TOpOIi KpUBO# (Ha 000MX PUCYHKaX OpeACTaBJIeHa OfHA M Ta Ke KpH-
Basl, TOJILKO II0-PA3HOMY DAaCIOJIOKEHHasA U M300pa’keHHas B PasHBIX
MaciuTabax). ATy KPUBYIO Ha3bIBAIOT 9KCNOHeHMOl (3aMeTHM B CKOO-
KaxX, YTO 3TOT TEPMHH HaM yiKe BCTpeuaycd — cM. KoHen § 9). Iloa-
pobHee 0 MOKa3aTeJbHON! QYHKUMHK K ee rpaduKe peub MOHAET B Kyp-
ce ajareOpbl ¥ HayajJ MaTeMaTHYeCKOro aHajmsa B 11-M Kiacce.

BepreMcsa kK npumepaM 1—5 u3 IpeabIAYINEro IMyHKTA.

1)1, 3,9, 27, 81, ... . 3T0 reoMeTpHYECKad IIPOTPECCHUs, ¥ KOTO-
poit b, = 1, ¢ = 3. CocraBuM GopMysy n-ro ujieHa:

b =1-3-1,meb =3

3 3 3 3
2) 3, 5> 2’8’16 """ 9To reoMeTpuUUecKas IIpPOrpeccud, y Ko-

1
Topolt b, = 3, ¢ = 5 CocraBuM (opMyJIy n-ro 4JeHa:

ln—l
(1)
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4. MNPOrPECCHH

1 1 1 1
3) 5, -1, 5° "25° 125° 625° ' ° 3ATo reoMeTpuUUeCKad IIPO-

1
rpeccus, y KOTOpo# b, = 5, q = -5 CocTraBuM GOpMyJy n-ro ujeHa:

1 n-1
(4

8, ..., 8, ... . 9TO reomeTpHUUeCKas IIPOTPECCUa, ¥ KOTO-
q = 1. CoctaBuM GOpPMyYJay n-ro djeHa:

b =8-1""1 T.e. b =8
n n
(uTo, BIpoueM, OBLIO SICHO C CAMOTO HauaJja).

5) 2, -2, 2, -2, 2, -2, ... . 9TOo reoMeTpHUYeCKasa NIPOTPECCHUJ,
y Koropoit b, = 2, ¢ = -1. CocraBum ¢opmy.Iy n-ro 4jieHa:
b,=2-(-1)"1.
IIpumep 6. Jana reoMmerpuyecKas IPOrpPeCCHUs
by by byy ey by e
2
a) UssecTHoO, uTO b, = 3°9= -3. Hafitu b,.

6) UssectHo, uT0o b, = 3, ¢ = 2, b, = 1536. Haiitu n.
B) UssecTHoO, uTO q = -2, b, = =512, Haiitu b,.

7
r) UssectHo, uto b, = 14, b, = 32" Haiitu q.

Pe e ue. BoBcex ciydasix B OCHOBE PEIEHHUA JEKHUT Gop-
MyJia n-TO 4jieHa TeOMETPHYECKOIl IIPOTPECCHUM:

b =bgq

wln

a) b, =bq° =

6) b, =b,g"" 4
1536 =3-2"-1
512 =2"-1,
Tak xkak 512 = 2°, To monyuaem: n — 1 =9; n = 10.

- (-8)° = -162.

B) b, =b, -q%
-512 = b, - (-2)
b, = -8.

1
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4. NPOTPECCHH

r) b, =b, -q%
£ 6.
32 ~ 1443
1
6 — — &
7= %4’
1 1
g=5 mwmg=-g. L]

IIpumep 7. YKaszaTh B 3alaHHOIl reoOMeTPUUECKO#l IIporpec-
CHHM HOMeEpAa TeX UJIEHOB, KOTOpHIe OOJIbIllEe 3aZaHHOrO umcJa A:
a)l, 3,9, 27, ..; A="729;

333 .,_3.
0222 a-3y
B) b =100[l) cA= 1

n 5 2
r)b1=%,q=\/§;A=51x/§.

Pemenwne. a) 3uece b, =1, ¢ =3,b =bg""!'=3"""' Ham
HY)KHO YKasaTh TaKue HOMeEpa 7, OJid KOTOPBIX BBIIOJHAETCSA Hepa-
BeHCTBO 3"~ !> 729, 3ameuaem, uto 3¢ = 729, 7. e. npu n = 7
3"~ 1= 1729. ITocKoabKY 3aJaHHadA IIPOrpeccus — BO3pacTalolas, pu
n > 7 ee ujeHsl OyAyT Ooible 729.

2 {2
Ham Hy»KHO yKasaTh Takue HOMepa N, OJIA KOTOPBIX BBIITOJIHAETCSA
1 3 1 1

3 n-1 n-1
- | = > —, T.e.|= > —. ,
HEepaBeHCTBO 2 (2] 64 T. € (2) 32 3ameuaem

3 (1Y
6)3;lec1>bl=§,q=.;_, bn=b1q”'1=—‘(—) .

32 2] ~ 32°
ITockonbKy 3aflaHHAaA IMporpeccus — yObIBaromiasa, npu n < 6 ee

1Y 1 S|
uTo | 5 = ——, T.e. npu n = 6 ©UMeeT MECTO PABEHCTBO | = =

3
yjeHbl OyayT GoJblie 4"
B) Peub uzieT 0 HaTypasibHBIX perneHusax Hepasencersa 100 - (
1Y 1
=1 > —=.
T e (5) 200

6 Mopakosuy, 9 xa., 4. 1 161

ot =
N——
3

\



4. NPOrPECCHUH

BrinmuiieM HECKOJBKO HAYaJbHBIX UYJIEHOB ImocJgaeg0BaTeJIbHOCTH
n
11.
X, = (g .

ﬂCHO, YTO JIMIIb II€EpBbl€ TPH YJI€HA 9TOM IIOCIeA0BaTEJLHOCTH

1 1 1 1 1

60 1
JIBIIIE 200 *

n-1
I‘)311ect,bl=—;—’, q= \/E, b, = %(\/E) .

Ham nyxHO yKasaTs Takue HOMepa N, IJA KOTOPHIX BBIIOJHSETCA Hepa-
n-1
BEHCTBO % . (\/5) > 5\/5.

HOCJIe,E[OBaTeJIbHO IIoJy4yaem:

(V2" > 1543;

(2) ,
5 > 1542;

(\/_2_),; > 30.

0 2 Y
3aMeuaeM, 4TO (\/ﬁ)l = ((\/E) ] = 2 = 32, sHauurt, npu n = 10 BuI-

n
TIOJHSAETCA HEPABEHCTBO (\/_2_) > 30. Tem Gosiee OHO BHINOJHSETCA IIPU

9
n > 10. Ecau B3ates n = 9, TO (\/E) =2 = 2¢/2 = 162. Tak xax
\/5 < 1,5, T0 16\/5 <16-1,5, T. e. 16\/5 <24, um yx Tem O0oJjee

n
16\/5 < 32. 91O 3HAUYUT, YTO IpHu n = 9 HEPABEHCTBO (\/5 ) > 30 He BBINOJ-
Haerca. Tem GoJiee 0OHO He BHINIOJHSAETCA NpU n < 9.

OrBeT:a)n>7;6)n<6;B)n=1,2,3;r)n = 10.

IIpumep 8. PasHocTh Mexay ceabMBIM M IATHIM YJEHAMH
reoMeTpUYECcKOi porpeccu pasHa 48, cymMMa IATOrO U IIIECTOTrO die-
HOB IIpOrpeccHM TaKxke paBHa 48. HaiiTm apeHagmaThlil ujeH 3TOH
IIPOTPEeCcCHH.

Pemenue. IlepBoiii atan. Cocmasaenue mamemamureckoi
Mmodenu.

162



4. MPOrPECCHH

YcaoBua 3amaun MOYKHO KPATKO 3aIIKMCaTh TaK:

1) 20,0, by 0005 b5 oov s

2) b, - b, = 48;

3) b, + b, = 48.

Bocnonb3oBaBmuch GopMysIoit 72-T0 YjieHA TeOMETPHUYECKOH IIpo-
rPECCHH, IIOJTYYUM:

b,=b4q% b,=bg*, b,=0b4g"
Toraa BTopoe ycioBue 3agaum (b, — b, = 48) MOXKHO 3anuCaTh TaK:
b,q® - b,q* = 48;
b,g'(g® - 1) = 48.
Tperse ycnosue sagaum (b, + b, = 48) MOKHO 3anucaTh Tak:
b,q* + b,g° = 48;
b,q*(q + 1) = 48.

B utore mosyuaem cucreMy JBYX YpaBHEHHUIl C AByMsd IlepeMeH-
HBIMH b, H q:

{blq‘* (#-1) =48,
bgt(g+1) = 48,

KOTOpasd B COUETAHHUM C 3aIMCAHHBIM BBIIIE YCJIOBHEM 1) M IpejcraB-
JiZeT co00M MaTeMaTHYEeCKYI0 MOAEIb 3aJauu.

Bropoit atan. Pa6oma ¢ cocmasiennoii modensvio.
IIpupaBHAB JieBbie YACTH OOOMX YPaBHEHUI CHCTEMBI, IIOJYUHUM:

bg*(¢® - 1) = byg'(g + 1);
¢?-1=q+1

(Mb1 pasgenunayu obe 4acTH ypaBHEHMA Ha BHIpaKeHHe b g*, OTIIHMYHOEe
OT HyJ).

W3 ypasuenus ¢* — ¢ — 2 = 0 maxogum: ¢, = 2, q, = -1.

IlogcraBuB 3HaueHWE ¢ = 2 BO BTOPOE YpaBHEHHE CUCTEMBI, I1OJIY-
upM: b, -16-3 =48, 1. e. b, = 1.

ITogcraBuB snmauenme ¢ = —1 BO BTOpoe ypaBHEHHE CUCTEMEI, IIO-
ayuum: b -1.0 = 48; aT0 ypaBHEHHE He UMeeT pPelleHui.
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4. MPOrPECCHH

Hrak, b, =1, ¢ = 2 — sra napa ABJAETCA PEIIEHUEM COCTaBJEl
HOM CHCTEeMBbI YPaBHEHUH.

Tenepr MBI MOJKEM 3allMCATh T€OMETPUUYECKYIO IIPOI'PECCUIO, O KO
TOpO# uier peusb B 3ajaue: 1, 2, 4, 8, 16, 32, ... .

Tperuit aran. Omegem Ha onpoc 3adaxu.

Tpebyerca Beiuucauth b,. Umeem:

b,=bgq" =1.2"=2048.
OrBem b,=2048.

3. dopMyna CyMMbl YNE€HOB KOHEYHOM
reoMeTpHYeCKOH NPOrpeccMm

IIycTe maHa KOHeYHas reoMeTpHYecKas IPOrpeccus
b, by, b, b b,_.»b,.
OGosHauum uepesd S, CyMMy ee WJIEHOB:

S =b+b,+b,+...+b ,+b ,+0.

n-2°

BroiBegem GopMyJsIy sl OTBICKAHUS STOM CYMMBEI.
Haunem ¢ camoro mpocroro ciydas, Korga ¢ = 1. Torza reomer

puueckaa nporpeccus b, by, b,, ..., b, COCTOUT U3 n umCes, PaBHBIX
b,, T. e. mporpeccusa umeer Bug b, b, b, ..., b,. Cymma arux uuce.
pasHa nb,.

IIycre Tenmeps g # 1. [lna oTeickanusa S, OIPUMEHUM HCKYCCTBell
HBIH IpueM: cHavasa paccMoTpum S g.
Nmeem:

Sq=®,+b,+b,+...+b _,+b _ +b)g=
= blq + b,q + baq + ... + bn_zq + bn_lq +bq=
=b,+b,+b,+...+b _,+b +bg.
3Hauywur,
S =b+((b,+b,+..+b),
Sq=0,+b,+...+b)+0bg.
BriuTem 13 BTOPOTO paBeHCTBa IIEPBOE:

Sqg-S,=bg-b,.
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4. NPOIPECCHM

B neBoit yacTu BhIHeceM 3a CKOOKHM OOLIMA MHOMKHUTENb S , a B
npaBoit — ucnosb3yem Gopmyny b = b,g" "' um BbIHeceM 3a CKOOKHM
o0muit MHOXKHUTEND b :

Sg-1)=b-q"""-q-b;
S(qa-1=b(g" - 1)

S - bl(qn_l).
n q—l

ITO Qopmynra cymmvl nepevLx n wAeH08 2eomempuyieckoll npozpec-
cuu (ousa cnydas, Korga q # 1).

