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MPEOMCINIOBUE ONA YHYUTENA
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9-m Knacce obLeobpa3osaTenbHOM LUKOMbI, BbIMYCKA@MbId M3[aTENbCTBOM
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Y Bac B pyKkax nepBas KHWUra YKasaHHOro Kommnnekra. Xotum obpaturb
®HMMAaHKME HA TO, YTO OHA CYLLLECTBEHHO OTNMYaeTcs OT m3gaHund 1999—
2007 rr. AHann3 mHoroneTHero onbita paboTbl yunTenei No NpeabiAyLLMM
M30aHMAM BbIHYAMN aBTOPOB B PAAE CNy4aeB M3MEHMTb MOPAAOK CnepoBa-
HMA NaparpacoB UM BHECTH HEKOTOPble PEAAKLMOHHbIE M CTUNMCTMHECKME
NPaBKM.

ABTOpbI HAagerTCs, YTO yuyebHuK ByayT uMTaTbh M YUEHMKM, M yuuTens,
W pogMTenu, NOCKONbKY M3fOXEeHWe matepuana foCTynHoe, 3avacTyto
COMPOBOXAAEMOE HEMPHMBBLIYHBIMM AN MATEMATUUECKOM PYTHHHOM NEKCHKK
obopoTtamu. BoigenstoTcs OCHOBHbIE 3Tanbl PACCyXAEHUH ¢ domMKcaumein Ha
HUX BHMMaHMA uuTatens. Hanpumep, pelueHue NpaKkTMHECKH BCeX TaK Ha-
1bIBAEMbIX TEKCTOBbIX 3aAady ocpopmneHo B yyebHuke (Kak u B y4ebHu-
Kax gans 7-ro u 8-ro Knaccos) B BMAe Tpex 3TarnoB: COCTABNEHME MmaTe-
maTtMueckol mopenu; pabota ¢ NONy4YeHHOM MOAENbLO; OTBET Ha BONPOC
rapaum.

* BoJsiee mogpobHy0 uHpopmanuo 06 YMK M0oKHO mosyuuTh Ha caiitax
www.mnemozina.ru u www.ziimag.narod.ru



Ha ypokax martematuku yuutenb Bcerga coqetaer obbigeHHbld A3bIK
(73bIk O6LLEHMs, A3bIK NMTEPATYPHOro MOBECTBOBAHMSA) C MPEAMETHbIM
A3bIKOM — CTPOIMMM, CYXMM, NAKOHWYHbIM, CTPOSLUMMCS NO MPUHSATBIM B
MaTemMaTtHKe 3aKoHam. TaK HanMCaH M AaHHbIM YHEBHWK, NpepCcTaBNsroLLMM
coboi KHUrYy He gns 3ayuuBaHMs, a ANA M3YYEHWs, T.e. ANA HYTEHWU M
NOHUMAHMSA.

Onupascb Ha y4ebHuK, yuutenb npekpacHo pasbepercs B TOm, 4TO
Hao PAacCKasaTb YYaWMMCA HA YpOKe, 4TO pEeKOMEH[O0BaTb MM 3anom-
HMTb, @ YTO NPEeAnoMMuTb NPOCTO NpovecTb AOMa (M, BO3mOXHO, obcy-
AMTb B KNacce Ha cnepylroleM ypoke B aHpe becepgpbl).

B HekoTOpbIX cny4asx TeKcT HabpaH neTMTom. DTO maTtepman, He obs-
3aTenbHbIM AN M3YYEHUs BCEMM YHALLMMMCH, OH OPMEHTUPOBAH Ha Tex,
KTO MHTEpecyeTc MaTeMaTHKOM.

M3 OCHOBHbIX copepIKaTeNnbHO-METOAMHUECKMX NMHWM LUKONbHOrO Kypca
anrebpbl B KadecTee NPUMOPMTETHOM BblIBpaHa YHKLMOHaNbHO-rpaduye-
CKan NuHMUsA. DTO BbIPAXAETCH MPEeXfe BCero B TOM, 4TO, Kako# 6bl knacc
PYHKLMM, YpaBHEHMM, BbIDAXKEHWI HW u3ydancs, NMOCTpOeHue matepuana
NPaKTMHECKU BCErpa OCYLLEeCTBNAETCS NO MECTKOM cxeme:

PyHKUMR — ypaBHeHns — npeobpazosaHus.

[Ana nonHoueHHOM peanu3aunn PyHKLMOHANBHO-TPAOMYECKON NMHMM
ocobeHHOo BaxHbIM sBnsieTcs Kypc anrebpbi 9-ro knacca. Onupasch Ha
OnNbIT M3y4YeHUs OYHKLMM, ux CBOMCTB M rpacmkos B 7—8-m Knaccax, pac-
CMOTPEB B YKA3aHHbIX KNACCaX BCE€ OCHOBHbIE MOHATHSA, CBA3AHHbIE C dPYHK-
LUMSMM, HA HArNABHO-MHTYMTHBHOM M pabouem ypoBHAX, B 9-m Knacce mbl
BbIXOAMM HA YPOBEHb TEOPETHHECKOrO OCMbICNEHMS.

B yuebHuKe npuBEeSEHO MHOrO NPMMEPOB € NOAPOOHBLIMM pPeLLEeHUAMM.
Ha okoHuaHue pelueHuss npumepa ykasbisaet nubo cnoso «oteeT», nmbo
3Ha4oK (M.

ABTOPSbI
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PALUMOHAIJIbHbIE HEPABEHCTBA

U UX CUCTEMbDI

§ 1. JluHeriHbie n KBagparHbie HepPaBeHCTBA
§ 2. PaumoHanbHbie HepaseHCTBa
§ 3. MHosecTsa m onepaumm Hah HUMM
§ 4. Cucremsbl HepaseHcTs
OcHosHbie pe3ynbrartsl

§ 1. MMHEMHBIE U KBAAPATHbIE HEPABEHCTBA

ITpounraB HasBanue naparpada, Bbl, HaBepHOE, CIIPOCUTE:

«[Touemy MBI TOTYueMca Ha MecTe?» B camoM geJe, IMHEHHBIE U KBaJ-
paTHBIE HEePaBEHCTBA C OJHOI IepeMeHHO# Bbl HAYyUYHJHCH pellaThb
B Kypce aareOpnl 8-ro wJjacca — 3To ObLia OfHA M3 IMOCAECJHUX TEM
Kypca. [leficTBUTENIbHO, IIOYTH HHYEr0 HOBOT'O BBl M3 BTOr0 IIaparpa-
(ba He y3HaeTe, 0oJiee TOro, OOHAPY)KHUTE, YTO HEKOTOPHLIE ITPHUMEPHI
3AMMCTBOBaHBI U3 yueOHMKA «AsreOpa—8». Paccmarpusaiite aTor na-
parpad Kak BO3MOXXHOCTb IIOBTOPEHHUA, KOTOPOE ITO3BOJIUT BaM ILIaB-
110 TIepeiiTH K M3yUYeHMIO HOBOM TeMEI (B ciefyoleM Iaparpade).

HanomHuM, 4TO JUHETHBIM HEPaBEHCTBOM C OAHOII MepeMeHHOo X
11a3BIBAIOT HEPABEHCTBO BHUAA ax + b > 0 (BMecTo 3HaKa > MOJKeT ObITh,
pasymeeTcs, Ji000i Apyroii 3HaKk HepaBeHCTBA), I'le a U b — neiicTBH-
resbHble yncya (a # 0). KBagpaTHbIM HepaBeHCTBOM C OJHOII mepe-
MEeHHOI1 x Ha3bIBAIOT HEPAaBEHCTBO BuAa ax? +bx+c¢>0,rne a, b, ¢ —
JeiicTBUTEeNbHBIE yncaa (kpome a = 0).

3HaueHue MMepPeMeHHo X, KOTopoe obpaijaer HepaBeHCTBO f(x) > 0
B BepHOEe YHCJIOBOE HEPABEHCTBO, HA3LIBAIOT pellleHMeM HepaBeHCTBA
(v yacTHBIM peumreHumeM). MHOKeCTBO BCe€X UYAaCTHBIX DeIIeHU
IIePaBeHCTBA HA3BLIBAIOT OOHIMM pelleHHeM (IJIH IIPOCTO pelIeHHeM)
HepaBeHCTBA.

3ameuanme 1. Kak supute, TEpMHH «peLLeHe» ynoTpebnatoT u B cMbic-
ne obuero, 1 B CMbICNE YacTHOro pelueHms HepaseHcTBa. bonee Toro, cam
NPOUECC OTbICKAHMS PELLEHMIH HEPABEHCTBA TOXKE Ha3bIBAlOT PELUEHUEM HE-
paseHcTBa. O6bI4HO NO cMbicny BbiBaeT ACHO, KAKOE UMEHHO MOHMMAaHWEe
TEPMHUHA «PELLEHME» UMEETCA B BUAY.



1 . PAUMOHAIbHBIE HEPABEHCTBA U UX CUCTEMbI

IIBa nepaseHcrsa f(x) < g(x) u r(x) < s(x) Ha3bIBAIOT PABHOCHJIb-
HBIMH, €CJIM OHHM MMEIOT OJUHAKOBBLIE pelIeHUdA (B YaCTHOCTH, €CJIU
o0a HepaBeHCTBAa He HMMeIOT perieHuit). MOXXHO cKasaThb M Tak: ABa
HepaBeHCTBa PAaBHOCHJIbLHBI, €CJIM JII000€ YaCTHOE pellleHue IIePBOT0
HEpPaBEHCTBA ABJAETCA YaCTHBIM DPEIIeHHEM BTOPOro, u 00paTHO, JIIO-
00e YacTHOe pellleHHMe BTOPOT'0 HEPABEHCTBA ABJAETCA YAaCTHBHIM pe-
LIIEHNEM I[1ePBOTO.

OObIYHO IIPU pelIeHMHM HEepPaBEeHCTBA CTAPAIOTCSA 3aMEHUTH HaH-
HOe HepaBeHCTBO 00Jiee IPOCTHIM, HO PABHOCHUJIBHBIM eMy. Takylo 3a-
MEeHY Ha3bIBAIOT PABHOCHJIIbHBIM IIpeo0Opa3oBaHHEM HepPaBEHCTBA.
IrHu npeobpas3oBaHuA yYKasaHbl B chOPMYJIMPOBAHHBIX HUXKE IIPaBHU-
adax 1—3.

IIpaBuno 1. JI1060t wen HepaseHcmeéa MONHCHO nepeHecmu U3
00HOU wacmu Hepagencmea 6 OpY2y1o ¢ nPOMUGOTLONONCHBLM 3HA-
KOM, He MEeHAA NPU IMOM 3HAKA HepaseHcmed.

Bosee TouHas GOpPMyJIHMPOBKA TAaKOBa: €CHH KaKoii-1nbo 4jaeH
HepaBeHCTBA IIePEHECTH M3 OAHOM YacTH HePaBeHCTBA B APYIYIO C
IIPOTHBOIIOJIOKHBIM 3HAKOM U €CJH IIPU 3TOM COXPAaHHUTH 3HAK Hepa-
BEHCTBA, TO IIOJIYYUTCSA HEPABEHCTBO, PABHOCHUJIbLHOE JAaHHOMY.

Hanpumep, HepaBeHCcTBO 3x + 5 < x? paBHOCHJILHO HEPaBEHCTBY
—x2 + 3x + 5 < 0: wineH x? mepeHec/ju M3 IIPAaBOM YaCTU HEPaBEHCTBA
B JIEBYIO C IIPOTHBOINOJIOKHBIM 3HAKOM, a 3HAK HEPaBEHCTBA OCTaBH-
JIL HEM3MEHHBIM.

IIpaBumo 2. Ob6e wacmu HepageHcmMEa MONCHO YMHON UMb ULU
pa3denumsv Ha OOHO U MO %e NOLOH UMEeNLbHOe HUcno,
He MeHAA NpU IMOM 3HAKA HePpABEHCMEa.

Hanpumep, HepaBeHCTBO 8x — 4 > 12x? paBHOCHJIBHO HEPaBeH-
ctBy 2x — 1 > 3x% o0e YacTu NEePBOro HEPABEHCTBA Pa3ZesiMjN Ha
TIOJIOXKHUTEJIbHOE YUCJIO 4, a 3HAK HEPABEHCTBA OCTABUJIN HEM3MEHHBIM.

IIpaBuao 3. O6e wacmu HepageHCMEA MONCHO YMHONCUMD ULU
pa3denumsb Ha OOHO U MO e OmMpPUY amenbHOe HUCLO,
U3MeHUE npu Imom 3HaK Hepa6eHCme6a Ha NPOMUEOTLONLOMNC-
Holl (< Ha >, < Ha 2).




1 . PALUMOHANBHBIE HEPABEHCTBA U UX CHUCTEMbI

Hanpumep, HepaseHcTBo —2x% — 3x + 1 < 0 paBHOCHJIBHO Hepa-
weHeTBY 2x2 + 3x — 1 2 0: 06e yacTu IIepBOr0 HEPABEHCTBA YMHOMKH-
M Ha OTpHLIATeJbHOE YKCJIO —1, M3MEeHHB IIDH 3TOM 3HAK HepaBeH-
*1Ba Ha MPOTHBOIOJIOMKHBIH,

IIpaBuna 2 u 3 momycKaioT cieayooie 0000meHns (COOTBETCTBYIO-
e yTBEPKAECHUA IPEACTaBJHAIOT c000i1 TeopeMbl, HO Mbl, palu
yllo6CTBa YnTaTexs, 0ohOPMHUM HX B BHAE IIPaBUJI).

(leaBrmo 2%, Ecnu obe wacmu HepaéeHcméa ¢ nepemeHHoOU x\
yMHO*CUMD UAU pa3denumb Ha 00HO U MO dce 6blpadcenue p(x),
noNOYNUMeNbHOE NPU 6CeX SHAYEHUAX X, U COXPAHUMDb 3HAK UC-
X00H020 HepaseHCcmMEa, MO NOAYHUMCA HePA6eHCmMm60, PAGHO-

Lcunbuoe darnnomy. )

( L)
IIpaBuno 3%, Eciu obe wacmu Hepasencmeéa ¢ nepemenHHol x
YMHON UMb UAU pa3feiumsb Ha OOHO U MO e 6biparcenue p(x),
ompuyamenbHoe NPU 6cex 3HAYEHUAX X, U USMEHUMb 3HAK UC-
Lxoé’uozo Hepa6eHCcmeéa Ha NPOMUGONONONHCHBLY, MO NOAYHUMCA

HepaseHcmeo, paéHoCUuibHOe Bannomy.