IIpumep 9. [Jana KoHeYHas reoMeTPUUYECKAsd IIPOTPecCHUs
b, b, b, ..., b
UssectHo, uto b, = 3, ¢ = 2, n = 6. Haiitu:
a) cyMMy 4JIEHOB IIporpeccuu; 0) CyMMy KBaJpaTOB ee UJIEHOB.
Pemenwue.

b(g® -1 26 —
a) s, =@ D _ 32 -1 _3 63 1g9,
qg-1 2-1
0) Brime (cm. c. 157) MBI yKe oTMeUasu, UTO €CJM BCE UJIEHHI
reoMeTPHUUYECKOM IIPOrpecCHu BO3BECTH B KBaJpaT, TO IIOJYUYUTCS I'eo-

MeTpHuuecKas Iporpeccus C mepBeIM uieHoM b’ u 3HameHaTeneM g2
Torza cymMmMa IIECTH UJIEHOB HOBOM Iporpeccuu OyZET BBIUHMCJIATBCH
bi((g*)° -1)

no gopmyse S, = 71
-

. IloacraBus B a1y dopmyny b, = 3,
g = 2, IONy4YuM:

9(2!2-1)

%= w1

OrBe T a)189; 6) 12 285.

= 3-4095 = 12 285.

IIpumep 10. Haiitu 8-if uieH reoMeTpnyYeCcKO IIPOrpeccun,
y KoTopoit b, = 3, b, =96, S = 189.
Pemenue. Tak kak b, = b,g"~ !, To monydaem:
96 = 3¢ 1
q~! = 32.
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b1 (Q” - 1) .

Hanee S, = o1
189 = 3D,
g-1
63(¢-1)=q¢"- 1. (2)
Brime mur Hamau, yTo ¢" ! = 32. YMHOKUB 00e yacTH 3TOrO pa-

BEeHCTBa Ha ¢, noayuum: q" = 32¢q. IlogcraBuB 32q BmecTo ¢" B dop-
myay (2), HaxoguM:
63(q - 1) =32qg - 1;
31q = 62;
q=2.
3Has, 4To b, = 3 U ¢ = 2, BEIYUCIUM b8:
b, =0b,-9¢"=3.2" = 384.
OrBer: b, =384.

4. XapaKTepMcTHYeCKOe CBOMCTBO
reoMeTpPHMYEeCKOM NPOorpecchm

ITycts nana reomerpuueckas mporpeccus b, b,, b,, ..., b, ...

n

PaccmoTpum Tpu ee uieHa, caeAyoLne Apyr 3a apyrom: b, b, b .
HNasecTHO, uTO

b

2 =p ,
q n-1

bnq = bn+1'

HGDEMHOJKI/IB 9TH PaBEHCTBA, IIOJYUHM:

C b: = bn—lbn+ 1')

9TO 3HAYMUT, YTO KBaApaT KAyKIOr0 YIeHA reOMETPHUYECKOM IIPOrpeccuw,
KpoMe IIepBOro (M IOCJeAHEero — B cJy4Yae KOHEUHOM Iporpeccuu),
pPaBeH IPOM3BEJAECHHUIO MNPEIIECTBYIOIIEro U IOCIEeIYIOIero UJeHoB.

BepHo u o6paTHOe: ecaM IOCIef0BaTeabHOCTS (b ), cocToANMas U3
YHCEJ, OTJIUYHBIX OT HYJIsI, TAKOBA, YTO AJA J1060ro n > 1 BBIIIOJNHA-
eTca PaBeHCTBO

n-1"n+1?

b2=b b

To (b,) — reomMeTpUUeCKas IIPOTPECCHs.
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4. NPOTPECCHH

B camowm pene, mociennee PaBeHCTBO MOXKHO II€epelImMcaTbh B BHIE
b:b _,=b _,:0b.

n n
ITO 3HAYUT, B YACTHOCTH, UTO b2 : b1 = b3 : bz, b3 : b2 = b4 : b3 uT. O
NupIMu cioBaMHM, OTHOIIIEHME JIIOOOr0O uJjieHa IIOCJIeSOBATEJIbHOCTH K
NpPEeAIIeCTBYIOIEMY YJIEHY Bcerga OAHO M TO JKe, a 3TO M O3HauaerT,
YTO 3aJaHa reoMeTpuyecKas IIPOrpeccHs.

DaKTUUYECKHN Mbl JOKA3aJdM CIEAYIOIIYI0 TEOpeMy.

Hucnoeasa nocnedoéamenbHocmd A6LAEMCA 2€0-
mempuieckol npozpeccuell mozoa u monvko mozoa,
Koz0a xeadpam Kaxcdozo ee wreHa, Kpome nepeozo
(u nocnednezo — 6 cayiae KonewHoU nocnedoea-
menvHOCMU), paéer npouseéedenuio npedurecmeyio-
uezo u nocnedyrowezo wnenos (xapaxmepucmuye-
CKOe c60licme0o zeomempuueckoil npozpeccuu ).

Teopema

B npegpiaymem naparpade MBI HOJYYHJIN XapaKTePHUCTHUECKOE
CBOMCTBO apu()MeTHYECKOM Iporpeccuu: Ji060il ee ujeH paBeH cpen-
HeMy apu(MeTHUYECKOMY IIPEABLIAYIIEro U IOocaeAyIomiero ujaeHos. 06-
paTuMCS Tenepb K XapaKTEePUCTHUECKOMY CBOMCTBY IeOMETPHUYECKOM
IIPOrPECCHM ¥ BBINIOJHUM HEKOTOPHIEe NpeoOpa3oBaHUSA paBEHCTBA

b: = bn-l bn+l:
\/-lg = \an—l bn+1;
LARINCEICI

Yncno vab HasbBaior cpednum zeomempuueckum yucen a u b. Ta-
KHM o0pasoM, IIocjefHee PaBEHCTBO O3HAYAET, UTO MOOY.b 1100020
YjeHa zeomMempuyecKoil npozpeccuu pasen cpedHemy 2eomempuyecko-
my npedvidyusezo u nocaedyiousezo ywienos. B rakoit hopmyaupoBke
OTueT/InBee OOHAPYKMBAETCA AHAJIOTHA MEKIY XapaKTEePUCTUUECKH-
MU CBOMCTBAaMH apU(DIMETHUECKOH M IeOMeTPHUECKOI IPOrpeccuii.

IDIpumep 11. Ilpu xakom 3Hauenuu x uyucja 10x + 7, 4x + 6
u 2x + 3 06pasyloT reOMEeTPUUECKYIO IIPOrPECCHI0?

P e m e m ue. CormacHo xapaKTepUCTHUUYECKOMY CBOMCTBY 3ajaH-
Hble BBIPAKEHUS AOJKHBI YAOBJIETBOPATH COOTHOIIECHHUIO

(4x + 6)2 = (10x + T)(2x + 3).
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4. MNPOrPECCHUH

Pemas aTo ypaBHeHUNe, HaXOAUM:
16x% + 48x + 36 = 20x2 + 44x + 21;
4x* —4x -15=0;
x, =25, x,=-1,5.

Ioacrasnsaa x, = 2,5 B 3ananuble Bolpaxkenus 10x + 7, 4x + 6, 2x + 3,
HaXOJHUM COOTBETCTBeHHO: 32, 16, 8. 3To KoHeuHasas reoMeTpuue-
ckasa nporpeccus. Ilogcrasnasa x, = —1,5 B 3ajaHHbBIE BHIPAYKEHHS
10x + 7, 4x + 6, 2x + 3, HAaX0g4MM COOTBeTCTBeHHO: —8, 0, 0. ITO He
reoMeTpHUYecKas IIpPorpeccus.

OrBerT x=2,5.

3aBepias pasroBOp O MPOrpecCusix, PacCMOTPUM AOCTATOYHO CJIOMKHBIH
npuMep (U3 CepUM TaK HA3bLIBAEMBIX CMeEIIaHHBIX 3aJay HA IIPOTPecCHH).

IIpumep 12. Baaau Tpu uyucia, KoTopble 00pasyloT KOHEYHYIO Bo3pa-
CTAOIYI0 FeOMETPUYECKYIO IIPOrpeccuio. 3aMeTH/IH, UTO €CJIM BTOPOe UHCJIO
YBEJUYUTH Ha 2, a IepBoe U TPeThe YKCJIa OCTaBUTh (6e3 N3MeHEeHUA, TO IIOJIy-
uynTca apudMerudecKas mporpeccus. Ecin mocse aToro TpeThe YUCIO YBEIH-
YuTh Ha 9, TO CHOBa IOJYYMUTCHA reoMeTpuyeckas nporpeccusi. Kaxume Tpu
yycya ObIM B3ATHI CHavasa?

Pemenue. Iepsorit aran. Cocmasiernue mamemamuyeckoii modenu.
YcnoBus 3agayym MOXKHO KPaTKO 3alucaTh Tak:
1) b, b, by
2) +b,b,+ 2, b,
3) wb,b,+2,b,+09.
CorsacHO XapaKTepUCTHUUYECKOMY CBOMCTBY apu(pMeTHUYEeCKOH IIPOrpeccuu
ycioBHE 2) 03HAYaeT, 4TO
_b+b
by+ 2= 5
Hanee mosyyaem:
2(b,g+2)=0b + blqz;
b1+ ¢* - 2q9) = 4. 3)
CoryacHO XapaKTepUCTHYECKOMY CBOMCTBY IreOMeTpPHUYECKOM IIporpeccuu
yciaoBue 3) o3HauvaeT, UTo
b, + 22 =b,(b, +9).
Hasee mony4yaeM:
(b,g + 2)* =b,(b,¢* + 9);
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4. NPOrPECCHH

big* +4bg+4=blg*+ 9 ;
b,(9 - 49) = 4. (4)

Taxum obpasoMm, nosydaeM cucreMy AByX ypaBHeHwuii ((3) u (4)) ¢ aBymsa
nepeMeHHBIMH b, u ¢!

b(l+q%-2q) = 4,
bl(g - 4‘1) = 4,

KOTOpas B COYETAHMM C 3alIMCAHHBLIM BBIIE YCJIOBHEM 1) M mpejcraBiisieT co-
0ol MaTeMaTHUYECKYI0O MOJAEJNb 3aJadM.

Bropoit atan. Paboma ¢ cocmasnerHoil modenbio.

IIpupaBHAB JieBble YacTH 000X YPaBHEHHI CHCTEMBI, ITOJIy4aeM:

b,(1 + ¢* - 2q) = b,(9 - 49);
1+¢2-2¢g=9-4q
(Mbl pasgeanin obe YacTH yPaBHeHHA Ha b, T. e. Ha YHCJIO, OTJIHYHOE OT HYJIA).

Hanee nmeem:
¢*+2¢-8=0;

q,=2, qg,=-4.

IToacraBuB 3HaUeHHE ¢ = 2 BO BTOpOE ypaBHEHHE CHCTEMBI, MOJYUYHM:
b, = 4. 3nas b, W ¢, HETPYAHO 3amKCaTh TPH UKCJa, 00pasyiolLlie reoMeTpH-
Yeckylo mporpeccuto: 4, 8, 16.

IToacraBuB 3HaueHHe ¢ = —4 BO BTOpPOe ypaBHeHHE CHCTEMBI, IOJYUHM:

4
b= 35 3nas b, u ¢, HETPYAHO 3aIMCaTh TPH YHCJIA, 06PasyIOIIKe reoMeTpH-

4 16 64
YeCKYI0 IIPOTPeccuio: 5=, ~5= , & -

Tperuii sran. Omeem Ha éonpoc 3adaiu.
W3 aByx HailifeHHBIX reOMETPHYECKHUX NPOrpeccHuii TOJHKO NepBad ABIA-
eTcA Bo3pacraolei, Kak Toro Tpedyer ycJIOBHEe 3aJauH.

OrBer: 4,8, 16.

5. Nporpeccun u 6aHKOBCKHE pacyeTbl

IIpencraBere cebe, YTO BBl OTKPBLLIM B 0aHKe BKJAJ B CYMMe @ P.
rog p% TromoBBHIX Ha t JieT. ¥ Bac €CTh ABE CTPATETWH IIOBEJEHUA:
aubo B KOHIE KayKAOTO roja XPaHEHUs BKJAJa CHUMATH IIPOLIEHTHI

O BKJAAY, T.€. IOJYyYEeHHYIO IPUOLIIL B pasMepe L. a p., aubo

100
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4. NPOrPECCHUH

npuiiTu B 0aHK OAMH pa3 — B KOHIE CPOKA XpaHeHHUs BKJIaja. Kakoi
JOXOH BbI IOJYYHTE B TOM U APYroM cCaydasx?

B nepBoMm cayuae npu ¢t = 1 BH ITOJy4uTE (a + 2. a} p., Epn

100
2p
t = 2 Bamia uTOroBas CyMMa COCTaBHT | @ + 100 a|p,nput=3 —
3p
a+ 100 a | p. u 1. 5. MaremaTnueckas MOAeJIb CUTYallUHM — KO-
HeyHasd apudMeTHdecKas IPOrpeccusd
p 2p 3p tp
ag,a+—-0,a+—"0,at+—-4 .,at+t —" Q.
’ 100 100 100 77 100
Wrak, npu nepBoif crparerny HOBeJeHUA 3a t JieT BBl IOJYUHTE
t
a[l + 1—50—) P. — 9TO TaK Ha3bIBaEMas POPMYIA NPOCMbLX NPOYEHMOS.

Ecnu B pemniu npuiiTH B 0aHK TOJIBKO B KOHIle CPOKA XpaHe-
HHUA BKJAaJa, T0 IpHu t = 1 mojgyuyaeMas CyMMa COCTaBUT, KaK U B Iep-

p P
BOM cjay4ae, @ + — - 4, T.e. a| 1 + — | p.; cymMMa BkJaza yBeJu-
Y 100 " [ 100) Py ey

P
100
KOHIIY BTOPOTr'O roga XpaHeHHdA, H K KOHIYy TPeThbero roga XxpaHeHHNA

U 1. . MaremaruuecKas MoAeJdb CUTYaldHd — KOHEUYHAs IeOMeTDH-
yecKaf IIPOrPecCus

2 3 t
a,a 1+L,a 1+ 2 ,a 1+ 2 ) eees O 1+ -2 |,
100 100 100 100

Wrak, mpu BTOPOH CTpaTeruu NIOBEJEHHs 3a ¢ JEeT BbI IOJYUHTE

gyujaack B (1 + ) pas. Bo cTogBKO XK€ pa3 OHA YBEJHUYHUTCA U K

t
a(l + L} P. — 9TO TaK Ha3bIBaeMasad ¢OpMyJLa CAONHCHBLX NPOUEHMOGB.

100
Paccmorpum KoHKpeTHbI# nmpumep. IIycTh BKJAj cocTaBisder
10 000 p., 6aux maer 10 % romoBmIX, CPOK XpaHEHHS BKJajga —
5 ner. Ecam BBl BrIGpaJu CTpaTernio MPOCTHEIX NPOLEHTOB, TO
K KOHIy CPOKa XPaHeHUs BBl IIOJYYHTE B HTOTE CYMMY, PaBHYI)
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4. MNPOrPECCHH

10 000 - + -5—1%)- , T. e. 15000 p. Ecnu ke BbI BhIOpasm cTpare-

THIO CJOXXHBIX IIPOIIEHTOB, TO K KOHIY CPOKA XPAaHEHNUA BBI IIOJYUHUTE

5
B urore cymmy, pasuyio 10 000 - [1 + Il(?—o) , T.e. 16 105,1 p. Kak

TOBOPUTCA B OLHOM DEKJIAMHOM CJIOoraHe, JIOYYBCTBYiTE pasHUILY.



4. NPOrPECCHMH

OCHOBHbLIE PE3YJIbTATbHI

Bl 103HAKOMMJINCE C HOBOM MAaTeMAaTHUYECKON MOAEJbI0 — YHCJO-
BOI1 ITocJieloBaTeJIbHOCTBIO ((hyHKIIMeHl HAaTYpaJIbHOTO apryMeHTa).

Bbl y3HaIM HOBbIE TEPMUMHBI MaTeMAaTHYECKOTO S3BLIKA:

YWCJIOBAas IIOCJIEAOBATENbHOCTD, M- YJIEH IIOCJIef0BaTeIbHOCTH;
MOHOTOHHAs (Bo3pacralolas, yObIBaIoIlias) II0CJIeLOBATEIbHOCTD;
apudMeTryecKasi IPOrpeccusi, pa3HOCTb apu(MeTHYeCKOH IIporpec-
cuu;

reoMeTpuyecKas IIPOTpeccHsi, 3HaMeHAaTeJb T'eOMEeTPUYECKOH IIpo-
Tpeccum.

Mpg! BBesIM HOBBIC Q003HAUEHWS:

(y,) mam Y., Yy Yo «ees Y,» +-. — JAJIS YHUCJIOBOM IOCJELOBATEID-
HOCTH;

+ — A apudMeTnyecKoil IIporpeccuu;
i — [AJIsA reOMeTPHYECKOI IIPOTpeccuu;
S, — nasa cymmel X, + X, + ... + X, 4IEHOB IOCJIEAOBATEIBHOCTH (X,).

Mpz1 obcyamun Tpu cmocoba 3ajaHMsA YHUCJIOBOH IIOCJIEJOBATENb-
HOCTH: aHAJUTHYECKHUI; CIOBECHBII; PEeKYDPPEHTHBI.

Msr chopMyupoBan 1 000CHOBAJIHN PsAJ CBOMCTB apudMeTuecKon
U reoMerpuyeckKoil mporpeccuii. CBefeM X B OfHY TaOJHILY.

Apucdmernueckasn I'eomerpuueckasn
nporpeccusa nporpeccus

Onpeaenenne a

I
8
8]
I
&
+
Sy

b1=b’ bn=bn—l.q’
b#0,g#0

dopmyna n-ro wieHa | a b,=bg" !

XapaKTepucTHYecKoe _a._,ta,, ' b | - b b
CBOMCTBO a = 2 n|l = A "n-1"n+1

Dopmyna cyMMBbI
n 4JeHOB

]
8
+
—~
S
|
-
~—
S8

no_
S:gl_i_a_".n S=_blu, z1
n 2 n g-1 q




rnaBa (|l SJIEMEHTbl KOMBHUHATOPUKM,
CTATUCTUKM U TEOPUM
BEPOSATHOCTEM

§ 18. Komb6uHaropHsie 3agaqm

§ 19. Crarucruka — A[mn3asiH mHopmauymm

§ 20. pocreliwme BepPOATHOCTHbIE 3a4a4u

§ 21. DkcnepumeHTansHbie AaHHbIE M BEPOSTHOCTH
cobbiThi
OcHoBHble pe3ynbTars

§ 18. KOMBMHATOPHBIE 3AAUM

IIpocreiimue KoMOMHATOPHBIE 33jaUYll HECKOJIBKO HAIIOMU-
HAIOT LETCKYIO Urpy B KyOuKH. VMeeTcs KOHEUYHOE UHCIO KYOMKOB,
HUJIA 3JIEMEHTOB HEKOTOPOTO KOHEYHOr'0 MHOYKECTBA, a HY’KHO ITOCYH-
TaTh KOJUYECTBO T€X MJIU MHBIX KOMOMHAIIU, COCTABIEHHBIX U3 9TUX
KyOuKOoB (a;1eMeHTOB). Eciu HyXKHBIX KOMOMHALMI HE CJIMIIIKOM MHOTO,
TO BCE UX MOYKHO IIPOCTO IIEPEUYUCTIUTD, MM, KAK FOBOPAT, Irepedpars
BCe BOBMOXKHOCTH. B aToM u cocTout Mmemod nepebopa 6apuarmos.
Hanpuwmep, ecau us nmudp 1, 5, 9 caeayer cocTaBUTh TPEX3HAUHOE
ypcsio 6e3 ITOBTOPAIIIUXCSa ITU(P, TO BCE BO3MOKHbIE BAPDUAHTHI He-
TPYAHO BhIIMcCaTh. Ito 159, 195, 519, 591, 915 u 951. 3uauur, Bcero
MOJKHO COCTABHUTH IIECTh TAKUX YUCEJ.

IToguepkHEM, YTO y’Ke B 3TOM IIPOCTOM IIPUMEpPE MBI IPUBEIUN He
cayJaiiHBIN, a Pa3yMHO OP2AHU308aHHbLL nepebop. CHauana Ha mep-
BOM MecTe 3a)MKCHUPOBaIu 1 ¥ YBUIAENHU, UTO TAKHX BAPUAHTOB BCETO
aBa: 159 u 195. 3arem Ha IepBoe MECTO [IOCTABUJIM 5 U YBHUIENH,
YTO HMOJIYUYHMJIOCH elle ABa BapuanTa: 519 u 591. Hakowneli, Takum xe
o0pas3oM COCTaBUJIM UMCJA, HauuHAKImuecs ¢ 9, — aro 915 u 951.

Xopoiro nogoOpaHHBIN Iepedfop BapMaHTOB KpaiiHe BasKeH B 00-
Jiee CJIOMKHBIX CUTyallMsiX, KOIMa W KOJMUUYECTBO BO3MOMKHBIX KOMOHU-
HaIUi ZOCTATOYHO BEJIHWKO, M HOJACUET HPUXOJUTCA BECTH, pPaccMar-
puBas pasJUYHbIE CAYYaHU.

IIpumep 1. Us uudp 2, 4, 7 cregyer coCTaBUTh TPEX3HAYHOE
YHCJI0, B KOTOPOM HU ofHA mudpa He MOKET IIOBTOPATHLCA 0osiee ABYX
pas.
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a) HaiiTu HayMenblllee TaKoe YUCJIO.

6) HaiiTu HamGoJibillee TaKoe YHCJIO.

B) CKOJIbKO TaKHX UKcCeJ, HAUMHAIOIUXCA ¢ 2, MOYKHO COCTAaBUTh?
r) CKOJIBKO BCEro TaKMX YMCEJ MOYKHO COCTABUTH?

P em e s u e. a) Haumensmium uuciaom 6yzer 224, Beab eciau Ha
IIepBOE WJH Ha BTOPOE MECTO BMECTO HuU(pPHI 2 MOCTABUTH IHGppy 4
unu uudpy 7, TO YBEIUYUTCS HMJIU UHUCJIO COTEH, UJIU UKCIO HECHAT-
KOB. A pas nudpa 2 yKe IIOBTOPHUJIACH, TO HA IIOCJEAHEM MECTE LOJIK-
Ha croarb nudpa 4 (a me 7).

0) Paccy:xgasa anajmoruuno, Hazem HauboJIbIIIEe UKCJIO — 3TO 774.

B) CHauasia HazoBeM uyucJa 6e3 moBTopeHui udp. Ito 247 u 274.
IToToM Ha3oBeM 4YMCJa, B KOTOPBIX IIOBTOpAETea 2. dTo 224, 227, 242,
272. Yucao, B KOTOpoM IoBTOpeHa uudpa 4, ToIbKO OGZHO — 3TO 244.
Yucao, B KOTOPOM MHOBTOpPeHa mudpa 7, Takxke oguo — aro 277. Beero
noay4yumyaoch 2 + 4 + 1 + 1 = 8 uuceur.

r) KosmnuecTBo unces, HAUNMHAKOIIUXCA ¢ TUQPHI 4, MOXKHO ITOCYUU-
TaTh TaK K€, KaK B IIYHKTE B); UX BCEro BoceMb. Pasymeercsd, To Ke
BEPHO ¥ AJISA YMCEJ, HAUMHAIOIUUXCA ¢ IUPPH 7, UX TOXKE BOCEMb.
Bcero nmonyuum 24 uucia.