J/

HokaxkeM [Ijia mpuMepa IpaBmio 3%,

Idano nepaBeHcTBO f(x) > g(x) u BeIpakeHume p(x), OTPHUIIATENb-
Hoe mIpH Jio0bIX 3HaueHHAX Xx. IIycTh x = @ — uyacTHOe pellleHHe He-
paBeHnctBa f(x) > g(x). 9ro 3Hauut, 4uro f(a) > g(a) — BepHOE YHUCJIO-
BOe HepaBEHCTBO. ¥ MHOKMB 00e €ro 4acTd Ha OTpHIATeJbLHOE YHCJIO
pla), monyuum: f(a)p(a) < g(a)p(a) — BepHOE YHUCIOBOE HEPABEHCTBO.
YT0 3HAYHUT, YTO X = @ — YACTHOe pellleHHMe HepaBeHCTBa f(x)p(x) <

g(x)p(x). Arax, MBI JOKa3aJiu, YTO JII00OE YacTHOe pellleHue Hepa-
seHcTBa f(x) > g(x) ABAsieTCS YaCTHBIM pellleHMEM HepaBeHCTBA
f(x)p(x) < g(x)p(x).

IIycTb, 06paTHO, X = b — yacTHOe pellleHue HepaBeHCTBa f(x)p(x) <
© g(x)p(x). 9ro sHauut, uro f(b)p(b) < g(b)p(b) — BepHOE UHMCIOBOE
HepaBeHCTBO. Pasnenus o0e ero yactu Ha orpunarenabHoe uuciao p(b),
noayuum: f(b) > g(b) — BepHOe YMCIOBOE HEPaBEHCTBO. JOTO 3HAYMT,
qTo0 x = b — uacTHOe peleHue HepaBeHcTBa f(x) > g(x). Arak, MBI
AOKasajnu, 4To J0oe yacTHOe pelleHHMe HepaseHcTBa f(x)p(x) <
« g(x)p(x) aBAsAETCSA YAaCTHBIM pellleHHMeM HepaBeHCTBA f(x) > g(x).

Brisoz: nepasencrsa f(x) > g(x) u f(x)p(x) < g(x)p(x), rae p(x) < 0,
PaBHOCHJIbHBIL.



1 . PALUMOHATIbHBIE HEPABEHCTBA U UX CUCTEMbI

Hanpumep, sepaBencTBo (2x + 1)(x? + 2) > 0 paBHOCHJIBHO Hepa-
BeHCTBY 2x + 1 > 0: o0e yacTH MCXOOHOTO HEPABEHCTBA pPa3AeIUJIHN
Ha BBIpAXKeHHE X2 + 2, IOJOKHUTEJIbHOE IPH JIOOBIX 3HAUEHUAX X;
OPH 9TOM 3HAK HMCXOAHOI'0O HEPABEHCTBA OCTABMJAM 0e3 M3MEHEHUd.

3x—4

7 -1 S0 paBHOCHMIBHO HepaBeHCTBY 3x — 4 = 0:

HepagBencrso
o6e J4acTH MCXOJHOrO HEPABEHCTBA YMHOMKWJIN HA BhIpaskenue —x! — 1,
OTpHIIATEJbHOE TIPHU JIOOBIX 3HAUYEHUAX X; IPH 9TOM 3HAK MCXOLHOTO
HEePaBeHCTBA M3MEHWJIM HA ITPOTHUBOIIOJIOMKHBIH.

IIpumep 1. Pemurs HepaBeHCTBO

x 2x-1 1
=+ >2x - —.
3" 5 15

Pew e H 1 e. YMHOKHUM 00e YaCTH HEPABEHCTBA HA IIOJOKHUTEIb-
HOe yucio 15, ocTaBuB 3HAK HepaBeHCTBA Ge3 m3MeHeHUA (IpaBUIO 2).
9TO MO3BOJUT HAM OCBOOOAMTHCA OT 3HAMeHaTejeil, T.e. mepeiTu
K Gojiee IPOCTOMY HepaBeHCTBY, PABHOCHJABLHOMY AAHHOMY:

15(i+ 2’“'1) > 15(2x-i);
3775 15

5x + 3(2x - 1) > 30x - 1;
11x - 3> 30x - 1.

BocnosbsoBaBuiuch npaBuaoM 1 pelieHns HepaBeHCTB, IIepeHeceM
yiaed 30x M3 IIpaBoil YaCTH HepaBeHCTBA B JIEBYIO, a 4WieH —3 — U3
JIeBOHl YacTH B IIPaByIO (C MPOTHBOMOJOKHEIMU 3HaKamu). Ilomyuum:

11x - 30x > -1 + 3;
-17x > 2.

2
HaxoHerw, mIpuMeHUB IIPABUJIO 3, MOJYUYUM: X < TR

3amevanmne 2. iHorpa ucnonb3yroT JPYryro 3anucb OoTBETa — B Buae

2
YHMCNOBOro NPOMeXyTKa (—OO; —F . Ha Haw 83rnag, oTeeT Npu pelleHm

HepaBeHCTBa NpepnovYtTuTrenbHee 3anucbiBaTb MMEHHO B Buae npocreﬁu.lero

2
HepaseHcTBa: x < — .
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y4

Puc. 1

IIpumep 2. Peuurs HepaBeHCTBO 3x + 9 < 2x2,
Pemenue. 1) IIpeo6pasyem HepaBeHCTBO K BUAY 3x + 9 —
2x? < 0 (BBHINOJHWJIN PAaBHOCHJIbHOE IIPeo0pasoBaHMe HepaBeHCTBA
no npasmiy 1). Haiizem KopHE KBagpaTHOro TpexuieHa —2x% + 3x + 9;
AJIF BTOTO pelIuM KBaapaTHoe ypaBHeHnme —2x2 + 3x + 9 = 0:
x, =3; x,=-1,5.

2) Ilapaboia, cayxamas rpabukom Gyakuuu y = —2x% + 3x + 9,
llrpecekaeTr och X B TOUKax 3 u —1,5, a BeTBH napaboJibl HAIPaBJIeHBI
N3, IOCKOJBKY CTapIIuil KoahGHUIHMEeHT KBaAPATHOIO TPeXUJeHa

2x*+ 3x + 9 paBeH -2, T.e. ABAAETCA OTPUIATEJLHBIM UHCJIOM.
Ila puc. 1 gaHo cxeMaTHYeCKoe IIpeACTaBjJIeHNe O rpaduKe GYHKIIUH.

3) y < 0 Ha Tex NMPOMEXYTKaX OCH X, rie rpadUK DAaCIIOJIOKEeH
HUXKe OCH X, T.e. Ha OTKPBITOM Jyde (—°°; —1,5) MM Ha OTKPLITOM
nyude (3; +0).

OrBerT x<-1,5; x > 3.

ITosie3HO BCIIOMHHTBH ABAa YTBEDPKICHHUA, KOTOPbie ObLIM JAOKA3aHbI
1 Kypce aire0psl 8-To Kjacca U He pa3 MOHAAO0ATCA HAM B AajIbHeHIeM.

1. Ecau ksadpammuulii mpexuien ax? + bx + ¢ He umeem KOpHell
(m.e. ezo Ouckpumunarnm D — ompuuyamenvHoe YUCNO) U eCAU NPU
amom a > 0, mo npu 8cex 3HAYEHUAX X BbLNOJHAEMCA HEPABEHCMEBO

ax?* +bx+c>0.

Huvimu cioBamu, ecau D < 0, a > 0, To HepaBeHCTBO ax? + bx +
{ ¢ > 0 BBINOJIHAETCA IPH BCEX X; HANPOTUB, HEPABEHCTBO ax? + bx +
t ¢ < 0 B aTOM Cciaydae He MMeeT PeLIeHU.

2. Ecau keadpammubuiit mpexuaen ax? + bx + ¢ He umeem Kopheil
(m.e. ezo Ouckpumurnanm D — ompuuyamenbHoe YUCIO0) U eCAU NPU
mom a < 0, mo npu 8cex 3HAYEHUAX X BbLNOAHAEMCA HEPABEHCME0

ax®? +bx+c¢<0.
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Wuaue rosops, ecaiu D < 0, a < 0, To HepaBeHCTBO ax? + bx +
+ ¢ < 0 BBINIOJIHSETCA IIPH BCEX X; HAIIPOTHB, HEPAaBEHCTBO ax? + bx +
+ ¢ 2 0 B aTOM CcJayuyae He UMeeT PellleHHit.

ITH YTBEPKAEHUA — YaCTHBIE CJIyYaH cJeqyIOliel TeopeMbI.

Ecau xéadpamnvili mpexunen ax’ + bx + ¢ umeem
ompuyamensrbll JUCKPUMURARM, MO NPU LI060M X
3HAYeHUe mpexunena umeem 3LaAK cMmapuLezo Koag-
duyuenma a.

Teopema

IIpumep 3. Pemurs HepaBeHCTBO:

a)2x2-x+4>0; 6) -x2+3x-820.

P e wm e H u e. a) HatizeM guCKPUMUHAHT KBaJPATHOIO TPEXUJeHA
2x2 - x + 4. Umeem: D=(-1)2-4"+ 24 =-31 < 0. Crapmmuii Koad-
dbunueHT TpexuseHa (YUCI0 2) MOJIOKUTENeH. SHAUUT, II0 TeopeMe IpH
J1000M X BBHINOJIHAETCA HepaBeHCTBO 2x% — x + 4 > 0, T. e. peleHHEM
3aJaHHOrO HEPABEHCTBA CJYXKHUT BCSA YHCJIOBaA NpaMas (—00; +o0),

6) HaiizemM AUMCKPMMHHAHT KBaApPaTHOro TpexusieHa —x? + 3x — 8.
Nmeem: D = 32 — 4:(-1)+(-8) = -23 < 0. Crapmuit KodpduLEeHT
TpexwieHa (umcio —1) orpunaresies. CiegoBaTesbHO, 110 TeOpeMe IIPH
JIIOOOM X BBINOJIHAETCA HepaBeHCTBO —x? + 3x — 8 < 0. 9ro 3HAUuUr,
YTO 3aJaHHOEe HepaBeHCTBO —x2 + 3x — 8 > ( He BBINOJHAETCA HU IIPU
KaKOM 3HA4YeHHHU X, T. €. He UMeeT pelleHui.

OrT BeT: a)(—o0; +0); 0) HeT pellleHHH.

3ameyanme 3. VHorpa BMECTO CNOBOCOMETAHMSA «HET PELLEHNH» MCMONb-
3ytoT 3HaYOK & — cumBON NycTOro mHoxecTtsa (nogpobHee 06 3TOM Mbi
MOroBopMm MosgHee — CMm. C. 26).

B cuexnymoineM mpuMepe HAIOMHHM ellle OAHH CIIOCO0 paccyskjie-
HU, KOTOPBHI# MOYKHO NMPHUMEHATH IIPH pPELIeHUH HepaBeHCTB.

IIpumep 4. Pemuurs mepaserncTso x* — 6x + 8 > 0.

P e m1 e H u e. Paznoxum KBagparHbiil Tpexuied x? — 6x + 8 Ha
JIMHeNHble MHOKUTEeIU., KOPDHAMY TpexujieHa ABIAIOTCA yuciaa 2 u 4.
Bocnosb3oBaBuInch U3BECTHOM U3 Kypca ajrebpsl And 8-ro KJjiaca dop-
myJo#t ax? + bx + ¢ = a(x — x,)(x — x,), DOTYUUM:

x2—6x + 8 =(x-2)(x - 4).
OTMeTHM Ha YHCJIOBOI NMPAMOIM KOPHH TpexuiyeHa: 2 u 4 (puc. 2). Bur-
SICHUM, KOrja npoussefeHue (x — 2)(x — 4) IOJOKHUTEJbHO, a KOTga —
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-O- - X
4
Puc. 2

orpunarejbHo. Ecaiu x > 4, To x — 2 >0wu x — 4 > 0, 3Hauur,
(v =-2)(x—4)>0.Ecin2<x<4,T0x-2>0,ax-4<0, 3Hayur,
(v —2)(x — 4) < 0. Ecnu, HakoHen, x <2, Toux-2<0,mx-4<0,
naroromy (x — 2)(x — 4) > 0. Hac uHTEepecyIOT Bce Te 3HAUEHUA Iiepe-
MeHHOM X, IPH KOTOPHIX AJaHHBIM KBaApaTHBIN Tpexuied x2 — 6x + 8
IPHHUMAET II0JIOYKHUTEJbHBIE 3HAUeHUA, ITO UMeeT MECTO Ha JBYX OT-
KPBITBHIX Jydax: (—o0; 2), (4; +0).

OrBeT x<2;x>4.

Meron paccy:kJeHHUil, KOTOPBIN Mbl IPHMEHUJH B IpuMepe 4, Ha3hI-
BAIOT OOBIYHO MemoOoM UHMeP8aios (MU Memodom NPOMENYMmKos).
()H aKTHBHO HCIIOJIb3yeTCA B MAaTeMaTHUKe AJIA PelIeHNs PAallMOHAIBHBIX
nepaBeHeTB. B caepyromieM maparpade MbI U3YUMM METOJ MHTEDPBAJIOB
fuJiee JeTajJbHO, a dTOT maparpad, 4ToObl He OrPAHMYNBATHCA B HEM TOJIb-
KO HAaIIOMHMHAHHEM H3BECTHOI'O, 3aBepIIMM IIPHUMEPOM, B KOTOPOM DeYb
WIET O PeIlIeHNY TAK Ha3bIBAEMbIX HEPABEHCTB C MOLYJISAMH.

IIpumep 5. Pemurs HepaBeHCTBO:

a) lx-2/<3; 6)lx+3,2| <2 ) |102] > 27

Pem e Hue. HamoMHMM reomMerpuyecKkoe HMCTOJKOBaHUE BbIpa-
ACCHUA |x -a | — 9TO pacCTOSTHNE HA KOOPAWHATHOM (YMCJIOBOM) IpA-
MOM My TOUKaMHU X U a, KoTopoe o6o3Hauawor p (x; a) (p — GykBa
1 peyeckoro ajipaBuTa «po»):

|x —al= p(x; a).

llunpumep,

lx - 2| =p(x; 2); |x+3,2|=p(x;-3,2); |zl =p(x;0).

a) HepaBencrBo | x - 2| < 8 moskHO HcTONKOBATD TaK: HYKHO Haii-
11 HA KOOPAMHATHOM MPAMOIl Bce TaKHe TOUKHU X, KOTOPHIE YJOBJIETBO-
psitor yesaoBuio p(x; 2) < 3, T.e. yAajeHbl OT TOYKKM 2 Ha PacCTOAHUE,
mcHbIee 3. 9TO Bce TOUKH, IpHHAAJexaliue uHTepsany (—1; 5), u
104bKO OHHU (puc. 3). MHTepBana (—1; 5) — pelleHue 3agaHHOTO Hepa-
CHCTBAa.

11
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X
-5,2 -3,2 -1,2
Puc. 4
[FENENEEN $ W INNNNSNN] » X
-2,7 0 2,7
Puc. 5

6) HepaBencrso |x + 3,2|< 2 MOXHO HCTOJIKOBATH TaK: HYXKHO
HaliTM Ha KOOPAMHATHON NPAMOM Bce TaKMe TOUKH X, KOTOPbIE YAOB-
JIETBOPAIOT yCJIOBHIO P(x; —3,2) < 2, T. e. yAajJeHb OT TOYKH —3,2 Ha
paccrosHune, MeHblllee UK paBHOe 2. ITO BCe TOUKHU, IIPUHALIEKAIIIHe
orpesky [-5,2; —1,2], u Toabko oHu (puc. 4). Orpesok [-5,2; —1,2] —
penieHMe 3aJaHHOT'O HEPaBEHCTBA.

B) CHayaJsia paszesuM o00e YacTH HepaBeHCTBa HA OJHO U TO Ke
TIOJIOXKHTEIbHOE YHCc0 10; mosyuum: |x| > 2,7. HepaBeHCTBO |x| > 2,7
MOKHO MCTOJIKOBATh TaK: HYXKHO HAaWTH Ha KOODPAMHATHOM NIPAMOI
BCe TaKMe TOYKHU X, KOTOPhIe YAOBJIETBOPAIOT ycaoBuio p (x; 0) > 2,7,
T. e. ygaJjieHsl OT TouKHu 0 Ha paccrosHHUe, Gosbluee 2,7. ITO Bce TOU-
KU, NIPHUHALJIEXKALe OTKPBITHIM JydaMm (—o0; —2,7) unu (2,7; +°), u
TOJBKO OHHU (pHC. 5).

OrBera)-1<x<5;6)-52<x<-1,2;B) x <-2,7; x > 2,7.

§ 2. PAUMOHANBHLIE HEPABEHCTBA

PauyuoHanbHOE HEpPaBEHCTBO C OAHOM IEepPeMEeHHOl x —
9TO HepaBeHCTBO BHAa h(x) > q(x), rae h(x) u g(x) — panuoHaJIbHbIE
BEIDaYKEHHs, T. €. ajiredpandecKre BEIDAKeHUsA, COCTaBJIEHHbIe U3 YH-
CeJl ¥ IIePeMEeHHOH X C IIOMOILBIO Ollepaluil CJIOKeHHUsd, BHIUUTAHUA,
YMHOYKEHU A, AeJieHUs U BO3BeJeHUs B HATYPAJIbHYIO cTelleHb. Pasy-
MeeTcA, IIepeMeHHasa MOXKeT ObITh 0003HaUeHa JiI000it Jpyroit OyKBOM.

IIpu peleHun pamOHAJBHBEIX HEPABEHCTB HCIIOJb3YIOTCA T€ NPaBU-
Jia, KOTophle ObLIM chopMmyaupoBansl Bbimie B § 1. C moMoInbio sTUX
IpaBUJ OOBIYHO MPeo0pasyroT 3aJaHHOE PalliOHAJIbHOE HEePaBEHCTBO K
Buzy f(x) > 0 (< 0), rae f(x) — anrebpanmueckas ApPo6b (MM MHOIOUJIEH).
Hamee pasjaraior YMCAUTeNb U 3HAMEHATENb APO0H f(X) HAa MHOMKHTEIH
BUAa X — a (ecau, KOHEYHO, 3TO BOBMOYKHO) ¥ IIPUMEHSAIOT Memo0 UH-
mepeano8, KOTOPBINI MBI yyKe YIIOMHHAJIM BHILIE (CM. B IIpeABIAYIIEM
naparpade npumep 4) u nmogpoOHee IMOKaKeM Ha pPsAje IPUMEPOB.

12
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; » x
-1 1 2

Puc. 6

Il pumep 1. Pemurs HepaBEeHCTBO
(x = 1)(x+ 1)(x—-2)>0.
P e w e H u e. PaccMOTPUM BBIpaskeHUe
f(x) = (x — )(x + 1)(x — 2).

OHo obpaiaerca B 0 B roukax 1, —1, 2; oTMeTHM 3TH TOYKH Ha YHC-
n10BoOM npamoii. YucsoBada npamMasa pasbuBaeTca YKaSaHHLIMH TOUKAa-
MU Ha 4YeThIpe IpoMexyTKa (puc. 6), Ha KaXJOM M3 KOTODPHIX BBIPa-
/KeHHe f(x) coxpaHseT IMOCTOAHHLIHM 3HAK. UTOOHI B 3TOM yOeguThCA,
1poBefeM YeThIpe paccyXKAeHHs (AJnA KaKAOro M3 yKasaHHBIX IIPO-
MEXYTKOB B OTZEJbHOCTH).

1) BospMeM J100YI0 TOUKY X U3 IIPOMEXYyTKa (2; +00). Ira ToU-
KA pacIiOJIOMKEeHa Ha YHUCJIO0BOM HpPAMOI IpaBee TOYKM —1, mpaBee
royku 1 1 npaBee TouKHu 2 (puc. 7). ITo 3HAUMUT, UT0o X > —1, x > 1,
v 2. Hororgax+1>0,x—-1>0, x—-2>0, a suauur, u f(x) >0
(KKaK Impom3BejieHNe TPeX IMOJIOXKHUTEIbHbBIX unces). Tak, Ha BceM IIpo-
MCeKYTKe (2; +0°) BRIOJIHsAETCA HepaBeHCTBO f(x) > 0.

— » x
-1 1 2 x

Puc. 7

2) BosbMeMm 100yI0 TOUKY X U3 mHTepBajsa (1; 2). 9ra Touka pac-
HOJIOXKeHa Ha YMCJIOBOHM IpAMO# mpaBee TOYKH —1, IpaBee TOYKH 1,
no Jjesee Touku 2 (puc. 8). 3HauuT, x > -1, x > 1, HO x < 2, a
noromy x + 1 >0, x -1 >0, x - 2 < 0. Ho toraa f(x) < 0 (xak
1POUBBeeHUEe [BYX IOJIOXKUTEJbHBIX ¥ OZHOT'O OTPUIIATEJIbHOTO YHC-
nn). Urak, Ha BceM mpomexxyTke (1; 2) BeImOJIHAETCA HEepPaBEHCTBO

f(x) < 0.

>r—O— » x
-1 1 x 2
Puc. 8

3) BospMeM Ja100yI0 TOUKY X m3 mHTepBaJa (—1; 1). Ora Touka
| ICIIOJIOMKEHA HA YMCJIOBOM MPAMOM IpaBee TOYKH —1, meBee TOUKH 1

13
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® » X
-1 X 1 2

Puc. 9

u JyieBee Touku 2 (puc. 9). 3uauur, x > -1, Ho X < 1, x < 2, a moroMy
x+1>0,x-1<0, x -2 <0. Ho Toraa f(x) > 0 (kax mpousBeieHue
ABYX OTPHIATEJIbHBIX M OJHOTO MOJIOXKHTEJbHOrO umcJa). UTak, Ha
BCeM mpomexkyTke (—1; 1) BeImosiHAeTcs HepaBeHcTBO f(x) > 0.

4) BosymeMm, HaKoHeI, JH06YI0 TOUKY X M3 OTKPBHITOrO Jy4a (—o0; —1).
9Ta TOuYKa pacIojio’keHa Ha UYHCJOBOM IPAMOI JieBee TOUKH -1,
JjeBee TOUKHM 1 u jeBee Toukm 2 (puc. 10). Iro 3Hauur, uTo x < -1,
x<l,x<2.Horormax+1<0,x-1<0, x-2<0, a 3HauuT, "
f(x) < 0 (xax mpomsBemeHHe Tpex OTpPHIATENbHBIX umcesn). MTak, Ha
BCEM HIPOMexyTKe (—°; —1) BhImOJIHseTCA HepaBeHcTBO f(x) < 0.

» X

Re

-1 1 2
Puc. 10

Ilogsesem uroru. 3Haku BhIpaXKeHHA f(X) B BHIJETEHHEIX IIpOMe-
KYTKaX TaKoBbl, KaK MMOKa3aHo Ha puc. 11. Hac uHTEpecyOT Te mpo-
MEXYTKH, Ha KOTODBIX BEINOJIHsETCA HepaBeHCTBO f(x) > 0; oHH
3allITPUXOBaHbl Ha puc. 11. 3uauuT, HepaBeHCTBO f(x)> 0 BBHIIOJ-
HAeTcsA Ha uHTepBaJe (—1; 1) uam Ha OTKPBITOM Jyue (2; +0),

111+111111 — 1111+1111;
'x

-1 1 2
Puc. 11

OrBem-1<x<1;x>2.

Ilpumep 2. PemuTh HEPaBEHCTRO
(x-1)x+ 1)(x-2)< 0.

Peuren ue. Kak u B mpeapiAyineM IpuMepe, U3BjaedeM HE06XO0-
AUMYIO MH(popMauuio u3 puc. 11, HO ¢ AByMs M3MEHEHHAMH II0 CPaB-
HEHHWIO ¢ nmpumepoM 1. Bo-mepBbIX, IOCKOJIBKY HAac MHTEDPECYET, IIPHU
KaKHX 3HAUeHUAX X BBHIMOJIHAETCSI HepaBeHCTBO f(x) < 0, Ham mpu-
AeTCA BbIGpaTh nmpoMeKyTKH (—°; —1) u (1; 2). Bo-BTOpBIX, HAC YCT-
PauBaIOT ¥ Te TOYKH, B KOTOPBIX BBHIMOJHsIETCS paBeHcTBO f(x) = 0. 9To
TOYKH -1, 1, 2, OTMETHM HX Ha PUCYHKe TEMHBIMH KDPYKOUKAMH U
BKJIOYMM B orBer. Ha puc. 12 mpeacrasjieHa reoMerpuueckasd

14
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— + - +
iy o iLLly > x
-1 1 2
Puc. 12

MIJLTIOCTPAIIUA PeIleHUA HepaBeHCTBa, OT KOTOPOl HETPYAHO Iepeii-
TH K aHAJUTHYECKOH 3allHCH.
OrBerT x<-1; 1<x<2.

IIpumep 3. Pemurh HepaBeHCTBO

x2-x

— - < 0.
x2-5x-6

Pemenu e. Pa3ioxxuM HAa MHOXMXHUTEJHM YHCJIHUTEJL M 3HaMeHa-
reJib ajaredOpaumueckoil apoou f(x), comepsxalieiica B JeBOH YacTH
llepaBeHCTBa. B umciuTesne umeeM:

x2—x=x(x-1).
'ITo0BI Pa3IOKUTL Ha MHOXMKHUTEIM KBaApPaTHLIM TpexdieH x2 — 5x — 6,
cogepakamnuiica B 3HaMeHaTesie gpobu, Halizem ero xKopHu. VI3 ypas-
nesusa x* — 5x — 6 = 0 maxonum: x, = -1, x, = 6. 3nauur,
x2-5x—-6=(x+ 1)(x-6)
(MBI CHOBa, KaK 9TO y»Ke ObliIo B § 1, BOcmoJsib30BanmuCh (hopMyJI0it
PU3JIOKEHNA HAa MHOMKHTEIH KBaAPATHOIO TpexuieHa: ax? + bx + ¢ =
a(x — x )(x — x,).
Tem caMbIM MbI IIpeoGpa3oBaiy 3afaHHOE HEPABEHCTBO K BHUAY
x(x-1
( ) <
(x +1)(x - 6)

x(x -1)
(x+1)(x —-6)
sHaMeHaTesb oOpamtaercad B 0 B Toukax —1 u 6. OTMeTHM 9TH TOUKH
na 4ucyIoBoil mpamoi (puc. 13). UucioBasa npsaMasa pasdbuBaeTca yka-
MHHBIMU TOYKaMH Ha IATH IPOMEMKYTKOB. Paccykiaa Tak ke, Kak B
upuMepe 1, IPUXOAUM K BBIBOZY, YTO Ha KayKJOM IPOMEXKYTKe BbIPa-
werue f(x) coxpaHAeT MOCTOAHHBINA 3HAK, IPUYEM 3HAKH BHIPAKEHUA
[(v) B BBIZIEJIEHHBIX NIPOMEXKYTKaX TAaKOBHEI, KaK ITOKa3aHO Ha puc. 13.

0.

‘lucauresns apobu obpamaerca B 0 B Toukax O u 1, a

) <>
rTrrrr t7 7777777 rrrrrrrrrrrrrrorr X

-1 0 1 6
Puc. 13
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Hac unTepecyer, rie BeIDOJHAETCA HepaBeHCTBO f(x) < 0. 9to mmeer
mecTo Ha mHTepBaje (—1; 0) unu Ha maTepnaine (1; 6).
OrTBeT: -1 <x<0;1<x<686.