OTrBerT a)224; 6) 774; B) 8; r) 24.

dopmMaJbHO AJiA OTBETA B MyHKTE I') MOKHO ObLIO ObI U HE pe-
marh a) 1 6). OgHaKo B KasKoil 3ajJaue Ha Irepebop BapuaHTOB ObIBA-
€T II0JIE3HO ABHO BBIMHCATH HECKOJBKO TUIIMYHBIX KOMOMHamuii, Ko-
JHUYECTBO KOTOPHIX MbI coOMpaeMcA IOACUUTATH.

Kax u MHorme maremarmueckue 3afadu, npuMep 1 r) gomyckaer Apyroi
crioco6 pemreHusi. Bor on. Haiigem cHayajsia KOJIMYECTBO 6CeX TPEX3HAYHBIX
4Ypces, KOTOPble MOXKHO cocTaBuUTh U3 nudp 2, 4, 7. Ilo npasury ymmuoice:
HUs, ¢ KOTOPHIM Mbl IO3HAKOMMMCS YYTh IO3Ke, ux Oyger 3 -+ 3 - 3 = 27.
A renepb BbIYTEM KOJUYECTBO YMCEJ C TPOMHBIMH IOBTOpeHuMsAMU Hudp. Ta-
KHUX 4yuces Bcero tpu: 222, 444, 777. 3uauur, orser: 27 — 3 = 24,

Pemrenue npumepa 1 B) TakiKe MOYKHO ODOPMUTH COBCEM IIO-APY-
roMmy, 3amucaB IIOCTPOEHNE TPEX3HAYHOTO YKCJIA IIar 3a I1aroM, B BUJeE
HEKOTOPOT'0 «II03TaXHOro» ILiaHa. IlomecTuMm nepByio udpy 2 B Bepx-
HUH IPAMOYTOJBHHUK, OT KOTOPOTO IIPOBEJEM TPH «Joporu» (puc. 128).
OHHU COOTBETCTBYIOT BBIGOPY BTOPO#H nudpsl. 310 uiu 2, uam 4, miu 7.
IMonyuum Tpu HpPAMOYTrOJbHMKA HA BTOPOM YpPOBHE U Iepeigem
K BBIOODY TpeTbei nuppbi. Ecou BTOpoil nudpoil okasanach 2, TO
10 YCJIOBUIO TpeTheil Iudpoil MokeT ObITh miau 4, uiau 7. 3HAUUT,
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7 2 4|; 7

—
— =3
— Do
— =~

224 227 242 244 247 272 274 277

Bceero: 8 uncen

Puc. 128

TYT BO3MOJKHO BCEro [Ba BAPUAHTA, B PE3yJbTaTe KOTOPLIX IOJYUYATCS
Tpex3HauHble yucaa 224 u 227, Ecau ke BTopas uudppa paBua 4 wiu 7,
TO IJs TpeThell U(PLl OrpaHUYEHUN HET, U 3TO MOXKEeT ObIThb MJIH 2,
unu 4, uiu 7. 3HAYUT, B KAKAOM M3 dTHX JBYX CJIYYaeB BO3ZMOXKHBI
[0 TPY BApMAHTA COCTABJICHUSA TPEX3HAUHbIX uMceJ. Iloayuarca gucia
242, 244, 247 u 272, 274, 271.

M&I cocTaBUIM TAK HA3LIBAEMOE 0epeso 803MONCHLLX 8APUAHMOSB.
IIpeumyiecTBO 3TOro crocofa paccysXKJeHUs COCTOUT B €ro HarJsj-
HOCTH: BCE BapHAHTHLI BUAHBLI Ha KapTUHKe (cM. puc. 128), u moHAT-
HO, KAaK MMEHHO OPraHu30BaH nepebop BceX BO3MOMKHOCTE.

IIpumep 2. «ITOT Beuep CBOOOTHBIN MOXKHO TAK IIPOBECTH...» *:
MOMTH NMPOTYJASATbCA K pPEKe, Ha IJIOMAAb WJIHN B IIapPK U IIOTOM IIO-
™1 B roctd K Bure miu K Buke. A MOXXHO ocTaThcA JOMa, cHaudaja
IIOCMOTPETHh TEJIEBH30P MK IIOYUTATH KHUXKKY, a IIOTOM IIOUrpPaTh C
OpaToM uJu pa3oOpaThbcad HaKOHel y ce0s Ha IHUCbMEHHOM CTOJIE.
HapucoBaTh 1epeBo BO3MOYKHBIX BapUAHTOB.

O 1 B e T: [lepeBo BapHAHTOB IIPeJACTABJIEHO Ha puc. 129,

I pumep 3. B ypHe jmexxaT Tpu HepasJHUUYMMBIX Ha OINYIb
mapa: nBa 0eJibIX ¥ OJHH uepHblil. IIpu BEITACKMBAHMY YEPHOrO IIapa
€ro BO3BpAIlal0T 00PaTHO, a BHITAIIEHHBIH OeJsIbIi 1Iap OTKJIAAbIBAIOT
B cTopoHy. Takyio omepanuio IMPpoM3BOAT TPU pasa IIOAPAL.

a) HapucoBaTh JepeBo BO3MOXKHBIX BapHUaHTOB.

0) B cxOoJBbKUX cay4YasX TPH BBITAIEHHBIX IIapa OyAyT OZHOIO
nsera?

* «3TOT Beuep CBOOOAHBIN / MoxkHO Tak mpoBectu:/ 3a TymaHHbIi OG-
BoAublil / HeBsuauail sabpectu...» (A. Kymnep).
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Beuep
IIporynka Hom
Pexka IInomane ITapk TB Kauxka
Bura Buxa Bura Buxa Bura Buxka Bpar Cron Bpar Cron

Bcero: 10 BapmauTOB
Puc. 129

B) B cKombKUX ciayuasix cpeiH BBITAIIEHHBIX I1apOB GeJbIx Oyner
6oab1re?

r) Hapucosarh gepeBO BO3MOJKHBIX BapPHAHTOB IJA YETHIPEX
BBITACKMBAHMUH I11aPOB.

Peme 5 ue a)llepeBo BO3BMOKHBEIX BADUAHTOB MIPEACTABJIEHO
Ha puc. 130.

Cayuail BbITaCKMBAHMUSA OBYX O€JbIX IIapOB OCOOEHHEBIN. B aToM
caydae oCTaeTcs OLWH YEePHBIHA Iap U TOJNBKO €ro IOTOM M MOXKHO
OyzeT GpaTs.

BBY
/ \
BB4 BY
BBY B4 BY
‘-I/ ¥ ‘I/ b 9 b 9
/
BBY B4 BY e | B4 9 e |

Bcero: 7 BapuaHTOB

Puc. 130
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BBY BY B4 k! BY 9 q
|
BBY BY B4 k! B4 H q B4 U 9 q

Bcero: 11 BapuaHTOB

Puc. 131

6) ITo mepeBY BapHaHTOB BUJHO, UYTO 3TO BOSMOYKHO B €IMHCTBEHHOM
caydae, KOr'Zia TPU pasa IOAPAA BBITACKMBAETCA IIIap YEPHOro IBEeTa.

B) Tpex GesabIX IIIAPOB OBITH HE MOXKET. SHAUYUT, pedb HUIET O ABYX
0eJbIX ¥ OJHOM YE€pPHOM IIape. JTO BO3MOXKHO B TpeX caydadax (cm.
nepesBo BapuantoB: BBY, BYB, YBDB).

r) 3gech K IOcJeJHEMY YPOBHIO JepeBa BapuaHTOB Ha puc. 130
nobaBUTCA ellfe OOUH YPOBEHb, COOTBETCTBYIOIIUI YETBEPTOMY BBIOO-
py (puc. 131). (]

Takoro poza guarpaMMbl B IIOJPOOHOCTAX YAOOHO PHUCOBATDH TOJIB-
KO JJIsl CPaBHUTEJbHO HEOOJIBIIIOr0 YMCJIa BapPHAHTOB, 4, HAIPUMED,
IJA COTeH KOMOMHAUMM JepeBO BAPMAHTOB LEJIMKOM HE HAapPHCVEIIb.
Torma mpuxoguTca AelicTBOBATL IIO-APyromy. Yaie Bcero mpu pas-
JIUYHBIX IOACYETAX HCIOJBL3YIOT NPABURO YMHONCEHUS.

IIPABHNJIO YMHOKEHUA

Ana mozo umobvt HAllMU YUCLO BCEX B03MONCHBLX UCX0008 He3a-
8ucumozo npogederus 08yx ucnvimaHuiiL A u B, ciedyem nepemHo-
HUMb YUCLO 6CeX UCX0008 UCNbLMAHUAL A U YUCLO 8cex ucxo0cs
ucnvtmaHus B.

Jna o0bACHEeHUA NMPaBUJIa YMHOXKEHHUS HapHCyeM [AepeBO BapuaH-
ToB. Ha nepBom ypoBHe y Hac OyAyT NCpPEYMCIEHbl BCe UCXOMML 4, d,,
Ay ..., @, _,, a, ucnblTanua A. ITocre KaxAOro U3 y»Ke BBINUCAHHBIX
HCXOJI0B BO3BMOXKHBI BCE MCXOJBI bv bz, bs, v b, " b, ucneitanua B —
BeJb MCILITAHUS MPEANoJaraloTcsa He3aBUCUMBIMHU. B pesyibraTe Io-

ayaurcsa k + k + k + ... + B = nk ucxonos (puc. 132).

n

IIpaBusio yMHOXKEHUA MOYXKHO OO'BSCHUTDL U IIO-IPYIrOMY, C UCIIOJIb-
30BaHUEM TaOIMIIBI BOBMOXKHLIX PE3yJIbTATOB IIPOBEIEHUA ABYX UCIIBI-
raHui. IlogcHuUM 3TO Ha HpaMepe.
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T

b, b, ... b, b b,..b b b,..0b b, b, ... b, b b, .0

Bcero: n pas no k, T. e. nk ucxomon

Puc. 132

Il pnmmep 4. Ha zaBTpak BoBa moikeT BeIOpaTh ILJIIOLIKY, G-
TepOpOX, NPAHUK HMJIM KEKC, 4 3allUTh UX OH MOYKET Kode, COKOM MU
Kedrpom. CKOJBKO BAPHUAHTOB 3aBTPaKa ecTb y BoBwi?

P em e v u e. Cobepem Bce BapHaHTH B TaOJIUILY.

ITawwra Bymep6pod ITpanuk Kexc
Koge Kode, nnomka | Kode, Koge, npanux | Kode, kexc
OyTepbpoz,
Cok CoK, IIoIIKa Cok, Cok, NPAHUK CoK, Kekc
6yTepOpos
Kegup | Kedup, mmoika | Kedpup, Kedup, npanuk | Kepup, kerc
6yTepOpos

Tax Kak BBIOOD €Ibl ¥ HAIMTKA IIPOMCXOAUT HE3aBUCHMO, TO B
KaXXJo# KJeTKe OyJeT CTOATH OJUH U3 BO3MOYKHBIX BAPHMAHTOB 3aBT-
paka. BepHo u oOpaTHoe: J1000ii BapHaHT 3aBTpaKa OyAET pacioJo-
JK€H B OJHOH U3 KJIETOK. SHAUHUT, BCEI'O BAPUAHTOB CTOJBKO K€, CKOJIb-
KO U KJETOK, T. e. 12.

OrBerT: 12.