IIpumep 4. Pemurs HepaBeHCTBO
6x2-5x+4

z 1.
6x2—x -2 1

Pemenue. [Ipy pemreHUN panmuOHAJIbHBIX HEPABEHCTB, KaK
MPaBHJIO, IPEAIOUYUTAIOT UMETh B IIPABOI YaCTH HepaBeHCTBa umcio 0:
6x2—5x +4

-1 2 0
6x2—-x-2

6x2 —Hx+4—-6x2+x+2
6x2—x—2 z

[ ry

-4x+ 6
6x2-—x-27 "

Ecnu B mpaBoil 4aCTHM HepaBEeHCTBA COJAEPKUTCA JUlb yucio O,
yIoOHee NMPOBOJUTDH PACCY)KAEeHHHA, KOrJa B JeBOM YaCTH HepaBeHCTBa
¥ YHCJUTEJb U 3HaMEHATeJb UMEIOT ITOJIOXKUTENbHbI cTapmuil Koad-
tdunmenT. A uyro y Hac? ¥ Hac B 3HaMeHaTeJie APOOH B 9TOM CMEICJIE
BCe B NOpAAKe (crapmuii KoadPHUIHMEHT, T. e. KO3bDHUIMEeHT npHu X?,
paBeH 6 — MOJIOXKUTEJBLHOE YHCJIO), & B YHUCJIHUTENE CTapIIuil Koaddu-
ueHT (KoadGUIIMEeHT IPH X) paBeH —4 (OTpHUILIATeJIbHOE YHCJIO)., ¥ MHO-
°KUB 00e 4aCTH HepaBeHCTBa Ha —1 M M3MEHHUB IIPU 9TOM 3HAK HepaBeH-
CTBa HA IPOTHUBOIOJOXKHBIM, [TOJYYUM PAaBHOCHJIBHOE HEPaBEHCTBO

4x—-6
6x2—-x -2 <o

Yucauresas Jpobu mpeodpasyeM K BULY 4( X - g) YT0o0BI PA3IOIKHUTH

HA MHOXKHTEJIN COAEP/KAIUICA B 3BHAMeHaTe e Jpo0H KBaApaTHBIA Tpex-
unen 6x*> — x — 2, natinem ero Kopuu. VI3 ypasuenusa 6x* — x - 2 =0
2 1

1= 30 x, =-3: 3Hayur,

29 = _2 1
6x2—-x-2 G[x 3 x+2.

HaXOogHuM: X
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1 . PALUNOHAJIbHbIE HEPABEHCTBA U UX CUCTEMbI

TeM caMBIM 3aJaHHOE HEPABEHCTBO MEI IIPeo6pa3oBay K BUAY

4
(ofie yacTy HepaBEeHCTBA Pa3feUJIM Ha IOJIOMKHTEJbHOE UMCJIO 3 ).

flx) = ﬂ
-

3
"{ucaurenn aToil APobu obpairaerca B 0 B Touke > 8 SHAMeHaTesIb —

2 1
W TOUKAX 3 U e OTMeTHM 9TV TOYKK Ha YMCJIOBOI mpsamoii (puc. 14);

ota pagdéuBaeTcA YKa3aHHBIMHM TOYKaMH Ha YeThIpe IIPOMEXKYTKa, IPU-
eM Ha KaXXJ0M IIDOMEKYTKe BhIpakeHue f(x) coxpaHAeT IOCTOSH-
WLl 3BHAK — OTH 3HAKM yKasaHBI Ha puc. 14. Hac mHTepecyoT Te
1IPDOMEKYTKHM, HAa KOTOPBIX BHIMOJHAETCH HepaBeHCTBO f(x) < 0; atm
11DOMEXKYTKH BHIZEJeHbl IITPHXOBKOM Ha puc. 15. ITo ycioBuio Hac
WHTEPECYIOT U T€ TOUKH X, B KOTOPBIX anonnae'rga paBeHcTBO f(x) = 0.

Paccmorpum BeIpakeHnue

I'nKkaAa TOYKaA TOJBKO OfHA — 3TO TOYKA X = 5 » TOCKOJIBKY JIMIIb
1IPU 3TOM 3HAUEHUMHU YMCJINTENb Apobu f(x) obpaiaerca B HyJb. Touka

3
A = 5 OTMe4YeHa Ha PHC. 15 remHBIM Kpy:KoukoMm. Takum oGpasom,

nn puc. 15 mpeacraBieHa reoMerpuuecKas HJLIIOCTPALUA peIllleHUdA

- + - +
O O O » X
_1 2 3
2 3 2
Puc. 14
- + _
TR rrrrrrrrr—» X
1 2 3
2 3 2
Puc. 15
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1 . PALUMOHAJBHBLIE HEPABEHCTBA U MX CUCTEMbI

8aJaHHOI0 HEPaBEHCTBA, OT KOTOPOIl HETPYAHO MepeiTH K aHAJIUTH-
YeCKO# 3aIucH.
1 2 3

OrBeT: X< T35 3 < x < 3"

B xaxaoM M3 pacCMOTPEHHEIX IMPUMEPOB MBI IPe06pPa30BBLIBAIU
3aJaHHOE HEPaBEHCTBO TaK, YTOOBI IIOJy4IIOCh PABHOCIUILHOE eMy Hepa-
BeHCTBO Buaa f(x) > 0 uau f(x) < 0, rae

(x —a)(x - b)
= Goa-a

3areM oTMeuaJaH Ha OcH X (Ha 4mMcioBO# NpAMoil) TOUKu a, b, ¢, d u
onpejessanay 3HAKU BbIDAYKEHUsA f(x) Ha BBIJENEHHBIX INPOMEKYTKAX.
3aMeTHIM, YTO Ha CAMOM IIPABOM U3 BbIAEJEHHBIX IIPOMEKYTKOB BbI-
moJIHAeTCA HepaBeHCTBO f(x) > 0, a majee mo mpoMeXxyTkam (IIpu yc-
JIOBHM, YTO YMCIA Q, b, ¢, d IOmapHO pasjMyYHbLI) 3HAKU BHIPAYKEHUS
f(x) uepenyiorca (puc. 16a). ITo uepemoBaHUe YAOOGHO HILTIOCTPUPO-
BaTb C IOMOIIbIO BOTHOOOPA3HOM KpuBOi, KOTOpas YePTUTCA CIpaBa
HaJIeBO ¥ CBepXy BHUS (pHuc. 166). Ha Tex mpoMeXXyTKax, I'le 3Ta KpPH-
Bas (ee MHOTJA HA3BIBAIOT KPUBOI 3HAKO6) PACIIONOMEHA BhIIIE OCH X,
BBINIOJIHAETCA HepPaBEeHCTBO f(x) > (0; Ha Tex IIPOMEXXKYTKax, rje aTa
KpuBas Pacmoyio’KeHa HUKe OCH X, BBINOJHAETCA HepaBeHCTBO f(x) < 0.

3aMeTHM, UTO KOJIMYECTBO MHOMKHTeNIEell B YHCIUTeNle X 3HAMEHA-
TeJe APOOHM MOMKeT OBITH JIIOOBIM (He 06A3aTeIbHO IO JBA B YMCIH-
Teje W 3HAMeHaTele).

IIpumep 5. Pemurh HepaBeHCTBO
B3 -Tx S
@x+3)@Ex-8 ~ O

Pem e H ue. Umeem:

x(x%2-7)
2 0;
4T
2 3
+ - + - +
> x

a b c d

Puc. 16a
a b ¢ d

Puc. 166
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1 . PAUMOHAJIbHBIE HEPABEHCTBA U UX CUCTEMbI

x(x = V7)) (x +7)

s

(o0e yacTH IpeabIAVIIEro HepaBeHCTBA YMHOMKMIIM HA IIOJIOMKHUTE]b-
Hoe ymcJyo 6).

Yr00BI BOCIIOJIB30BATLCSA METOJAOM HHTEPBAJIOB, OTMETHM HAa YMNC-
JIOBOI*‘ npamoit Touxku 0, JT y — J7 (B 9THX TOYKaAX YUCJIUTEJH APO-
6y, coAepikalieiica B JIeBOH YacTH HepaBeHCTBa, obpamaercs B 0) u

3 o
TOYKH — 3 u % (B 3THX TOYKAaX 3HaMeHaTeJb YKa3aHHOH Apobu obpa-

waercsa B 0). OOLIYHO TOUYKH OTMEUAIOT CXEMaTHUYECKH, YUUTLIBAA
TOJABKO IOPAJOK HX CJef0BaHus (KaKas IpaBee, KaKas JieBee) U He
ocobeHHO obpaiad BHHMaHHUA Ha coOJiogmeHue macmraba. SIcHO, 4TO

3
-7 < - 3 < 0. Cuoxuee (ecau oL PYKOH HeT KaJbKyJaaTopa) 06-

8
CTOUT [€eJI0 C YNCJIaMH \/7 un —-. HOCTYHI/IM TaK: paCCMOTPHUM KBaj-

;

paThbl 3THX YHCeJI.

2
Hmeem: (V7)2 =T, ( 6—; = 7%. Bmauur, (1) <[§) ,

w|oo

n motomy V7 < g

Hrax,
3 8
-7 < —= N, —-.
< 2<0< 7<3

OTMeTHM yKasaHHbIE IATH TOYEK B YKA3aHHOM IMOPAAKE Ha YKC-
JsoBoi npsimoii (puc. 17a). PaccTaBuM 3HaKM BBIPAKEHHUA

x(x = \7) (x +7)

-9

1A MOJNIYYeHHbBIX MPOMEXYTKax: Ha CAaMOM IIPAaBOM — 3HaK «+», a Jajee
maky uepegyiorca (puc. 176). HauepTuM KpPHUBYIO 3HAKOB M BbIZe-
1M (LITPUXOBKOIT) Te IPOMEXYTKH, Ha KOTOPBIX BBINOJHIETCA HHTE-
pecyromree Hac HepaBeHCTBO f(x) > O (puc. 17B). YureMm, HaKoOHeIl,

f(x) =

19



1. PALUMOHAJbHBIE HEPABEHCTBA U UX CUCTEMBbI

-0 O O- O O - X
3 8
— -2 0 °
ﬁ 2 ﬁ 3
Puc. 17a
- + - + - +
—C e QO o O- — X
3 8
-7 -3 0 7 S
Puc. 176
3 8
- -2 0 °
ﬁ 2 ﬁ 3
Puc. 178

4YTO peub HUAET O Hecmpozom HepaseHcmee f(x) > 0, 3HAUYHUT, HAC
HHTepecylOT X Te€ TOYKH, B KOTOPBIX BhIpaykeHme f(x) oOpamjaerca

B HyJb. OTO KOPHU uuciaurens apodu f(x), T.e. rouku 0, ﬁ u -7 s

OTMeTHM HX Ha puc. 17B TeMHBIMH KPy)KOuKaMu (M, €CTECTBEHHO,
BKJOYMM B oTBeT). Bor Temepsr puc. 17B JaeT moJIHYyI0 reoMeTpUue-
CKYI0 MJJIIOCTPAIIMIO PeIleHusA 3aJaHHOI'0 HepaBEeHCTBA.

3 8
OrBer: —ﬁ<x<—§; 0<x<7; x>
OGpaiiiaeM Ballle BHUMAaHME HA TO, UTO BCTPEUAIOTCSA PALlMOHAJIb-
Hble HEPABEHCTBA, IIPY PEIIeHHH KOTOPbLIX METOH MHTEPBAJIOB CjemyeT
NPUMEHATh ¢ OCTOPOXXHOCTBIO, C HEKOTOPBLIMH IIONPAaBKAMHU. OTO MBI
ofcynuM B ocTaJbHBIX IpuMepax maparpada.

Il pumep 6.Pemurs, HepaBeHCTBO
(x-12®(x+2)<0.

P e w e v u e. Paccmorpum Beipaskenue f(x) = (x — 1)? (x + 2),
OTMeTHM TOUYKH 1 M —2 Ha YHCI0BOM npAmoii (puc. 18) u onpenenum
SHaAKM f(x) HA Ka¥KZOM M3 TpPeX IOJYUYEHHBIX IIPOMEXYTKOB.

- + +

Frrrrrrrrr e ’x
-2 1

Puc. 18
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1 . PAUMOHANbHBLIE HEPABEHCTBA U UX CUCTEMbI

Ecau x € (1; +90), r.e. x> 1, 10 (x — 1)2> 0, x + 2 > 0. 3gauur,
(x = 1)(x + 2) > 0. CnenoBaTesbHO, Ha OTKPBITOM Jyue (1; +00) BBI-
LIOJIHAETCA HepaBeHCTBO f(x) > 0.

Ecmmxe (-2;1), r.e.2<x<1,To(x—-12>0,x +2>0.
Buauurt, (x — 1)(x + 2) > 0. Taxum obpasoMm, Ha uHTepBaje (—2; 1)
BBIIIOJIHAETCA HepaBeHCTBO f(x) > 0.

Ecin x € (—o0; -2), 1.e. x < -2, 10 (x - 1*>0, x + 2 <O0.
3"auur, (x — 1)%(x + 2) < 0. Urak, Ha OTKpBITOM Jyue (—00; —2) BBHI-
noJHAEeTCA HepaBeHCTBoO f(x) < 0.

3HaKu BhIpaXKeHHA f(Xx) cxeMaTHUYeCKU IIpeJCcTaBjeHsl Ha puc. 18.
Hepasencrso f(x) < 0 BBIMOJHAETCS Ha OTKPBLITOM Jyude (—00; —2).

OrBerT x<-2.

3ameuanme 1. B npumepe 6 He 6bino Toro yepenoBaHus 3HaKOB, HA
KOTOpoe Mbi 06paTHAM BHUMaHKE Bbille, @ NOTOMY M KPHBYIO 3HAKOB Mbl
3pecb 4epTuTb He ctanu. [puBbiuHas KapTHHA HapyLleHa M3-3a Toro, 4To B
sbipaxkeHuu f(x) ecte mHOXMTENL (X — 1)2. MpMMmuTe coset: ecnu nocne pas-
NOXEHUS Ha MHOXMTENM YMCIMTENs M 3HameHaTens anrebpanueckoi apPobu
f(x) BbI OBHapy MMM MHOXKMTeNb BUAa (x— a)", rae n=2, 3, 4, ..., He Nonb3yW-
recb KPMBOM 3HAKOB, a OnpegernsiTe 3HaKu BbipaXKeHus f(x) B KaXKAOM 3
eblgeneHHbIX MPOMENYTKOB NO OTAENLHOCTH, Kak B npumepe 6.

3ameuaHme 2. Ecnu 661 3apaHHOe B npumepe 6 HepaBeHCTBO Bbino He-
CTPOrMMm, T. €. nmeno sug (x — 1)3(x + 2) < 0, To reomeTpryeckas MNNKOCT-
pauma pelieHus uamenunaco 6bi: Toukm 1 M —2 cneposano OTMeTHTbL 3a-
KPaLLEeHHbIMK KPY>OuKamm 1 BKtounTb B oteeT (puc. 19). Pewenne Hepa-
seHcTBa Mmeno 6bi Torga cnegytowmi Bua: x < —2; x=1,

Llllll: Av »x
-2 1
Puc. 19

IIpumep 7. Pemints HEPaBEeHCTBO

19—x2—4x< 3
49 — x2 T+x

Pemenue. IlpeoOpasyem HepaBeHCTBO K BUAY

19 - x2-4x 3
49 — x2 7T+x

u 11opaboTaeM C JieBOH YaCTbIO IIOJYYMBIIETOCS HePaBEeHCTBA:

<0
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1 - PAUMOHAJIbHbIE HEPABEHCTBA W MX CUCTEMbI

19— x% - 4x 8 _19-x2-4x 3T
49 - «? T+x —(7—x)(7+x) 7T+x
Z19-x - 4x-3(7 - x) -x2-x-2 x2+x+2
- = =
(T-2)(T+x) T-0T+x) (x-Tx+7)

(umcrurenb M BHAMEHATENE APOGH YMHOMHIK Ha —1, 3TO TOX/JeCTBEeH-
Hoe npeoGpasBaHue ApoGy).

Taxum o6pasom, sazaua ceomurca PEIIeHNI0O HEPABEHCTBA
2
X+ x+ 2

G- -

IlomeITaeMCa PasIoXKuUTh HA MHOMKUTENN UHACIATEND anrebpauue-
CKO¥f 1po6u, CoAepsKalieiica B eRoi yacTu HepaBeHCTBA, T. €. BbIpa-
xenue x* + x + 2. Ho AuckpuMuEanT oTOro KBaIPATHOTO TpeXUIeHa
orpunarenes: D =12 -4 .1 .2 = _7, 3HauyuT, KOpHel y TpexuJieHa
HeT, a IoToMy Qopmyia ax? + bx + ¢ = a(x - x,)(x — x,) 3mecy HempH-
MmeHuMa. Kak e 6bI1ThL?

Orser Ha 3TOT Bompoc naer Teopema u3 § 1: ecu y KBagpaTHOrO
TpexuseHa ax® + bx + ¢ orpumarennHbIH OIUCKPHMHUHAHT U II0JIOXKU-
TeJIbHBIN CTapmit Koa(bunmenT, o TPEXWIEH I O JI O XK U TeJeH
Ipn BCEX 3HAYEHUAX Xx. Ho Torza ma Hero MOXHO pasfeJuTh obe
4aCTH HEDABEHCTBA, He MeHAA 3Haka HepaBeHCTBa (cM. B § 1 mpa-
BuJio 2%), Ilonyuum;

1

u—ﬂu+n<a

BocronksoBasiucs merogom uHTepBayoB (puc. 20), moiaydyaeMm B

KauecTBe PELICHUA NOCNenHeTo (a 3HAUUT, U 3aJAHHOI0) HEPaBeHCTBA
uHTepBai (—=7; 7).

OrBem -T<x<7,

\}‘—‘—‘"'1111111111:/ [

-7 = 7+ o X

Puc. 20
22



1 . PAUMOHANbHBIE HEPABEHCTBA U UX CHUCTEMbI

3 2
3x° - 2x° - 2x <o0.
x

<0,71.e.8x2-2x-2<0

(upu ycaosum, uro x # 0). HailzeM KOpHM KBaIpaTHOT'O YpPaBHEHHUS

Mi-2x - 2=0:
1+£12 - (-2)-3 _ 1+£7

X, = = H

L2 3 3
1+ 7 1-47
=—3 5 % .

IIpumep 8. Pemurs HepaBeHCTBO

Pemenne.Hmeem:M

= =3
KoneuHo, MOXHO, IPUMEHUB GHOPMYJIY
3x% - 2x - 2 =3(x - x))(x - x,),

PCIUUTE 3aJaHHOe HepaBeHCTBO MeToxoM mHTepBasioB. Ho gis pemie-
Wi KBaAPaTHLIX HEPABEHCTB Y HAaC MMeeTCs IIPOBEPEHHLIN M Hamex-
HI4il METOX, KOTOPBIM MBI BCIIOMHUJIM B IpeablayieM maparpade. Or-
MCTUM KODHH X, U X, Ha OCH X, YYTA IOPH 3TOM, 4TO X, < X,, U IIOCTPO-
um (cxemaTuueckn) napadoay y = 3x% — 2x — 2; rjaBHOEe — y4eCTb, UTO
nerBH 3TOH mapaboJsibl HanpaBJIeHBI
wuepx (puc. 21). Beibupaem npomexy-
10K, Ha KOTODOM rpadHK DAaCIIOJIOXKEeH
110/, OCBIO X, — 3TO MHTEpBaJ (X,; X,).
Buiire MBI oT™MeTHIIH, uTO X # 0, mpuzger-
en ToyKy x = 0 «BBIKOJIOTH». Bot Te-
neps puc. 21 gaeT mOJHYIO reOMETPH-
MCCKYIO HJJIIOCTPALMIO PeIlleHusa 3a-
JANIHOTO HEpPaBeHCTBA.

1

- 1
OrBer: 1—E‘/—?-<x<0; 0 <x < +‘ﬁ.

§ 3. MHOXECTBA M OMEPALIMM HAZL HUMM

1. NMoHATMEe MHOXecCTBa

3HaMEHUTHI# HTAJNbAHCKHN (PUBHUK, MEXaHUK, aCTPOHOM
»n matemaruk lamuieo Ianumneit (1564—1642) nucan: «Besukasa
wnura [Ipupoasl HamucaHa A3BIKOM MAaTeMaTHKH». 34 MHONOBEKOBYIO
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1 . PAUMOHANbHbIE HEPABEHCTBA M UX CUCTEMBDI

—

HCTOPHUIO PA3BUTUS U€JOBEYECTBA HE TOJIbKO H3MEHSJINCh 3HAHUA JII0-
Zeil 0 3aKOHAX MPHPOALI, HO M CAMBIM CYIIECTBEHHBIM 00pasoM Me-
HAJNCA s13BIK, Ha KOTOPOM B pa3Hble BpeMeHa ObLLIM 3amHCaHBl 9TH
3aKOHbI, — CaM A3BIK MaTeMaTHKH.

Bor, Hanpumep, uurara u3 paborel «Kurad anb-mixebp Baib-
Mykabasa» cpeiHeasdmaTcKoro yueHoro Myxammega ubu Mycwr aj-
Xopeamu (nepsas mososuHa IX B. H. 3.), KOTODSIH, IT0 CYIIECTBY, Iep-
BbIM BBeJI caM TEPMHUH «ajredpa»:

«...UTo Kacaercsa KBagpaTOB U KOpPHelH, PaBHBIX UYHCJIY, TO €CJIH,
Hampumep, Thl CKa’Xelllb: KBaApaT UM AECSTh ero KOpHeil paBHBI
39 nupxeMaM, TO 3TO 03HA4YaeT, YTO, €CJIH JOGABUTHL K HEKOTOPOMY
KBagpaTy TO, YTO PABHO JecATH KOpHaM, noayuurca 39. IIpasuso ra-
KOBO: pas3jBoil YHMCJI0 KOpHeH, MOJYyYHTCSA B 3TOH 3ajaydye MATh,
YMHOXB 3TO Ha paBHOe eMmy, Oyzer 25. IIpu6GaBb ato Kk 39, Oyzmer 64.
HsBnexu u3 aToro xopeHsb, GyAeT 8, U BEIYTH M3 3TOTO HOJOBHHY UMCJIa
KopHeit, T. e. 5, ocraHercs 3: 9T0 U OyAeT KOpPeHb KBajpaTa, KOTO-
PBIf THI MCKaJI, & KBagpar ecTb 9...»

C 3aMeTHBIM TPYAOM COBDEMEHHBLIM YMTATEJb IIOMMET, YTO pPeub
HJeT 0 pelleHWH KBaApaTHOIo ypaBHeHMA x? + 10x = 39 u Haxoxge-
HUU ero KOpHA: X = =5 + /25 + 39 = -5 + J64 = 3 (xopeun x = —-13
BooOIIIe HEe PacCMaTPUBAJICH).

CoBpeMeHHLIH MaTeMaTHUYeCKHUH sA3bIK 00Jjiee KPaTOK M B IIEPBYIO
oyepeab 3aMEHAET €CTeCTBEHHEIH, Pa3rOBOPHBIN A3bIK CIIeI[HAJbHBEIMHU
OyKBeHHBIMHM M CHMBOJILHBIMH BhIpakeHusaMu. OH Gosiee (hopMaIn3o-
BaH ¥ yHUQUIUPOBAH, T. €. MOAXOAUT K PACCMOTPEHMIO CPas3y MHO-
I'HMX OJHOTHUIIHBIX ciayuaeB. Eiie O0osee GopMan30BaHHBI, HAIPUMeED,
PasjuyHbIe A3BIKYM MPOrPaMMUPOBaHUA. B HUX yiKe MareMaTHYEeCKHil
fA3BIK IO YKECTKHM M 3apaHee OMMCAHHBLIM MPaBUJIAM IIePEeBOJUTCA Ha
SI3BIK KOMIIBIOTEPA.

B srom maparpace MBIl pacCMOTPHUM IIpPOCTeilINe MOHATHA U 000-
3HAUYEHUS A3blKA MeEOPUL MHONecme, KOTOphli BOT yxe Oojee
100 ser cocraBisaeT QYyHAAMEHT COBPEMEHHOI'0 MAaTEMATHUYECKOrO A3BIKA.

MHO02XeCTBO COCTOUT U3 3JIEMEHTOB. EC/Iu 3THX 3JIeMEHTOB HEMHOTO,
TO ymoOHO BCe 3JIEMEHTHI IIPOCTO NEPEUYUCIUTh B KaKOM-HHUOYIb II0-
pagke. Urobbl He 3a0LITL, UTO IIepeUHCIIeMble 3JIEMEHTHl 00'hbe JMHEeHE]
BMecTe B HEKOTODPOE MHOJKECTBO, TaKOe IepPEeYHCJeHHEe MPOU3BOJAT
BHYTpM (PUTIYypPHBIX CKOOOK { , }. BOT HeKoTopble MpuMepHI.
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1.

PALIMOHAJIbHBIE HEPABEHCTBA U UX CUCTEMBbI

CroBecHoe onucaHue
MHOJMKeCTBa

IHoaxemeHTHOE
onmMcaHue MHOYKECTBa

3agaHue MHOXECTBa
nepeymciaIeHueM
€ro 3J1eMeHTOB

udpsr gecATHIHON

MHO0KecTBO COCTOMT

{0,1,2,3,4,5,6, 7,

x? +10x = 39

u3 yucea 3 u —13

CHCTEMBl CUYMCJIEeHHUSA u3 nudpp 0, 1, 2, 3, 4, 8, 9}
5,6,7,8,9
T'nacupie GyKBBI M=uoxectBo cocrout | {4, E, K, H, 0, ¥, bI,
pyccxoro andaBuTa us 6yxB A, E, E, H, 3, Io, A}
0,Y¥, bl, 3,10, 4
Kopuu ypaBHeHHUs MHO0XKEeCTBO COCTOUT {-13; 3}

IlepBriii 1 BTOpOIL
IIpesngeHTHI

MHOKeCTBO COCTOHUT
M3 OIBYX JIOZEi:

{Enbuun, IlyTun}

Poccuiickoit @epepanuu | Enpnuea u IIytuna

JJIeMEeHThI MHOJKECTBA MOYKHO II€PEYHCJATHL B IPOMU3BOJIBLHOM TIO-
psake. OT u3MeHeHUs MOPAAKA INepPedYUCcIeHUus 3JeMEeHTOB caMO MHO-
secTBO He MeHsAerca. Hampuwmep, {A, E, E, 4,0, ¥, BI, 3, IO, A} u
\¥f, 4, BI, 3, IO, E, O, ¥, A, E} — 3T0 0OZHO U TO e MHOXeCTBO,
tocTOsAIIee U3 BCeX IVIACHBIX GYKB PyCCKOI'o ajipaBmTA.

3ameuarHme 1. Ecnv MHOXKECTBO COCTOMT U3 UMCen, TO NPM UX NepeYmnc-
neHun uHorga ypobHee Ucnonb3oBaTb He 3anATylO, @ 3HAK NPenuHaHus
« ; » — TOuKy C 3anaton. BoT TmnuuHbIM Nnpumep. 3anucb {=13; 3} acHo
yKasbiBaeT, 4TO MHOXECTBO COCTOMT u3 gByx uucen —13 u 3, a B 3anucu
{-13, 3} «nepeuncnuTEenbHYIO» 3aNATYIO MOXHO CMYTaTh C «GECATMUHOM»
34MATOM M NOAYMaTb, YTO MHOMXECTBO COCTOMT M3 OQHOrO OTPMUATENBHOrO
umcna —13,3.

‘Iam;e BCEro MbI 6yp;eM 3aHNMAaThbCA “ZUCJL08blMU MHOMKeECTBaMH,
T, €. MHOXXECTBaMH, 3JIEMEHTaAMH KOTOPLIX ABJAIOTCA YHUCJIA. HJIﬂ qyuc-
JIOBBIX MHOKECTB €CTh €CTEeCTBEHHBIH IIOPAAOK IIepeYHnCJIeHUuA HUX
ANMEeMEHTOB OT MEeHBbIIIero 4ymcja K 6OJII:HIeMy YHCIY.

IIpumep 1. MHOXeCTBO A COCTOHUT U3 BCeX KOPHeH ypaBHEHUA
v+ x%2 - 6x =0,

a) PemuTh 3T0 ypaBHeHue.

0) 3amaTe MHOMKECTBO A IepeducJIeHHEeM ero 3JeMeHTOB.