3ameuaHmne 1. Beakuit pa3s B KOHKpETHOM 3apaye coBCem He obsza-
TENbHO PMCOBaTb Tabnuuy M 3anonHATb ee Lenukom. MOXKHO MPOCTO MC-
nonb3oBaTb Camo MNPaBMO yMHOXeHus. B npumepe 4 pewenne moxer
BbirnaaeTb Tak: «McnbitaHne A — BbIGOp egbl, Y HEro yeTbipe UCxopa, a
ucneiTaHne B — BbIGop HanuTKa, y Hero TpM ucxopa. Beibop egbi u BbIGop

HaMMTKa He3aBuMCHMbI gpyr oT gpyra. [o npasuny yMHOXeHMs nonydaem
oteeT: 4 - 3 = 12».
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3amevanme 2. MNpaBuno yMHOMKeEHUs pns 4BYX MCNbITaHuK yaobHo
OBBACHATL, KaK Mbl BUBMM, MCNOMb3ys NpsmoyronbHble Tabnuupl. Ho ecnu
NPOBOASATCA TPM MCNbITAHUA, TO ANA MAMKOCTPALMM HAQO MCNONb30BaTb U
ANUHY, 1 BBICOTY, M WMPHHY. Ha KapTHHKe NonyuuTCcs NPSMOYrofbHbIM Na-
pannenenuneg, pasbutbii Ha Kybuku. 3aecb yXKe M pUCYHOK, u obbsacHe-
HUs BbIFMSAAT CROXXHEe, NOCKOMbKY, Hanpumep, ByayT Hesuaumele Kybu-
ku. Ewe xyxe peno obcrout ¢ verbipbms ucnbitaHnamu. [Ons pucyHka B
3TOM CNyvae Ham He XBAaTMT M3MEPEHMH, MOCKONbKY OKPYyXKaroliee Hac
NPOCTPAHCTBO BCEro MMLLb TPEXMEPHO. Tem HE MEHee NPaBuno yMHOXe-
HUS BEPHO M ANS TPeX, W ANs 4YeTblpex M T. 4. HE3ABMCHUMBIX WCMbITaHMH.
Ons obbACHEeHMs [OCTAaTOHHO HAPMCOBAaTb HY’KHOE AEPEeBO BAPMAHTOB M
NOACYMTATb KONMHECTBO BO3MOMXKHBIX BApPUAHTOB.

s cregyolero IpuMepa Mbl IPUBELEM TPU CIocoba peleHusd:
11epebopoM, ¢ IIOMOILILIO AepeBa BaPHUAHTOB U 10 MPABUJIY YMHOMKEHU.

IIpumep 5. B xopugope tpu samnouku. CKOJIBKO HUMeeTCA
PaBIMYHBIX BaPUAHTOB OCBEIEHU, BKJIOUaA CIydail, KOrjga BCe JiaM-
MOYKHU HE ropAt?

P em e u ue. [lepsrlil ciocob (rrepe6op BapuanTos). IIporymepy-
eM JIAaMIIOUKM M OyJeM mucaTh + WJIM — B 3aBHCUMOCTH OT TOT'O, I'O-
PUT MU HE TOPUT oyepefHad JaMIIouKa. Torga Bce criocoObl ocBelle-
HUA MOYKHO IIPOCTO IIEPEUUCIUTH. BoT oHM: + + +, ++ —, + —+, + — —,
-+ +,—-+—-, - -+, — — —. Bcero Bocemb BapHaHTOB.

l'IepBaa JIaMIIOYKa

+ —_—
Bropaa namnouka Bropaa jmaMmmouka
"/\— —+/\—
Tpersa Tperba Tperba Tpersa
JIAMIIOYKA JIaMIIOUKa JIAMIIOYKa JaMIIOYKa

>
>
>
>

Puc. 133
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BTopoii ciocob (aepeBo BapuaHTOoB). Ha puc. 133 HarnagHo mpen-
CTaBJIEeHBl BOCEMb BapMAHTOB OCBEI[eHUs KOpPHUAOpA.

Tperuit criocob (mpaBuo yMHOKeHUA). IlepBad jaMmouka MOMKeT
WJIHN T'OPeTh, UM He ropeTh, T. €. MMEeTCd ABa BO3MOXKHBIX HCXOJA.
Ho To e camoe OTHOCHUTCA KO BTOPOM M K TpeTheil samMmouke. Mabl
IIPEeAIioJIaraeM, 4TO JAMIOYKH TOPAT MJIXM HET He3a8UCUMO APYr OT
apyra. Ilo mpaBuiy yMHOMKEHUA MOJIyYaeM, UTO YMCJIO BCEX BapHaH-
TOB OCBEIIeHUs pPaBHO 2 * 2 + 2 = 8.

OrBer: 8.

VY Ka)KAOT0 M3 3TUX TPEX CIOCOOOB PEIIeHUA B KaKIOM KOHKDET-
HOM CJIy4yae eCTh W IPEeNMyIlecTBa, M HeJocTaTKU. Bribop cmocoba
pemeruss — 3a Bamu! OTMeTHM BCe )K€, UTO IPABUJIO YMHOMKEHUS
II03BOJIAET MPAKTHUYECKH OZHUM CIOCOOOM pelaTh caMble pasHOOOpas-
Hble 3ajauu. Hampumep, OHO MPUBOZUT K KpailHe BaKHOMY B Mare-
MaTHUKe MOHATHIO (aKmopuaad.

IIpumep 6. B cembe I1ecTh 4eI0BEK, a 32 CTOJIOM B KyXHe
LIECTh CTYJIbE€B. DBIIO peIlleHo KaiKAbIH Beuep Iepel Y/KHHOM pacca-
JKUBATbCA HA 9TH IIECTh CTYJbEB HO-HOBOMY. CKOJBKO AHEN YJIeHBI
CeMbHM CMOT'YT HZejaTh 9TO0 0e3 MOBTOPEeHMH?

P enre nue. OrBer oKassIiBaeTCA HEOKUIAHHO OOJBIINM: MOYTHU
nBa ropa! OobacHUM ero. [na yzobcTBa paccy:aeHUil IPOHyMepyeM
crysba Nel, Ne 2, Ne 3, Ne 4, Ne 5, Ne 6 u OyzeM CUUTATD, YTO UJIEHBI
ceMbH (0adylika, gemyliKa, MaMa, IIala, JOYb, ChIH) 3aHMMAIOT MECTa
o ouepeau. Hac mHTEpECYET, CKOJIBKO BCETO CYILIECTBYET PA3JIUYHBIX
CcIIoco00B paccasKuBaHUA.

IIpeamonosxum, uTo mepBoil caamrTca Oabymixka. Y Hee mMeeTcs
LIIeCTh BaPHAHTOB BhIOOpa CTyJa. BTOPLIM caguTCa AeAYIIKa U He3a
gucumo BhIOMpAET CTYJ U3 IATH ocTaBInuxcsa. Mama genaer CBOil BhI-
0op Tperneil, u BHIOOD Y Hee OyAET U3 UETLIPEX CTYJbEB. ¥ Ialbl Oy-
IeT yiXe TPM BapHaHTa, Y JOYKH — [aBa, HY a ChbIH CAZET Ha
€INHCTBEHHBIH He3aHATHIH cTyJ. IIo mpaBuay YMHOMKEHHUA IOJyda-
eM, 4TO Bcero mmeercsi 6 - 5-4 -3 -2 -1 =720 pasanuHsIX cr10ocob0B
paccasxuBauusa, a 720 gHe#t — 3TO M eCTh IMOYTH ABa I'oja.

O 1B eT: 720 gHeil.

OnpegeneHue. TIpoussenenne DOAPAN HAYITUX IEPBBIX N Ha-
TYPaJbHBIX YHCEJ 0003HAUAIOT 1! U HA3BIBAIOT «3H (PAKTOPHAJI»:

nl=1:-2-3-...-(n—-1)n.
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OnHO M3 3HAYEHUH aHIVIMMCKOI'O CJIOBA factor — «MHOMKHUTEJIb».
Tax uTo 31 paxmopua. IPUMEPHO IIEPEBOJUTCA KaK «COCTOAIIUN U3 1
MHOKUTeJeli». IIpuBeeM HECKOJILKO IEPBHIX 3HaUeHWI ud nl.

nl1 2 3 4 5 6 7

nl|1{1-2=2|2!'3=6|3!'4=24(4!1-5=120|5!-6="720|6!-7 = 5040

3HaueHus n! oueHn OBICTPO BO3pACTalOT ¢ yBeauuyeHueM n. Hampu-
mep, 10! 6oasire, yuem 3,5 munamona, a 15! npumepso passo 1,3 Tpui-
JUOHA.

Ins momcueToB, CBA3AaHHBLIX ¢ 7!, ObIBaeT yZOOHO MCIIOJB30BATH
cregyiomyio GhopMyny.

dopmyna O0bacHeHne
nl=(n-1!-n nl=1-2-3...-(n-1)-n=
=(1-2-83-...-(n=-1)-n=(n-1)-'n
714!
Hanpumep, 14 BeIYUCIEHUA 3HAUEHUA 6T 51 coBceM He 00s3a-

TeJILHO HaXOZUTh BCe UeThIpPe (paKTOpHasa U IIOTOM IIPOU3BOAUTH BbI-
YUCJICHU. Yp;oﬁHee CHavaJia IIPOBECTHU COKPAIlEeHUdd:

714! 6!-7-41 7
= =1 =14
6! 51 6! 4.5 5

IDIpumep 7.

a) CronpKuMU crioco0aMm yeThbIpe Bopa MOTYT IO OZJHOMY pasbe-
JKaTbCA Ha BCE UETHIPE CTOPOHBI?

6) B 9 «A» Kmacce B cpely ceMb YPOKOB: ajarebpa, reomMeTrpusd,
JIATEPATypa, PYCCKUHN SA3BIK, AHTVIMIACKUI ASBIK, OMOJIOrusa U QU3KYIb-
Typa. CKOJILKO BApPMAHTOB PACIIMCAHUSA MOYKHO COCTABUTL HA Cpexy?

Pemenue.

a) IIycTb Bopsl pasberaioTca moouepenHo. Torga y mepBoro ecthr
yeTeIpe BapMaHTa BeIOOpa HaIlpaBJEHHUS, Y BTOPOro — TPH BapuaHTA,
y TpeThero — ABa MU y IOCJEIHEro — OAUWH BapuaHT. IIo mpasuay
YMHOKeHUA moaydaeMm orBeT: 4 + 3+ 2+ 1 =41 = 24,

0) s anreOpsl eCTh CEMb BAPHMAHTOB PAaCIOJIOMKEHUs B pacliuca-
Huu. Ecam gna anrebpsl BEIOOD cAesaH, TO AJsd MeOMETPUU OyIeT yiKe
mecTs BapuaHToB. Ecim anrebpa 1 reoMeTpus 3aHANN B PACIUCAHUK
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CBO€ MECTO, TO IJIS JIUTEPATypPhl OCTAETCSA IIATH BAPUAHTOB U T. A.
ITo mpaBusy ymMHOMKeHUsA moayuaem: 7°6-5-4-3-2-1=T!=5040.

O 1 BerT: a) 24; 6) 5040.

Msr BuguM, UTO YCJIOBUSA 3akay BHIMIALAT [I0-PAa3HOMY, a PEIIAIOTCS
3TU 3aJayiy IIOYTU ONHUM M TE€M K€ CIIOCO00M. SHAUUT, €CTh KAaKOE-TO
odliee IPABMIIO AJIA PELIEHUWs TAKOro Tuma s3agad. Mel chopmynupyem
€ro B BUJIE TEOPEMBI O IIEPECTAHOBKAX 9JIeMEHTOB KOHEYHOT'O MHOYKECTBA.

Teopema N PA3NUUHBLX INeMEHLMOE MONHO PACCMAUmMb no
00HOMY Ha N pa3nUiHbLLX Mecm poéHo n! cnocobamu.