B) 3anucaTh BCe BO3MOXKHBIE CIIOCOOBI II€PEUMCJICHUSA 3JIEMEHTOB
milookecTBa A.
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1 . PAUMOHANBbHBIE HEPABEHCTBA U UX CUCTEMBbI

r) CKOJIbKO BCEro MMeeTCs CIIOCO0O0B IE€PEUYUCIECHUS 3JIEeMEHTOB
MHOKecTBa A?

Pemenmune.a)xd+ x2—-6x=0;

x(x?+ x — 6)=0;
x=0wmmm x>+ x—-6=0;
x,=0,x,=-3, x,=2.

0) IlepeunciauM KOpHM, HanmpuMep B IOpAAKe Bo3pacraus. Ilo-
ayuum: A = {-3, 0, 2}.

B) HaMm ciegyer Tpu pasHBIX UYMCJIa PACCTABHUTH II0 TPEM Da3HBIM
mectaM. Eciin Ha ImepBOM MecTe CTOMT —3, TO JJIA ABYX OCTABILIHUXCA
YpceJ M ABYX OCTABLIMXCA MECT €CTh ABa Bapuanra: {(—3, 0, 2} u
{-3, 2, 0}. Ecaiu Ha mepBoM mecrte crouT 0, TO TakKe MMeeTCs ABa
sapuanra: {0, 2, -3} u {0, —3, 2}. Eciu Ha mepBoM MecTe CTOHUT 2, TO
uMeeTcA elle ABa Bapuanrta: {2, -3, 0} u {2, 0, —3}.

Takum ob6pasdom, monydaem 6 BapmaHTOB 3allMCH MHOXKeCTBa A:
{—31 0’ 2}a {_3, 29 O}’ {07 _37 2}7 {01 27 —3}7 {2; _39 O}’ {27 09 _3}'

r) Bce ciocoOhI mepeuncieHns yiKe HaliieHbl B MyHKTe B). X 6.

Homyctum, uro B nmpumepe 1 peun uger He 00 ypaBHeHuH x° +
+ x% — 6x = 0, a 06 ypasHenuu x20°® + 2008 = 0. Tax xax x2°08 +
+ 2008 > 2008 > 0 gas m1060r0 X, TO B IYHKTE 4) CJAE€LYET OTBETHUTD,
YTO KOpHe# HeT. A Kak ObITh C myHKTOM 0)? Beap mepeuuciATh TYT
Heuero. [{yA paspelleHuA 9TOIl CUTyallMM MaTeMaTHKH BBEJIM CIEILH-
anbHOe obosHauenue . Tak obo3HaAUYaETCA NYcmoe MHOHECME0, T. €.
MHOKECTBO, He COepJKalliee HH OZHOIO ajieMeHTa. PurypHsle ckob-
KM Y 8Haka ¢ He CTaBAT, TaK KAK HUKAKOIO IEPEYMCJIEeHHs 3JeMeH-
TOB IIYCTOr'0 MHOKECTBA He IPOMCXOJUT: 3TUX 3JIEMEHTOB IIPOCTO HET.

Eciu 4uCIO 9JIeMEHTOB MHOXKECTBA JOCTATOYHO BEJIHKO (HAIpH-
Mep, HECKOJIbKO AECATKOB, COTeH M T. A.) MJIX €CJIX MHOKEeCTBO 0ecKo-
HeYHO (HanpumMep, MHOYKECTBO BCeX HATYPAJIbHBLIX MJIM MHOMECTBO BCEX
LIeJIBIX YHCEN), TO SBHOE IIepedYuC/IeHNe 3JIEMEHTOB TaKOr0 MHOJKECTBa
HeBO3MOKHO. CIoCcOOR! 3aJaHus, OMMCAHUA TAaKHX MHOKECTB BechbMa
pasHooOpas3Hul. BoT HEKOTOpPHIE U3 HUX.

MHEHoxecTBO CioBecHOE onMCcaHMe MHOKECTBA

1) | {10, 15, 20, ..., 90, 95} | MHOXKeCTBO BCeX NBY3HAUHBIX UKCeJ, KPaT-
HBIX 5

2) 1 {1, 4, 9, 16, 25, 36, ...} | MHOKeCTBO BCeX KBAApaTOB HATYPAJbHBIX
yuces
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1 . PAUMOHANBbHBLIE HEPABEHCTBA U UX CUCTEMbI

Oronuanue maba.

Ma=oxecTBO CioBecHOE OMMCaHME MHOXKECTBA
3) N MuoxkecTBO HaTypaJbHBIX YHCEN
4-) Q MHO0KeCTBO PAIlMOHAJIBHBIX YHCEJ
5) {xl2<x<T) MHOeCTBO BCeX YHCeJ, KOTOpbie 0oJiblle

2 ¥ MeHbIe 7

6) 2;7 MmuowkecTBO Bcex umces, KOTopble GoJbliie
t 2 u meHbiue 7

B cnyuasx 1) u 2) mo HECKOJIBKHMM INPeIbABIEHHBIM 3JIEMEHTaM
MHOXKECTBa MbI II0 aHAJIOTUU 002adbléaeMca O TOM, KaK YCTPOEHO BCe
MHOKECTBO IIeJIMKOM. JTOT CIIOCOO B TOM HMJIM MHOM BHIE HCIIOJb3yeT
¢JIOBECHBIH 000pPOT «...H TaK Jgajiee».

Hexoropele 4nCIOBbIe MHOMKECTBA CTOJIb YaCTO BCTPEYAIOTCS B pas-
JNMYHBIX pasjejaX MaTeMaTHKM, YTO AJIA HUX BBeJIM CIeluajbHhIe
odo3HaueHus. IMeHHO Tak 00CTOMT JeJio B caydasx 3) u 4), a Takke,
HHATIDUMED, JJIA MHOYKECTBA LeJIBIX YKCes, KOTOpoe 0003HaYaIoT Z, UK
JJIL MHOXKECTBa AeHMCTBUTEJILHBIX YHCeJI, KoTopoe obo3HauaiorT R.

B cayyae 5) MHOXKeCTBO 3aZaHO C IIOMOILLIO €r0 XapaxKmepucmu-
4¢CK020 C80iicméa. ITO OQUH U3 CaMbIX PACIPOCTPaHEHHHIX CIOCO60B
snJaHuA MHOXecTBa. CHMBOJ « | » BHYTpPHM (UIYDPHBIX CKOGOK SBJIA-
ercd 3aMeHOM KOMOHMHAILIMM CJIOB «..TaKMX, 4YTO..». MOXXHO mpouu-
waTh 8anuch {x | 2 < x < 7} war 3a marom:

CumBoa Kax unraercs
{...} MHoxecTBO...
{x...} MHOKeCTBO BCeX X...
{xi...} MHOeCTBO BCeX X TaKHX, YTO...
{x [2<x<7) MHOKeCTBO BCeX X TaKhX, 4To 2 < x < 7

Haxowuern, B cayuae 6), Kak u B caydaax 3) u 4), MHOKECTBO
WNJAHO C IIOMOIINBIO CIEHAJbHOro 0003HaYeHUA. 34eCh MBI HMeeM
ACJIO ¢ OZHMM u3 Hambojiee THIMYHBIX IIPUMEPOB YUCJIOBBLIX MHO-
WCECTB — C HHTepBajioM. Hapaay ¢ MHTepBajJlaMH Mbl OY€Hb YacTO
nerpedaeMca M C JPYTHMH YUCA08bLMU npomexcymrxamu. Hampumep,
{t]a < x < b} = [a; b] — oTpesok ¢ KoHIaMu a u b; {x|lx < b} =

( ©0; b) — OTKPBITHIHA JIy4 C KOHIIOM B TOUKe b.
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1 . PALUMOHANBHBIE HEPABEHCTBA M UX CHUCTEMbI

II pumep 2. Ilo ykasaHHOMY 3aZJaHHIO MHOXKECTBa HaThb €ro
CJIOBECHO€ OITHCAHUe:

a) {0, 2, 4, 6, 8}; 6){2,4,6,...,18, 20}; B){12, 22, 32, ..., 92};

r) {1, 8, 27, 64, 125, ...}.

P e m e H u e. ClioBecCHbIE ONMCAHUS OZHOI'O M TOTO YK€ MHOXMKe-
CTBa MOT'YT BBIIVIAZETH II0-pasHOMY. Beab B ecTeCTBEHHOM, PasroBOp-
HOM s3bIKE OJHY M Ty K€ MBICJIb, UIEI0 U T. II. MOYKHO BBIPA3UTh IO-
pasHomy. IToaToMy B cCKOOKax IpUBeAEM M APYyrue BO3MOJYKHbIE Bapu-
aHTHI OTBETOB.

a) MHoxxecTBO Bcex 4eTHHIX 1udp (Bce mudpsbl, Kpome mudp 1,
3,5,7, 9);

6) MHOXKEeCTBO BCE€X UETHBIX HATypPaJbHBIX YHCeJ, KOTODble MEHb-
ure 21 (Bce umcia, mOJydYeHHEIE u3 yucesn 1, 2, ..., 9, 10 ymHoKeHHEM
Ha 2);

B) MHOXKECTBO BC€X ABY3HAYHBIX YHCeJ, OKaHUMBAIOMUXCA Iud-
poit 2 (Bce uuciya Buga 10x + 2, rame x HeHyJieBaa nudpa);

I') MHOJKECTBO BCeX Ky0OB HaTypaJIbHBIX umuces (MHOXKECTBO 3Ha-
yeHu# GYHKUHUHU y = X3 1JId HATYPaJIbHBIX 3HAUEHUII apryMeHTa Xx).

I pumMmep 3. Pemus COOTBETCTBYIOLI[€€ HEPDABEHCTBO, 3aIlMCATh
3aJJaHHOE 4YMCJIOBO€ MHOXECTBO B BHJ€ UMCJIOBOI'O IIPDOMEXKYTKA:

a) {x|x?2+ 1> 0); B){x%>0};
6) {x§+ 2x =1 9y %}, r) {x |35x2 < 24x + 35}.

Peu e u u e. a) [Ipourem sanucs {x |x2 + 1 > 0} mwar sa marom.
Cuenyer HaiiTu MHOJKECTBO BCeX X TaKuxX, uto x> + 1 > 0. 9ro Hepa-
BEHCTBO BEpHO IJIsA BceX AeHcTBUTENbHBIX umcei. Ilogyyaem orser:
BCS YHCJIOBAsl IPsMas; B CUMBOJBHOIM 3amucu: (—°0; +o0) mau R.

6) Ciremyer HAliTM MHOYKECTBO BCE€X X TaKHUX, YTO

xy22-1 590 L,
3 5 15

T. €. PELIUTH 3TO HepaBeHCTBO. Ero Mer y:ke pemmniu (cm. § 1, npu-

Mep 1) ¥ MOJyYHUJIH OTBET: (—oo; _Tz’f)
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B) Ciengyer HaliTH MHOXKECTBO pelIeHUI (MOYKHO TOBOPUTH KOpPO-

1
ye: pelleHHe) HepaBeHCTBA . > 1. Umeem:

1ol o150, l=x50, 2210,

X X X X

Bocnosb3oBaBmInCch METOOOM HMHTEPBAJOB (puc. 22), mojy4yaeMm B
KavecTBe pelleHuA HepaseHcTBa mHTepBaia (0; 1).
r) 35x2 < 24x + 35; 35x% — 24x — 35 < 0;

1244122 +35° _ 12+£./1369 _ 12 + 37,

X1,2 =

35 35 35
o =220 __5 . _49_ 17
17 35 7 R 5 5°

Bersu napa6ouib! y = 35x% — 24x — 35 HanpasyieHbI BBepX. IlosTomy
MHOJKECTBO pellleHuil HepaBeHcTBa 35x% — 24x — 35 < 0 — 310 oTpe-

5 7
30K MEXXAY KODHAMHU X, = g EX, = 5 (puc. 23).

5.7
OrTBerT: a)R; 0) (—00; —1—27); B) (0; 1); ) [—?; g]

Puc. 22 Puc. 23

Takue cnoBecHbIe 00OPOTHI, KaK «3JIEMEHT X IPHUHAIJIECIKHUT MHO-
MECTBY A» WJIN «X SABJIAETCHA DJIEMEHTOM MHOXKECTBa A», AOCTATOYHO
JJINHHBI U He Bcerja yAoOHBI B 3aIllNICH pellieHNil KOHKPEeTHBIX 3ajad.
BB MaremaTuKe 9TH BbIpayKeHUsA 0oJiee KpPaTKO 3aIMCHIBAIOT Tak: X € A
(MBI y»Ke ITOJIb30BAJIKCH 3TUM oOo3HaueHueMm). CMEBICI 3HAka NpuHad-
ACHCHOCMU € JIETKO 3allOMHUTB: € — 3TO IepeBepHyTad OykBa «I»,
T, e. OyKBa, ¢ KOTOPOIl KaK pas M HAYMHAETCH CJIOBO «djieMeHT». Ha-
PSiLy CO 3HAKOM IPUHANJIEKHOCTH € KUCIOJIL3YIOT U €r0 «OTPUIlaHUE» —
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1 . PALUMOHAJbHbIE HEPABEHCTBA U UX CUCTEMbI

3HAK €. 3allnch X ¢ A 03HAYAEeT, YTO X He SABJSETCA 3JIeMEHTOM MHO-
xkectBa A. IIpuBenem nmpuMeps! UCIIOJB30BAHNA 3THX 3HAKOB:
3€{1,3,5,7,9},al13¢ {1, 3,5, 7, 9};
Ye{A,E,E,H,0,¥,bl,93,10, A, u0b¢ {A, E,E, U,0,V,
bI, 3, 10, A};
2007 € N, Torza kak 200,7 ¢ N;
0 e {x|35x% < 24x + 35}, a 2 ¢ {x |85x2 < 24x + 35} u 1. m.
3amMeTHM, UTO €CJIM HEBEPHO, YTO X € A, TO BepHO, uTo X ¢ A. Ha-
00opoT, ecju BEpPHO, UTO X € A, TO HEBEPHO, 4YTO X € A.

[Ipumep 4. BepHo jn, uro:
a)0eN; 6)0eZ; B)1le{x|x’—6x5+3x3+1<0};

nle {x|m > 30}?

Peuenue. a) Her, 0 He siBJifAeTCA HATypaJbHBIM YHCJIOM. SHA-
yut, 0 ¢ N.

6) a. Bosee Toro, camo o6o3HaueHNe Z MHOYKECTBA IEJIBIX YKUCEJ
IOJIYYEeHO OT IIepBOil OYKBEL CJ0OBA «Zero» — HYJb.

B) Ha. IToacrasum x = 1 B HepaBeHcTBo x7 — 6x% + 3x3 + 1 < 0.
IHonyuum BepHOe umCJIOBoe HepaBeHCTBO —1 < 0.

r) Her. IIpu x = 1 He ompefejieHa JieBaA 4YaCTh HepaBEHCTBA

Jxz -2 > 30. ®

3ameuanne 2. MNMyHKTbI B) 1 r) npumepa 4 NOKasbIBakOT, KaK NPOBEpATh
CMpaBefnMBOCTb YTBEPIKAEHMA X € A B TeX CNy4asx, KOFraa MHOXeECTBO A
33[,aHO C NOMOLLLIO XapaKTepuCTMHecKoro ceoicTea. CnegyeT npocTo npo-
BEPWTb, BEPHO 3TO CBOMCTBO A KOHKPETHOrO YMcna X unu HeT. OTBeT «ga»
03HaYaeT, YTO X € A, a OTBET «HEeT» 03Ha4YaeT, YTo X € A.

2. NMoaMHOMeCTBO

ANeMeHThI, 00pasyollue JaHHOe MHOXKECTBO A, MOXKHO o0beru-
HATH HE CPa3y BCe BMECTE, a IPYINUPYSA UX B Pa3HBIX KOMOMHAIIMAX.
Taxk MOXKHO IOJTIyYaTh Pa3IMYHBIE NOOMHONECMBA JAHHOTO MHOYKECTBA.

Hanpumep, ecaiu MHOMKECTBO COCTOMT M3 dJjieMeHTOB [1, +, @,
MOJKHO COCTABHTHL POBHO TPH IOJMHOXKECTBA, KOTOPBLIE COCTOSAT M3
IByx ajementos. Jro {0, +}, {0, @} u {+, ®}. Paccmorpum npumep
IIoCJIOYK Hee.

IIpumep 5. Hamose B cocraBe ¢hyTO0JBHON KOMaHIB! JOJIXKHBI
BHIMTH [JBOe HaNaJaloOIMX, a Y TPeHepa KOMaHALI eCTh YeThbIpe KaH-
gupara X, Yy, 2 1 t Ha 9TU IOSULUAH.
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a) VI3 CKOJIBKMX BapHaHTOB NPHAETCS BHIGUpATH TpeHepy?

0) Kax M3MeHHTCSA OTBET B a), €CJHM HUIFPOK X HE MOXKET Urparhb
BMecTe ¢ UTPOKoM y?

B) Kax usaMeHUTCS OTBET B a), €CJIM UI'POK 2 MOXKET UI'PATh TOJILKO
nMecTe C UTPOKOM t?

r) Kak maMeHHTCA OTBET B a), €CJM HAa II0Jie JOJIKHBI BBIMTH
'Tpoe Hamaxamimux?

P e m e H 1 e. CHauasa MBI JOJKHBI IIOHATH, IIPU YeM 37€Ch MHO-
MeCTBAa, 9JIEMEHTHl M IMOAMHOXKecTBa. A = {x, y, 2, t} — 9TO MHOKe-
(“rB0, U3 KOTOPOTO TPEHEPY CJenyeT BEIOpaTh ABOMX HANANAMOLINX, T. €.
nuIOpaTh ABa djeMeHTa. 3HAUMT, 3aJayua CBeJach K BIOOPY Pa3jUUHBIX
JABYX3JIEMEHTHEIX ITOAMHOMECTB AaHHOrO MHOXecTBa A = {x, y, 2, t}.

a) IlepeurciuM BapmaHTHI, B KOTOPHIX YYacCTBYeT HUIPOK X. ITO
{v, y}, {x, 2}, {x, t}. g urpoxa y oguH BapHaHT {X, y} y’Ke yuTeH,
OCTaJINCh BapuaHTH {y, 2} u {y, t}. [Ina urpoka z asa sapuanra {x, 2}
u {y, 2} y»Ke yuTeHEI, OCTaJIC OGUH BapHuaHT {2, t}. [l Urpoka t Bce
WIPDHAHTHI BBIXOZA Ha UIPY y)Ke yKasaHbl. Mtak, TpeHepy mpuiercs
nWOMpaTh M3 LIeCTH BapWaHTOB: {X, y}, {x, 2}, {x, t}, {y, 2}, {y, t},
{e, t}.

0) U3 mepeunc/ieHHBIX BapHaHTOB cjexyeT y6pars {x, y}. Ocra-
Ie1cA IATH BAPUAHTOB.

B) U3 mepeuncieHHBIX BapHaHTOB cjaexyer ybpars {x, 2z} u {y, z}.
(kraHeTcsi yeThHIpe BapHaHTA.

r) TyT cjleAyeT IOCUMUTAThH BCE TPEXdJEMEHTHEHIE IOAMHOMECTBA
AnHHOrO MHOXKecTBa A = {x, y, 2, t}. Bor oun: {x, y, 2} (orcyrcrsyer t),
{x. y, t} (orcyrerByer 2), {x, 2, t} (orcyrcrByer y), {y, 2, t} (orcyT-
ersyer x). Becero uernipe Bapuanra (puc. 24).

OT=BerT: a)6; 6)5; B)4; 1) 4.

A CKOJIBKO BCEro MMeeTCA MOAMHOIKECTB y YeTHIPEX3JEeMEHTHOrO
mioikecrsa? ByzeM paccyskzath Kaxk B nmpuMmepe 5. Cobepem Bce cBe-
Acligg B Tabauiy.

{x, y, 2}
{x, y, t}
%y 2. t) %, 2, t)
{y, 2, t}
Puc. 24
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Yucao Hammagarmoumux

0 1 l 2 3 4
Bapuanter  |Hamagalomux | {x}, {y}, | {x, y}, {x, 2} | {x, y, 2}, | {x, ¥, 2, t}
COCTaBOB Her coscem | {2}, {t} |{x, t}, {v, 2} | {x, y, t},
HaaJaronyx {y, t}, {z, t} | {x, 2, t},
{v, 2, t}
Koanuectso 1 4 6 4 1
BapHAaHTOB

Hrak, y 4eThbIpeX3JIeMEHTHOr0 MHOYKECTBA €CTh 4 OJHOJJIEMEHT-
HBIX IIOIMHOJKECTBa, 6 ABYXdJIEMEHTHBLIX IIOAMHOYKECTB, 4 TpexaJe-
MEHTHBIX TOJMHOECTBA, 1 YeThIpexsjieMeHTHOe IMOAMHOMKECTBO
U 1 IOAMHOIKECTBO, B KOTOPOM BOOOIIle HET 3JIEMEHTOB, T. €. IIyCTOe
MHOKecTBO. Becero mosyumuiock 1 + 4 + 6 + 4 + 1 = 16 pasubIx mojg-
MHOKECTB.

B ob6uiem BuIe ompenesieHKMe MOAMHOKECTBA BBITJIALUT TakK.

OnpegeneHme 1. Ecnu Kaablil 5jeMeHT MHOXecTBa B apns-
eTcs 3JIEMEHTOM MHOXKEeCTBAa A, TO MHO)KECTBO B Ha3LIBAIOT IIOZMHO-
aecTBoM MHOMKecTBa A. Obosnauenue: B < A. 3HaAK «C» HA3BIBAIOT
3HAKOM BKJIIOUEHHA.

Ecau muoxkecTBa A u B ABAAIOTCH NJIOCKMMU Qurypamu (TouHee,
MHOXK€eCTBAMH TOUYEK, U3 KOTOPBIX cOCTOAT urypet A u B), TO BKJIO-
yenne B c A oaHauvaer, uTo ¢purypa B 1mesuKoM pacmoJiokeHa B (u-
rype A (puc. 25).

IIpumep 6. Ha puc. 26 nzobparkeHbl 4eThipe IJIOCKKE (QUryphbI:
Kpyr A, npaMoyroJbHuk B, TpeyroabHuk C u D — 4acThb IIJIOCKOCTH,

A
A

C D
A B

Puc. 25 Puc. 26

BcA
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QDBAC_ .

CcA DcB CcB

Puc. 27

orpaHMueHHas opajioM. Kakue ma BKIoueHuit A < B, C c A, D c B,
AcD,CcB,DcA:

a) BepHbI; 6) HeBepHHI?

Pem e H ue. a) Bkaouenua C c A, D c B, C ¢ B Bepubl. MbI
u3o6pasuM ux momapHo (puc. 27).

6) Bkarouenns A ¢ B, A ¢ D, D c A seBepHbl. MBI Tak ke nzobpa-
3MM HMX IIONAPHO M B KaXKJOM CJyYae OTAEJIbHO OTMETHUM HEKOTOPYIO
TOUKY, KOTOpas NPUHALJIEKHUT JIeBOM YacTu BKJIIOUEHUS, HO He MpH-
HAIJIeKUT IpaBoil yactu (puc. 28). &

3ameyanne 3. 3HaKM NPUHAANEKHOCTM € M BKNIOYEHUS C HECKONBKO
NOXoXM BpPyr Ha gpyra. OgHaKo 3TO NPMHUMNMANEHO Pa3sHbie 3HaKMU M MUX
He cneayeT nyTaTtb. Hanpumep, sanmuce 1 < {1, 2, 3} ownbouHa, Tak Kak
® ee NEBON 4acTM HaXOAUTCA HE MHOMECTBO. B To e Bpems C 3anmcbio
1 e {1, 2, 3} Bce B nopsaKe: oHa 03Ha4aeT, 4To uucno 1 ssnsercs
mnemeHTOM mHOXecTBa {1, 2, 3}. 3anmck [1; 2] € (0; 3) ownbouHa, Tak Kak

A A A
o
B
\/V D D
HegepHo, uto A C B HegepHno, uto A ¢ D HegepHo, uto D c A

Puc. 28

} Mopaxosuy, 9 K., 4. 1 33
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Puc. 29

B €€ NIeBOM 4acTH HaXOAMTCA He ANEeMEHT MHOXKECTBA, @ HEKOTOPOEe MHOXe-
ctBO. A BOT 3anmch [1; 2] = (0; 3), Kak roBopsT, KOPPEKTHA; FreOMETPHHECKH
OHa o3HauaerT, uTo oTpe3ok [1; 2] uenukom copeprxmtcs B mitepeane (0; 3)
(puc. 29).

3. Nepeceyenne n oében,m-leune MHOXKeCTB

W3o6pakene MHOMKECTB B BHJE ILIOCKHX (pHUryp oueHb yAOOHO
UL HaTJIAZHOTO OOBSCHEHUA Pas/MYHBbIX ONepayuil Had MHOMNCeCmeamu.
OOBLIYHO MHOKECTBA IIPH 3TOM HM300pa’KalOT B BHUAE HEKOTOPHIX KPY-
roB. Takue Kpyru HasbIBAIOT Kpyzamu Jiliepa B YeCTb BEJINKOrO IIBei-
mapckoro maremaruxka JleoHapma 9iinepa (1707—1783), xoTophIit
Joaroe Bpemsa paboras B Poccum. Haunem ¢ omepamuu nepecevenus
MHOK€ECTB.

Onpeaenerune 2. Tlepeceuennem mHOMeCTB A 1 B HasbIBaOT
MHOXKECTBO, COCTOsIIee U3 BCEX OOIIMX 3JeMEHTOB MHOXKecTB A u B,
T. €. U3 BCEX 9JIEMEHTOB, KOTOpHIE NMPHUHALJIEKAT U MHOMKECTBY A, U
mHOXKecTBY B (puc. 30). Ilepeceuenne mHOXKecTB A 1 B 0603Ha4a0OT
Tak: A N B.

Wcnonbays yKe M3BECTHBIE CIIOCOOBI 3aJaHUA MHOXKECTB, 3TO OII-
pelieieHrie MOMKHO IE€PEBECTH U3 CJI0BECHOM (POPMEI 3amucé B (POp-
MYJIbHYIO:

(AﬁB={x|xeAnxeB}D

A

ANB

Puc. 30
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II pumep 7.Halitn nepeceuenne MHOKeCTB A u B, ecnu:

a)A={11, 22, ..., 88, 99}, B={3, 6, 9, ...};

0) A — MHOJKeCTBO pas3JIUUYHEIX OYKB, UCIIOJL3YEMBIX B CJIOBE «IIe-
pepacipenesenne», B — MHOMKECTBO PasIMUHBIX OYKB, MCIIOJIb3ye-
MLIX B CJIOBE «DPed)OpPMUDPOBAHUE.

B)A=(1; +/10), B=N.

Pemenue. a)A— 370 MHOKECTBO BCeX ABY3HAUHBLIX UHCeJ,
xpaTHbIX 11, B — 3TO MHOKECTBO BCEX HATYpPaJbHBIX YHCEJI, KpaT-
noix 3. Yncsmo x mnpuHaIJIEXKNUT ¥ MHOYKECTBY A, 1 MHOXKecTBY B, eciu
0HO OBY3HAUHO M KpaTHO Kak 11, tak m 3, T.e. KpatHo 33. Takux
"ices uMeeTcsa poBHO Tpu: 33, 66 u 99.

Hrax, A N B = {33, 66, 99}.

6) BrimuniemM Bce BCTpeUamIuecss B YKa3aHHBIX CJI0BaX OYKBEI IIO
wHoMy pasy: A = {m, e, p, a, ¢, 4, 1, H, u}, B={p, e, ®, 0, M, u, B, a, H}.
I’hcCMOTPHM IIO OUEpeAH BCe 3JIEMEHTHI IIEPBOro MHO)KecTBa. Tak Kak
ne A, Ho 1 ¢ B, To OyKBa «II» He ABJIsAETCH O0LIeil JJA MHOKECTB A
w B. Buauutr, 1 ¢ AN B. Tak kak e € A u e € B, To OyKBa «e» ABJIA-
ercs obeit ans MHOKecTB A u B. 3Hauur, e € A N B. Ilepebupas
TWKHM JKe 00pa3oM ocTajibHbIe OYKBBI MHOJKeCTB A u B, mojgydaem:
ANB={e p,a, H, u}.