HUcropuuecku cioxniock Tak, uro 6ojiee ymoTpebuTesIeH HE Tep-
MUH «PacCTaHOBKAa», a TEPMHUH «IIEPECTAHOBKA», M IIOITOMY 9Ty TEO-
pemy uariie GopMyJIUPYIOT Tak: «JucC0 8cex nepecmanH080K MHONCe-
cmeéa u3 n aremenmoé pasho n!». COKpallleHHO 9TO 3aMUCHIBAIOT B

BuAe HoOpMyJbl

B arom cokpameHun 6ykBa P COOTBETCTBYET II€ePBOil OyKBe aHr-
JUHCKOro rijaroJja (CylmieCTBUTEJbHOTO) permute (permutation),
KOTOPBIN U IePeBOJUTCA KaK «IIEPeCTaBIATh» («IIepecTaHoBKa»). Ha-
upumep, P, =3! =6, P, = 7! = 5040 u . x.

§19. ctaTMCTMKA —
AN3AUH MHDOPMALIMM

HaunmewMm ¢ KoHKpeTHOro mpumepa. Jomycrum, uto B 9-x Kjac-
cax «A» u «B» usmepusu pocr (B caarumerpax) 50 yuenuxosn. Ilomy-
ynica Habop us 50 uucen. Bpax au camoe masieHbKOe M3 HUX Oyaer
meHbine 140, a camoe Oosbmroe — Oosabiue 200. MoskHo, cobamonas
OYepeJHOCTh M3MepeHui, BhIINCcaTh BCe JaHHbIE B CTPOUYKY Yepes 3a-
oaTyio. MOXKHO PacHoJIOKUTh UX B JBE KOJOHKHU B COOTBETCTBUU
C KJIaCCHBIMHU cnucKaMu. MOXHO KaK-TO 3allMCaTh UX B BHUAE TAOJUIILI
5x10 u 1. 1. B urore Gyaer cobpana mojHas MH(pOPMAIHUA O IPOBe-
JEeHHOM m3MepeHuu. K coxanieHnio, IpaKTAYeCcKy Ipu Jo0oM criocobe
PacCIoOJIOXKEeHUA abCOoNIOMHO 6CeX NAaHHBIX aTa MH(pOpMAIUA TPYIHO
yHuTaeTcA: OHa He HaIIANHA, 3aHMMaeT MHOIO MecTa, HUKaK He yIopd-
JOYeHa # T. [I.

A mpexncraBbTe pesyJsbTaTbl, cocTtosiue He u3 50 HaHHLIX, a U3
500, 5000 mau 3 MuIMOHOB pasjauuyHbIX umces! Hampumep, umcio
U pasmMephl BKJagoB B COepOaHKe 3a TEKYLIUHA T'oX UJIU JaHHbIEe
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0 IIPOMBBOAUTEIBHOCTH TPYAA Ha MPEJNPUATHAX KaKoN-HUOYAL oTpac-
JIY TIO Bceil cTpaHe, Pe3yJbTaThl I'OJIOCOBAHUSA 110 BCEM M30MpaTe/b-
HBIM y4YacTKaM ¥ T. I. EIMHCTBEHHBIN PasyMHBIM BBIXOJ — KaKHM-
TO 06pasoM npeo6pas3oéamb MEPBOHAYAJILHBIE JaHHHIE U3MEPEHUSA, B
IIePBYIO OYepelb 3aMETHO YMEHBUIINB UX 00Iee KosuuecrBo. OpHa u3
OCHOBHBIX 3ajJau CTAaTHCTUKU KaK Pas M COCTOUT B Hajjexalren
obpabomke uHpopmayuu. KoHeuHO, Y CTATUCTUKM €CTh MHOIO APY-
IrUx 3ajay: [MoJiydeHue U XpaHeHue NHGOpMal Uy, BEIpabOTKa Pasiny-
HBIX IIPDOTHO30B, OLIEHKA MX JOCTOBepHOCTH U T. 4. Hu ogHa M3 aTux
meseil He mocTHKMMa 0e3 00pabOTKM JaHHBIX.

Wrax, B mepByio ouepenb 3aiiMeMCs CTaTUCTUYECKUMU METOZAMU
obpaborku mHbpopmanuu. Kax nmpasumio, mopsamok mpeoOpasoBaHUt
IIEPBOHAYAJILHO MOJYYEHHOH MHGOPMAIMH TaKOB:

1) cHauaJia DaHHbBIE UBMEPEHUN Ynopadoyuearom u zpynnupyiom;

2) saTeM COCTaBJAIT Mmabauysl pacnpedeserus OaHHbLX;

3) Tabauubl pacupeseaeHNA IEPEBOAAT 6 2paduiu pacnpedeneiius;

4) HaKOHeI], IOJy4YaloT CBOETO Poja nacnopm 0anHbiX U3MEPEHUA,

B KOTOPOM CcOGpaHO HEeOOJIBIIOE KOJUYECTBO OCHOBHBIX HYUCJLO-
8blX xapakmepucmuk TONYUYeHHON mHDoOpMaLnu.

3aduKcupyeM OfHO KOHKPETHOE U3MEPEHUEe U MPOCJAEeIUM Iar 3a
I1aroM, Kak ero JaHHbie IpeobpasyiorTcs B Ipolecce o0paboOTKU HH-
¢opmanuu.

Ns3smepenue (). Y 50 paboOTHUKOB IroOpoACKOI0 IPeSIPUATHA
IIOIPOCHUJIN OLIEHUTH BPeMsd, KOTOPOe OHU B CPeJHEM TPATAT Ha IIPO-
e3n ot goMa mo pabothl. Ilonyuniauck ciaemyioniue JaHHbBIE B MUHYTaX
(c TouHocThIO A0 10 MuHYyT).

20 100 20 30 40 50 30 80 90 40
30 50 20 50 30 30 50 60 60 50
30 40 60 50 100 60 90 10 20 50
90 80 20 40 50 10 50 40 30 40
60 120 30 40 60 20 60 10 50 60

1. 'pynnuposka nadopmauuu. IlepBoe, uTo ciegyer oleHUTb, —
3TO PaMKH, B KOTOPBIX BOOOIIE MOTYT HaXOAWUTHLCS JaHHbIE U3Mepe-
Husa. Menee 10 munyT (T. e. 0 MUHYT) HUKTO He 3asBWJI (TeppPHUTOPU-
aJIbHO JOM u paboTa — 3TO He OAHO W TO Ke), a bosee 180 MuHyT
(6osiee Tpex 4acoB) Ha IIPOE3] IIO rOPoAy B OJHY CTOPOHY BpAZ JH
KTO-TO OyZeT TpPaTUTh KaKIblil NeHb. 3HAYUT, B IPUHIIMIE B 3TOM
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H3MEpPEHNHN MOIVIM MoJyuuTbesa umcaa 10, 20, 30, ..., 160, 170, 180.
Mg coctaBuau o6uuil psad danubix. [JaHHBIE pacmojaraioT, Kax mpa-
BUJIO, 8 nopadke 603pacmarus.

HUrak:

Hsmepenue OO0uwmii pAx JaHHBIX

Bpewms npoesga (MuH) 10, 20, 30, ..., 170, 180

II pumep 1. Brinucath o0muil pAL JaHHBIX CAEIYIOIINX HU3Me-
peHuit:

a) MecsAl, PoKAeHUA YUEHHKOB Balled IIKO0JbI; 0) ol poKIeHUs
BallMX POACTBEHHMKOB M 3HAKOMBIX; B) TOJOBOIl IIPOILEHT HaUMCJIe-
HU 10 BKJagaM B OaHKe; I') HauaJibHbIe OYKBEI B IEPBOI CTPOKE CTH-
XOTBOPEHHUA.

PeweH ue a) Bcero moxer moayuurscs 12 mecsueB. Eciu
IepEeUnCJUTh UX HE II0 HasBAaHUAM, a II0 HOMEpaMm, TO IOJYYUM
001Ul P SAaHHBIX:

1, 2,3,4,5,6,7,8,9, 10, 11, 12.

0) Bpag nm y Bac eCTh POACTBEHHUKHU WJIN 3HAKOMBIE, KOTOPBIM
mHoro Gossire 100 jet, a BOT HOBOPOKJEHHBIE BIIOJHE MOT'YT BCTPE-
TUTbCA. SHAUUT, OOIMUI PAN ZaHHBIX BeIraAzur taxk: 1900, 1901,
1902, ..., 2005, 2006, 2007, 2008.

B) Hukakoit yBaskalomuii cebs 6aHk 6osee 15 % rogoBeIX He gacT.
Yro racaercsa HuKHel omeHku, To TyT menee 0,1 %, KoTropeie gaer
Coepbark Poccun mmo BKJIagam A0 BOCTPeOOBaHMA, HEBO3MOMKHO IIPEN-
CTaBUTh. 3HAUUT, B 9TOM CJydae OOIIMM PsAL JAHHBIX BBEIIVIASUT TaK:
0,1; 0,2; ...; 0,9; 1; 2; 3; ...; 14; 15.

r) B nepBoit cTpoke CTMXOTBOPEHNUA B MPUHIUAIE MOTYT BCTPETUTHCH
Bce OYKBBI pycckoro augasura or A go 1. Ciegyer MCKIIOUUTHL He-
peansubie cayuau (b, 'b, bl). OcraBuineca 60yKBbI MOXKHO, HAIIPUMED,
IIepEeHYMEPOBaTh 110 MOPAAKY U MEPEHTH K YHUCJIOBOMY OOIIEMY PAAY:
1, 2, 3, ..., 29, 30. ]

IToguepkHeM, YTO OIpPeAeNeHUsS B CTATHCTHUKE HE BCErga HOCAT
CTOJIb K€ TOYHBIN XapakrTep, KaK, CKaXeM, OIpeldesIeHUs B reoMeT-
puu uau anreope. Hanpumep, B nyHKTe 0) mpumepa 1 or goGaBiaeHus
1899 x mocaenosareasrocTu 1900, 1901, 1902, ..., 2008 ona He Ie-
pecraHer ObITH OOILMM PAOOM HAHHLIX. B nyHKTE B) Bce rogoBbIe IPO-
IEeHTHI MOJKHO OBIJIO M3MEPATh C TOYHOCTBHIO AO HECATHIX, M TOIMA
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o0muit psAg JaHHBIX cocTaBwiau Obl umcaa 0,1; 0,2; ...; 0,9; 1; 1,1;
...; 14,9; 15.

IIpu npoBeleHMM KOHKPETHOIO M3MEPEHUs BIIOJHE MOMKET CJIy-
YNUTHCA TaK, YTO KAKME-TO JaHHbIE u3 O0Iero pAaga BooOIIe He BCTpe-
TATCA. S3HAYUT, HANO OTJINYATH PEATHHO MOJYUYEHHbIE PE3YyIbTaThl U3Me-
peuus or obwero paza maHublix. Hampumep, B mameperun (M) mam
BCTPETWINCH TOJIBKO Takue pesyabsrarsi: 10, 20, 30, 40, 50, 60, 80, 90,
100, 120. Kaxgoe u3 3THX UMCEJ HA3BIBAIOT 8APUAHMOU U3MEDPEHUA
(HECKONIBKO HEIIPUBBLIYHO, HO B CTATUCTHUKE HUCHOJIbL3YIOT CJIOBO UMEH-
HO »KEHCKOT0 pojJa).

Bapuanra usmepeHuss — 00uH u3 pe3ysbmamos Imozo ulme-
peHus.

Ecyi Bce BapmaHTBHI U3MEPEHUA MIEPEYUCTUTDH IO HOPAIKY (1 Oe3
IIOBTOPEHMIA), TO MOJYUUTCA pA0 0aHHbLX U3Meperus. B Halllem usmepe-
uuu (A1) pag sauaeix — aro 10, 20, 30, 40, 50, 60, 80, 90, 100, 120.

Hrax:

Hamepenue OO0 Mit PAX TAHHBIX Psap naHHbIX M3MepeHudA

Bpemsa npoesza | 10, 20, 30, ..., 170, 180 10, 20, 30, 40, 50, 60,
(Mun) 80, 90, 100, 120

Il pumep 2. Bunucars psajf SJaHHBIX U3MEPEHUA, COCTOSIETO
13 BCeX PasHbIX OYKB HEPBHIX ABYX CTPCOK CTHUXOTBODPEHMIA:

a) «He rosopu Hukomy / Bcé, uro Tel Bugesn, 3a0yab...»";

6) «3JT0 mepeBo cocHa, / Y cyanba COCHBI ACHA...» .

Pemenwue.a)a, 6,620¢e,6 3, u,K, a4, M, H, 0, D, C, m, Y, 4,
b, b. TyT ucnonn3oBana 21 6yxkBa Ha 33 MecTax M IIOBTOPEHUI OYKB
OYeHb MAJIO.

6) a, 0,8,0,e u, H,0,p, C, M, Y, bl, b, 3, . 30€Ch UCIOTIHL30BAHbI
16 6yxB Ha 30 mMecrax, IOBTOpPEHHI 0oJiblle, 1 B OCOOEHHOCTH 3TO
OTHOCHUTCA K OyKBe «c» (6 moBTOpeHMIA). (]

Kax MBI BUAUM, HEe BCe BaPHAaHTHI KOHKPETHOIO U3MEPEHUA HAXO-
IATCA B OLMHAKOBOM IoJIo)KeHur. Kaxkue-To BCTpeualoTea MHOI'O pas,
KakKe-TO peXke, a HEKOTOpbIe BCTPEUAIOTCA IO OSHOMY pasy.

* U3 cruxorsBoperus O. MaHaenbiiTama.
* U3 ctuxorBopenus 0. Munepasosa.
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OnpeaeneHue. Ecau cpepn Bcex NAaHHBIX KOHKDPETHOTO HM3Me-
PEeHHSA OJHA M3 BaAPHAHT BCTPETUJIACh POBHO k pas, TO UYUCJIO k Ha3bI-
BalOT KPATHOCTBIO 3TON BapMaHTHI U3MEPEHUS.

Hanpuwmep, B usmepenuu (M) Bpema 60 MUHYT BCTPETHUIOCH BO-
ceMb pa3, a BpeMsa 120 MHHYT BCTPETUJIOCH OJHAMKIALI. JHAUUT, KpaT-
HOCTb BapuaHThl 60 paBHA BOCHMM, a KPaTHOCTh BapuaHThl 120 pas-
Ha eguuune. Ilepeng manpHeiuieit o6paboTKON HaHHbIE M3MEPEHUS
yZobHO cepynnuposams. Hemaerca aTo Tak. Hna ygobcTBa sanuiiem
manubsle usmepenud () B gecATkax MUHYT.

2 | 2 3 4 5 3 8 9 4
3 5 2 5 3 3 5 6 6 5
3 4 6 5 10 6 9 1 2 5
9 8 2 4 5 1 5 4 3 4

6 12 3 4 6 2 6 1 5 6

Byzem gBurarbcsa 1o cTpouxKam M 3aUu€PKUBATH OUePeAHbIE Pe3yJIb-
TaTHl, a KaXXJoe 3auepKHUBaHNE KOIHUPOBATHh HUYKE COOTBETCTBYIOIIEH
BapuaHThl B pPAAy JaHHbIX. [lepBrie Tpu pesyasbraTta 2, 10, 2 B mep-
BO¥ CTPOKE 3a4epPKHYTHI B 3HAK TOr0, UTO MBI UX y:Ke yd4iau. JIuHMM,
KOTOPBLIMY 3TU PE3yJIbTAThl IEPEYEPKHYTH, IOBTOPUM B BHIIIMCAHHOM
3apaHee o0IlleM pAfe JaHHBIX:

1 2 3 4 5 6 7 8 9 10 11 12
/! /

BoT uTO mosyumTcsa IOcje NPOXOKIACHUs IIEePBOH CTPOKHM: B HEM
O ABa pasa BCTPETHUJMCHh BapHaHTHI 2, 3, 4 ¥ 10 OJHOMY pasy — Ba-
puauTH 5, 8, 9, 10.

1 2 3 4 5 6 7 8 9 10 11 12
o /ol

Peaynb'ra'r II0CJIe TIPOXOMKAEeHUA IIEePBBIX ABYX CTPOK BBITVIAOHUT
TakK:

1 2 3 4 5 6 7 8 9 10 11 12
/17 TR 1T TR 7T /T

Hna ymobcTBa MOACYETOB BMECTO KaXKJOM NATON YEPTOUKM IIPO-
BOAAT JIMHUIO C APYrMM HAKJIOHOM, KOTOpPasd IlepeuepPKUBaEeT YeThIPC

186



5. SNEMEHTbI KOMBUHATOPUKM, CTATUCTUKM U TEOPUM BEPOSTHOCTEW

npejslayiue yepTouku. Ha nmpaxTuke, KOHEYHO, BCE IIOACUYETHI IIPO-
U3BOAAT B OQHOM MeECTe: Belb IIPOMEKYTOUHBIE DPE3yJIbTaThl HE HYK-
HEI. BoT Kak B uTOore OyAeT BBHIMVIAZETh PE3YJILTAT IIOACUYETA KPATHO-
cTeil B HauleM IIpUMepe:

1 2 3 4 5 6 8 9 10 12
T TR TR HH T TR T 707 11

Tenepsr MOXXHO COCTaBUTH C2PYNnuposanHuLii psad danHovix. B HEM
KaXK[ad BapHaHTa IOBTOPEHA MMEHHO CTOJIKO pa3, CKOJbKO OHA
BCTPETUJIaCh B U3MEPEHUH, T. €. YHCJIO ITIOBTOPEHUI KaKAOoH BapuaH-
Tl PABHO KPATHOCTH 3TOIl BapUAHTHI:

1,1,1,2,..23,..,3,4,..,4,5,..,5,6,...,6, 8,8, 9,9,9, 10,10, 12
AR S S R T T

Ha sToM 3aKaHUMBaeTCA MEPBHIM wIar 06paboTKH HHGOPMALIUUA —
ee yIopsA[oYMBaHNWE U I'PYNIHUPOBKA.

2. Ta61uuHoe mpeacraBiieHue uHpopmanuu. Buecem B Tabiaumy
PAL NAaHHBIX M3MEPEHUA U KPATHOCTHA COOTBETCTBYIOIIMX BAapHAHT.
Ilonyuum mabauyy pacnpedesernus NaHHBIX. BOT Kak 9TO BBITVIAAUT
B uamepenuu (H1).

Bapuanra

12| 3| 4 5 6 | 8| 9|10 12

Cymma

KparHocts | 3 6 8 7 10 | 8 2 3 2 1 50

Ecau cnokuThk Bce KPAaTHOCTH, TO IOJYUYUTCA KOJUUECTBO BCEX
JAHHBIX U3MePeHUs — o6sem u3dmeperHus. Tak Kak OIpaIiuBaIn
50 paGoTHUKOB, TO 00'beM u3MepeHus (1) paBen nmenso 50. Ha npaxk-
THKEe IJIA KOHTDPOJIA BCerfga CKJIaJbIBAIOT HalifieHHble KPAaTHOCTH Ba-
PHAHT: CyMMa JOJIXKHA PaBHATHLCA 00bEMY M3MEPEHUS.

Hanee, npu 00111eil OlleHKE paclpenesieHNA JaHHBIX He OUEHDb BaXK-
HO, 4TO, Hampumep, Bapuanra 1 mMeer KpaTHOCTH 3 cpexu Bcex 50

3
nauHbelXx. Taxk Kax 30 = 0,06, to ynobHee cKas3aTh, UTO 3TAa BapUaHTa

3aHMMaeT LIECTb COTBhIX O6H.[81‘0 o0pemMa U3MepEeHUusd. Tak u IIoCcTyIiamwnr,
T. €. JeJIAT KPAaTHOCTh BapHaHThbI Ha oobeM HU3MEPEeHuA U II0Jy4daroT
YacToTy BapUaHTHI.
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Kpamnocmov sapuanmuot

YacTroTa BApUAHTHI =
O6zem usmepenus

YacToTsl BCeX BApMAHT yAO0HO MPUMUCATDL CHAEAYIOIEeN CTPOKOM
K y2Xe cocTaBieHHO# Tabaulle. [lonyyeHHy0 TabauIly HassIBAIOT mao-
auyeil pacnpedenenus wacmom usMepeHns. BoT Kax 3TO BHIMISAUT B
uamepenun (H1).

Bapuanra

Cyvma
1| 2| 3|4 |56 | 8] 9/|10]12

Kparuocers| 3 6 8 7 10| 8 2 3 2 1 50

Yacrora |0,06(0,12(0,16/0,14} 0,2 {0,16/0,04{0,06|0,04|0,02 1

CymMa Bcex yacToT Bcerjga paBHa 1 — BelIb 3TO cymMa apoGeii
C OAVMHAKOBBLIM 3HaMeHaTeJleM, y KOTOPBIX CyMMa BCeX YHCIHuTeJ el
KakK pas3 M paBHa 3TOMYy 3HamMeHareJaio. A ymo06cTBa cuera M IOCTPO-
eHusA rpauKOB YaCTOTHI IEPEBOAAT B IMPOIEHTHI OT 00'beMa m3Mepe-
Hud. Torga tabnuiy pacupenesieHUsA AONOJHSIOT ellle CTPOKOM udac-
TOoT B npoueHtax. OHa ImoJydyaeTca M3 NOPEeABIAyINEeH CTPOKU
ymHOXeHueM Ha 100 % . Urak, nua usmepenus (1) monydaem Takyo
TabIuILy.

Bapuanra

Cymma
112|831 4|5| 6| 8| 91012

Kpataoers | 3 6 8 7 10| 8 2 3 2 1 50

YacroTa 0,06|0,12|0,16|0,14| 0,2 |0,16|0,04|0,06/0,04|0,02 1

Yacrora, %| 6 | 12 | 16 | 14 | 20 | 16 | 4 6 4 2 100

CyMMa BcexX 4acTOT B IIPOIEHTAX, KOHEYHO ke, paBHa 100.

3. I'padwuueckoe npencrasienne nugopmaunn. rax, pacmnpene-
JeHue NaHHBIX M3MepeHusa yAoO0HO 3amaBaTh ¢ momomibio Tabmuir. Ho
MBI 3HAaeM, 4YTO U AJA QYHKIUH eCTh mabauiHblil crmocod MxX 3anaa-
Hud. Tabauiel 06pasyioT « MOCTHK», II0 KOTOPOMY OT pacIpejeeHus
JaHHBIX MOJKHO IlepedTn K (QPYHKUUAM u rpaduxam.
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OTJIOKUM ITO ocH abCcIMCcC 3HAUEHHS U3 MepPBOMl CTPOKH TaOJMIIBI
pacropefesieHUA, a [0 OCH OPAMHAT — 3HAYEHUA U3 ee BTOPOil CTPOKH.
ITocTpouM coOTBETCTBYIOIIME TOYKH B KOOPAMHATHOM miockocTH. Ilo-
JyuyuMm rpaduueckoe msobpakeHue umemoeiica napopmanuu — 2pa-
duk pacnpedenenus évl6opku. IlocTpoeHHbIE TOUKY OJIS HATJIALHOCTH
COeIMHAIOT OTpe3KamMu. Bor Kak 9To BeiriaAguT B uamepenuu (1), nan-
Hble KOTOPOro MbI yiKe IIPeACTAaBMJIM B TAOJMUYHOM BHIE.

ITo ocu abGcuuce 1 2 3 4 5 6 8 9 10 | 12

ITo ocu opauzar | 3 6 8 7 10 8 2 3 2 1

Ha xoopamHaTHO# MJIOCKOCTH MbI MOJYYUIHM JIOMAHYIO JHUHUIO
(puc. 134), xoropasd ABiAeTCA rpad)KOM HEKOTOPOM KYCOUHO-JIMHEMH-
HO# QyHKOHU. ITY JOMAHYIO HA3LIBAIOT MHO20YZOAbHUKOM HUJIU
noauzoHom pacnpedenerus nanHbIX. COOCTBEHHO, polygon M mepeBo-
IUTCA KAaK «MHOTOYTOJBLHHUK .

TouHO TakK sKe COCTaBJIeHHbIE TAaOJMULbLI pacIpeaeseHUs YacToT U
pacipenesieHusi 4acTOT B IIPOLEHTAX I[O3BOJIAIOT IIOCTPOUTHL MHOZ20-
Y20lbHUK wacmom U MH020Yz0lbHUK wacmom 6 npoueHmax. s Ha-
TJISAZHOCTH B MPAKTHUYECKUX IIPUJIOMKEHHAX yHoOHEee MCIIOJbL30BAThH
MHOTOYTOJILHUKH YacTOT B IIPOLIEHTAaX: B HUX M3MEHEHMS II0 OCH Op-
auHat ot 1 xo 100 Gosiee BeIpasuTesbHBI, yeM uamenenus ot 0 go 1.

Y1
10+
[
97 |
8 1 |
|
74 | b
6 1 ! ' ! [
| | ! |
5 1 : [ ! ! [
1
4 I R
1 | | ]
3 1 | | : | :
2 1 | ! ] | | 1
| 1 ] \ | ! |
14 | | 1 | 1 : ! 1
| ' I | ! | . ' l H N ! —
0 1 2 3 4 5 6 7 8 9 10 11 12 x
Puc. 134
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[SC YR S U
G

[ Y U U

O+ - - - - - =

_ e - - - - - -
04— - - -

5 6 7
Puc. 135

ITocTponM MHOTOYTOJILHHMK YacCTOT B IIPOIEHTAX AJIS M3MepPeHUs
() (puc. 135).

Mo ocu abemmec | 1 [ 2 [ 3 [ 4 |5 |6 |8 ] 9]10]12

ITo ocu opgunar | 6 |12 | 16 | 14 | 20 | 16 4 6 4 2

Mgzl BugnM, 4TO AaKe AJs HeOOJBIIOro o6beMa U3MepPeHUH aKKy-
paTHoOe «IpuuechbiBaHME» MH(MOPMAIMM — JOBOJHHO KPOIOTJINBAsA
pabora. Ilpu onmepupoBanuu ¢ GoaplIMMu oO0beMaMu MHGMOpMAIUU
HUCHOJb3VIOT MEeTOAb! MPUOIMMKEHHON IPYIINPOBKY JaHHBIX. B Takux
cIydyadax BapUaHTOH M3MEpeHUsS SABJIAETCSA He ONHO UMCJIO, a YUCJIO-
BOM IIPOMEKYTOK.

Hanpumep, B namepenuu (M) Bcex paGOTHUKOB IPENIPUATHSA
MOJKHO pasgejuThb Ha TPU I'pylibl. Bo-mepBbIX, 9TO TE, KTO KHUBET
6a1u3ko or paborel. OHu TpataT Ha gopory 10, 20 mam 30 muuyT.
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Bo-BTOpHIX, 3TO TE, KTO JKUBeT Hegajmexko. X nyTh 3ammmaer ot 40
mo 60 munyt. Bce ocTanpHBIe JKHBYT AAJEeKO M IPOBOAAT B Aopore
6oJsiee yaca. TeM caMbIM MBI PasGUJIM IIPOMEXKYTOK MEXKIY caMOil Ma-
JIEHbKOHM ¥ caMoi#l O0JIbIION BapuaHTOH Ha MpoMeXyTKm 1—3; 4—6;
8—12 (B mecATKax MHUHYT). BMecTo mecATH NepBOHAYAJNbHBLIX BapH-
aHT IIOJIYYMJIOCH BCEro TPH HOBHIE: OJIM3KO, HeJaJIEKO, JaJIeKO.

a8 xaxIoro mMpoMeKyTKa MOKHO HAHTH KOJMYECTBO pe3yJibTa-
TOB M3MEPEeHUs, IOMaBIINX B 3TOT mpoMe:KyToK. [loayumm KpaTHOC-
TN U TAOJHILy pacipejesieHusi HOBbIX BapHaHT.

Bapuanra
Cymma
Oym3K0 HeAJIEKO JAJICKO
KparzocTb 17 25 8 50

Paaymee'rca, MOXKHO COCTaBUTH M TalJIHUILbI pacipenesieHusda 4yac-
TOT U IIPOLIEHTHBIX YaCTOT HOBBIX BAapHAaHT. Bor uto IIOJIYYHUTCHA.

Bapuanra
Cymma
0JM3KO0 HEJAJICKO JAJIeKO
KparsocTtb 17 25 8 50
Yacrora, % 34 50 16 100

IIpu Takxoii rpy06oil olleHKe MBI KOE-YTO yTe-
psAaM U3 NepBoHavaabLHOIT mHGopmanuu. Hampu-
Mep, Telleph HEeM3BECTHO KOJHYECTBO pabOTHH-
KOB, IIyTh KOTOPBIX COCTaBJIsIeT MMEeHHO 60 MUHYT.
Ho MBI uTO-TO M IpuoOpesn: MHGoOpMAIUA IIO-
Jyumiia 6oJiee ACHOe U yEOOHOE AJISl O0'BSCHEHUS
mpeacrasieHue. BoT Kak 9TO BBIMVIAUT, HAIIPH-
Mep, Ha Kpyrosoil nuarpamme (puc. 136).

IIpu rpaduyeckom npeacTaBIeHNHN GOJIBIITNX
00beMOB MHGOPMAIMM MHOTOYTOJNbHUKH paclpeAesieHUs 3aMEeHAIOT
zucmozpammanu, AIu cmoaduamuvimu Oduazpammamu. Bel mosHaxo-
MHTECh C HUMHM B cTapuIeil IIKoJe.

50 %
HeJaJeKo

Puc. 136

4. Yucaosble XapaKTepHCTUKN JaHHBIX U3MEPEeHHdA. Ra}i{,llblf/'l ye-
JIOBEK, KpoMe CBOMX (I)OpMaJIbHLIX IIacIIOPTHHIX OAaHHBIX, 06.71&].1'3.8'1‘
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5. DNEMEHTbI KOMBMHATOPUKN, CTATUCTMKM 1 TEOPMM BEPOSITHOCTEM

PAJOM APYTHUX CBOMCTB M KauecTB. KTo-To Jyullle Bcex peliaeT 3aja-
Y}, KTO-TO OpIOHET, KTO-TO 3aMeuaTeJbHO HIpaeT Ha rurape Hu T. I.
OgHaKo CpaBHHUTEJNLHO HeOoJblnaA macrnoprHasa umHdopmanusa (PUO,
JaTa POKIeHUs, HOMED M JAaTa BhlAauyM IIACIIOPTA) MO3BOJIAET OXHO-
3HAYHO OIIPeJAEJINTh UeJOBEeKa, BBIAECJUTL €ro Cpeau APYyrux. ¥ AaH-
HBIX HM3MepeHU# TOoKe eCTh CBOEro poja KpPaTKHuil maciopT, cO-
croAmnit 3 Habopa OCHOBHBIX XUCA08blx xapakmepucmuk. Ilo-
SICHUM HEKOTOpble M3 HUX Ha y:Ke 3HAaKOMOM HaM IIpuMepe uaMepe-
uua (H).

PasHoCcThr MeXIy MaKCHMaJbHON M MUHUMAaJbHON BapuaHTaMH
Ha3bIBAIOT pasmaxom usmeperus. B usmepenuun (1) pazmax paBeH
120 - 10 = 110 muuyram. Ha rpadguke (cm. puc. 134, 135) ato aiauna
obyiacTy ompejesieHNsI MHOTOYTOJIbLHUKA PaclpeleseHusa JaHHBIX WU
pacupefesieHusa 4acToT.

Ty BapmaHTy, KOTOpasi B MU3MEPEHUH BCTPETHJIaCh yalle APYIruX,
HasbIBAIOT M000il usmepenus. Ecau nanHble maMepeHUs yxxe cobpa-
HBI B JBYXCTPOYHYIO TaOJIMIy pacupeneseHUs, TO AJIA HAXOXKIAEHUA
MOJBI CJIELYET:

— BO BTOPOi#l CTpOKe (KPAaTHOCThL) BhIOpATh HAMOOJIbIIIEe UMUCJIO;

— OT Ha#fieHHOIr'0 YmcJja IMOAHATHLCA Ha KJETKY BBIIIE: IIOJIYYeH-
HOe YUCJIO U OyAeT MOHOM.

Ecnu nanHble NU3MEpPEeHUA IIPeICTaBIeHbl rpadMYecKH B BUAE MHO-
TOYyroJIbHUKA pacipeiejeHusd, TO MOAAa — 3TO TOYKA, B KOTOPOH IO-
CTUTraeTcsa MaKCHMyM MHOTOYTOJIbHUKa pacupeneienusa. Hampuwmep,
B uamepenun (M) mozma paBHa 50 MuHyTamM — HamnbGoJbIIee YHCIO pa-
6oTHHMKOB (10) MMEHHO TaK OLEHMBAIOT BpeMsA CBOEro IIpoesna.

Haub6osee BaxkHO! XapakTepPUCTUKON UYMCJIOBOrO pPska HaHHBIX
sABJAETCA cpedHee 3HaueHUe (cpedHee apudmemuueckoe, WIN IPOCTO
cpeduee ).

aa HaxoxcOenus cpedHezo 3HaYeHUs caedyem:

1) npocymmuposambs éce OanHble U3MepeHUA;
2) NOAYUeHHYI0 cymmy pa3denumsb HA KOAULECE0 OAHHbBLX.

Hasa momcuera cpegHero 3HaueHMA YAOOHO MCIIOJIbL30BATL CIPYII-
NUPOBAaHHBIN PAXL HaHHBIX. BOT KaK 3TO BhIMIAAUT B uaMepenuu (M1).
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5. INEMEHTbI KOMBMHATOPUKM, CTATUCTUKK M TEOPUM BEPOSTHOCTEN

CrpynuupoBaHHBIN pPAX TaHHBIX U3MEpPEeHMS

,11,2..,2,38,..3,4..,4,5,..,5,6,..,6, 838, 9,9,9,
i v AN A RN AN 227
3 6 8 7 10 8 3
10, 10, 12

Haitnem cpenHee 3HaueHUe:
1.3+42-6+3-8+4-7+5-10+6-8+8-2+9-3+10-2+12.1 -
50
- 3+12+24+28 +50 + 48 + 16 + 27 + 20 + 12
50
HyT). 3HaUUT, CpeJHee BpeMs MIpoesaa [Jis ONPOLIeHHBIX PAa0OOTHUKOB
cocraBiasgeT 48 MUHYT.
Ecau tabauita pacnpeziesieHUs 4acTOT SAHHBIX yKe M3BECTHA, TO
cpefHee 3HaUeHHNE MOYKHO BBIUMCJIATH IIPAMO Imo Heit. CMmoTpure:
1~3+2~6+3-8+...+12'1=1._§+2.£+3.§+‘
50 50 50 50

= 4,8 (mecATKOB MU-

o+

1
+12 20"

Bcee apobu B mocaegHeit cymMe — 3TO 4aCTOTHI BaApHaHT, KOTOPHIE
CTOSAT Iepef 3TUMHU APoOAMH B KaueCTBe MHOMKHTeJel. 3HAYUT, B
TabJuIle paclpegesieHUus 4acTOT MOXKHO IIPOCTO MEePEeMHOKUTHL YHCjIa
B KaXJIOM CTOJIOIlE U 3aTeM CJOKUTH BCE IOJYUYEeHHbIE IIPOU3BeJeHUA.

Bapuasnra
1 2 3 4 5 6 8 9 10 | 12
Yacrora |0,060,12|0,16|0,14| 0,2 |0,16|0,040,06{0,04|0,02 1

IIposepsaiite: 1 - 0,06 + 2-0,12+3-0,16 +4-0,14 + 5- 0,2 +
+6-0,16+8-0,04 +9 0,06+ 10 0,04 + 12 - 0,02 = 4,8.
Cohopmynaupyem obliiee MIPaBUJIO.

s Haxoncdenus cpedHezo 3HAUeHUA OAHHBLX U3MEDEHUR MONCHO!
1) kaxncOyio sapuarnmy ymHONCUMb HA ee Yacmomy;
2) c<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>