B) Yucso 1 npusamie:xxur MHOKecTBy B = N, HO He mpuHajie-
neuT MHOXKeCcTBY A = (1; \/—13 ): KOHell MHTEPBAJIa HE BXOZUT B caM
wirepBas. 3uavuur, 1 ¢ A N B, Tak Kak 3 < \/—13 <4, T0ouncaa 2 u 3
HPUHALJIEXAT U MHOYKECTBY A, U MHOKecTBy B. 3Hauutr, 2€ AN Bu
4 « A N B. Bce HaTypaJbHEIE UKCJIA, HAUKHAA C 4, JIEXKAT BHE UHTEP-
snga (1; \/—13 ). 3HAuuT, BCE ATHM YHCJa HEe IPHUHAMJIEKAT Iepecede-
w0 A N B,

Hrak, A N B = {2; 3} (puc. 31). @&

B
» // \\
-#—mﬁﬁ
> 1 } ® ® °® > 1
0 1 2 3 4 0 1 2 3 4

— U Yy
0 1 2 3410

AN B={2; 3}
Puc. 31
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1 . PAUMOHAJIbHBIE HEPABEHCTBA U UX CUCTEMbI

A

ANBNC

Cc

Puc. 32

MookHO paccMaTpHBATh II€pPECEUEHUa He TOJLKO ABYX, HO U TpeX,
yeThIpEX M T. A. MHOXKecTB. Hampumep, nepecevenuem mMHOXeCcTB A, B
u C Ha3bBIBAIOT MHOYKECTBO, COCTOSAIIee M3 BCEX 3JIEMEHTOB, KOTOPBIE
IPUHAJIEKAT 1 MHOYKECTBY A, 1 MHOKeCTBY B, u MaokecTBy C (puc. 32).
ITepeceuenne muoxecTB A, B u C obosuauator Tak: A N B N C.

3amevaHne 4. Bot Knaccuueckuii Nnpumep U3 pyccKon nuteparypsl,
CBfI3a@HHbIM C OBHOBPEMEHHDBIM BbINONHEHUEM HECKONbKMX yCnoBuid. B kome-
awm H. B. Morons «Xenntbba» rnasHas repouHs, Heeecta Aradbs TuxoHOB-
Ha, paccy»paaert TaK: «...Ecnu 6bi rybbl HukaHopa MeaHosuua ga npuctaents
K Hocy MeaHa Ky3sbmuua, ga B3aTb CKONbKO-HMOYAb Pa3BA3HOCTH, KaKas y
bantaszapa bantasapsbiua, ga, noxanyi, NpubaenTb K aTOMY eLue BOpPOAHO-
ctn MeaHa Masnosnua — s 6b1 Torpa Totyac 6bi pewmnacs...»

Y yeTbipex pasHbiX EHUXOB €CTb YeTbliPe Pa3HbiX CBOMCTBA, M HEBECTA
MeuTaeT o Tom, 4ToBbl MonoaoH Yenosek obnapan cpasy BCEMU CBOWCT-
Bamu. C TOUKM 3peHus Teopumn mHOXeCTB Aradbs TMXOHOBHA MCCnepyeT Bon-
POC O HenycToTe NepeceyeHUs YeTbipex Pa3nuyHbIX MHOXECTB.

Hcnonp3oBaHue onepamuy IIepeceueHnss MHOXKECTB B MaTeMaTHKe
COOTBETCTBYET HCIIOJBb30BAHMUIO COI03a «HU» B PYCCKOM fA3bIKe. Pox-
CTBEHHBIH €My COIO3 «HJIM» CBA3aH C OAPYroil omepanueil Hax MHOMKe-
cTBaMU — onepayueil 06seduHenus.

OnpegeneHme 3. O6benuHeHNeM MHOMXKeCTB A 1 B Ha3bIBaIOT
MHOJKECTBO, COCTOfIlee M3 BCEX 3JIEMEHTOB, KOTOPHIE IPUHAAJIEKAT
X0THA OBl OAHOMY M3 3THMX MHOYKECTB — HJIM MHOMKECTBY A, WJIHN
mHOXKecTBY B (puc. 33). O6benunenre MHOKeCTB A 1 B 0003Ha4a0T
Tak: A U B.
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1 . PAUMOHANIbHBIE HEPABEHCTBA U UX CUCTEMbI

AUB

Puc. 33

Kak u B ciyuae mepeceueHud, 9TO OIpeJesieHHE MOXKHO IlepeBec-
W U3 CJIOBECHOM (hopMEI 3anucu B (hOPMYJIbHYIO:

(AUB={x|xeAnmeeB}.)

Il pumep 8. Haiitu o6begunenue MEOXKecTB A u B, eciu:

a) A — MHOXKecTBO genuteieii uucaa 105, B — MHOXKeCTBO Aeju-
reieil ymesa 55;

6) A — MHOXxecTBO uudp 3anucu yuciaa 3°, B — MHOKeCTBO Ludp
mnucH uucaa 219

B) A =(1; V10), B =[2; 4);

r) A — MHOKECTBO TOYEK KOODAMHATHOH IIJIOCKOCTH, ¥ KOTOPBIX
abcuucca Gosblie 3, B — MHOMKECTBO TOYEK KOOPAMHATHOM ILJIOCKO-
®rv, Y KOTOPBIX OpAHHATA He GoJbiie 2.

Pemenue.

a) Pasno)xum Ha mpocrbhle MHEOXKUTeaH yuciaa 105 u 55. Tak kak
h=3-5-7,abb= 5-11,0A={1, 3, 5, 7, 15, 21, 35, 105}, a
#-{1, 5, 11, 55}. BoapMeM Bce 3JIeMEHTHI MHOKECTBa A, a 3aTeM Te
®/ICMEHTBI MHOXKecTBa B, KOTOphle He BCTpedaauch B A, T.e. moba-
sum 11 u 55. 3uauur,

AUB={1,3,5, 7,11, 15, 21, 35, 55, 105}.
6) 3° = 243, 2'° = 1024. 3uauuT, A = {2, 3, 4}, B ={0, 1, 2, 4}.
loerynuM Kak u B myHKTe a). ITomyuum: A U B = {0, 1, 2, 3, 4}.
B) Tyt ymoGHee paGoTaTh ¢ umcyioBoii mpsamoii. [laHHBIe MHOXKe-
evna (YmciioBble IpoMexkyTKH) A = (1; \/—13 ) u B = [2; 4] nepecekaior-
(31, HO HA OZHO M3 HUX HE COAEPIKHUTCHA IIEJHUKOM B APyrom (puc. 34).
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|
[
(=1 o

AUB

Puc. 35

HcnonbayeM AJsl 3THX MHOJKECTB Pa3JIMYHBLIE LITPHUXOBKH U 3a-
TeM IIOCMOTPHUM, KaKOe YHMCJOBOE MHOXKECTBO B UTOT€ MBI 3aIITPUXO-
sasn: A U B = (1; 4] (puc. 35).

r) 3gech TOXe ynoGHEee HCIOJIL30BATH 4YepTesk. MHOKecTBO A —
9TO MHOJYKECTBO BCEX TOUEK, JIEJKAI[UX IIPaBee BEPTHUKAJIbHON NPAMOil
x = 3 (puc. 36). MHOKecTBO B — 9TO MHOKECTBO BCEX TOYEK, JIeXKa-
IIUX HUKE I'OPU3OHTAJBHOM HNPAMOM y = 2 MJIM HAa CaMOM 3TOH Ips-
moii (puc. 37).

v4 LR V4
77477
79999 y =2
99999995 LI NSNS IR AL 11,
T 0000077
000 000000
! ?%%/7 % ////; /f, LAY,
/4’//;// 9 AT LT, B/
A1 AN A
x =3V A0 WLV LLNe LIl
Puc. 36 Puc. 37
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y 4 Z'/// g
77
AN
9 ///Z// (2;3)e AUB
DT 707 7707074707 AL e
A 2070 1077207077 A
AN 3
4997744007
A A
AT I AL AL AL AT A A A A
Puc. 38

Puc. 39

Torza A U B — 3T0 MHOKECTBO BCeX TeX TOYEK ILIOCKOCTH, KOTO-
pule MBI 3aIITPUXOBAJIX IIE€PBBIM HJHM BTOPHIM cmocobom (puc. 38).
(rMeTHM OIS IpuMepa, uTo TouKa (3; 2) mpuHaAJeKuT o0beguHe-
nuo A U B, a Touku (2; 3) u (3; 5) emy He npunazgjiexar. @

Kak u nida nepeceueHnii, MOXKHO PacCMaTpPUBaTh 00'beJMHEHUS HE
TOJBKO ABYX, HO M TPE€X, YeThIpex W T. . MHOXXecTB. Hampumep,
ofsedunenuem MHOMXecTB A, B nu C Ha3bIBAlOT MHOXXECTBO, COCTOA-
liee U3 BCEeX 3JIEMEHTOB, KOTOPble IPHHAMJIEKAT WKW MHOMKECTBY A,
ninu MHOXKecTBY B, niau MHOMKecTBY C (puc. 39). O0beauHeHne MHO-
weerB A, B u C o6o3mauawT Tak: A U B U C.
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1 . PAUMOHATNDBHBIE HEPABEHCTBA M UX CUCTEMbI

3amevanme 5. 3Hakn nepecedenuns «N» n obbeguHenns «Ux» yyawmecs
yacTo nyTaroT. BoT Heckonbko coBeToB Mo ux 3anoMuHaHuio. 3Hak o6bepu-
HeHun «U» noxoxk Ha nepsyto Byksy aHrnuickoro cnosa Union — obvepu-
HeHue. [pyroi cnocob: onepaums obbeguHeHus U — 3TO OTKPbITbIN Me-
LIOK, B KOTOPbIM CCbINAIOTCA 3NeMEHTbI 06 bEaMHAEMbIX MHOMKECTB. 3HaUMT,
A U B copepxur B cebe Bce anemeHTbl 060mx mHOXeCTB A u B 1 He copep-
MUT HUKAKMX OpYyrux anemeHTos. Ecnu Bbi xopowo 3anomHunm 3Hak obbve-
AnHeHus «U», TO 3HaK nepeceyenms «\» — 3TO MPOCTO APYroM OCTaBLIMICA
3HaK. MOXHO TaKXKe 3aMeTHTb, 4TO «/1» HECKOMNBbKO HAMOMMHAET PYCCKYIO
6ykBy «[1», c KOTOPOM HAYMHAETCS CNOBO «NEpPeceqeHne».

§4. CUCTEMbI HEPABEHCTB

PaccmorpuM aBa mpuMepa, pelieHNe KOTOPHIX, KaK MBI
YBUJAUM, IPUBeAeT K HOBOM (IJA Bac) MaTeMaTHYECKOH MoJaeau —
cucTeMe HepPaBeHCTB.

IIpumep 1. Haiitu o6acts onpeseeHus BhIPDAXKEHUSA
f(x)=J2x-4+ 8-x.

P e 1 e H u e. Briparkenue, cozepixalieecsa o 3HakoM KBajpar-
HOro KOPH#A, AOJIXKHO OBITh HEOTPHIATEJbHBIM, 3HAYMUT, HOJIKHBI
OZHOBpDpEeMEHHO BHIIOJIHATLCA ABA HepaBeHCTBA: 2x — 420 u
8 — x 2 0. B rakux ciydaax roBoparT, YTO 3ajada CBOLHUTCA K pellre-
HHUIO CUCmeMbl HepaseHcmse

2¢-4 20,
8-x20.

Ho ¢ Takoit MaTeMaTHYeCKO MOJEJbIO (CHCTEMOII HEPABEHCTB) MBI
ellle He BCTpeyaauch. BepHEeMca K peIEeHUIO 3TOr0 IpHUMepa I03JHee.

IIpumep 2. 3agymMaHo HaTypajbHoOe uucjao. M3BecTHO, UTO
ecJId K KBaZpaTy 3agyMaHHOro yucja npubaButh 13, To cymma 6yzer
6oJibIlIe TIPOM3BEJEHUA 3aAyYMaHHOrO umucjaa u uuciaa 14. Ecau xKe
K KBaaparTy 3agyMaHHOro umcja npubasuth 45, To cymMma Oyger
MeHBbIIIE IPOU3BeIeHUs 3afyMaHHOro uucia u yucia 18. Kakoe umcio
dagymano?

Pemrenue. [epsriii aran. Cocmasnenue mamemamuieckoil
Mmodenu.
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1 . PAUMOHANBbHBIE HEPABEHCTBA U MX CUCTEMbI

IIyers x — sagymanHoe uucio. Ilo mepBoMy yCJIOBHIO CyMMa YH-
cea x% u 13 6osblue yucaa 14x; 3To 3HAYUT, YTO AOJMKHO BBIIOJIHATHCS
nepaBeHcTBo X% + 13 > 14x. ITo BTOpoMYy YCJIOBHIO CyMMa 4uCesa X2
u 45 MeHbine umciaa 18x; 3TO 3HAUMUT, YTO HOJIKHO BBINIOJHATHCA
nepaBescTBO x2 + 45 < 18x. YKasaHHbIe HEPABEHCTBA JOJIKHEBI BbI-
NOJHATBCA OAZHOBPEMEHHO, CJIeI0BaTeJbHO, PeYb HAET O pellie-
IIMKA CHCTEMBI HePaBEHCTB

x2 + 13 > 14x,
x% + 45 < 18x.

TToka npugerca IOBPEMEHUTH C IIEPEXOJOM KO BTOPOMY dTalmy pe-
INCHUA 3aJa4Yy — 3Tany paboThl ¢ COCTABJIEHHON MaTeMaTHYeCKOIi Mo-
aeanio, CHavasia Halo U3YUHUTh HOBYIO MOJ€JIb — CHCTEMY HEPaBEHCTB.

OnpegenerHune. HeckoabKo HEPABEHCTB C OAHON IEPEeMEHHON X
00pas3yioT cUCTeMy HepaBEHCTB, €CJIM CTaBUTCA 3ajajva HaWTH Bce Ta-
KMe 3HAYeHWUs IEePEeMEeHHO#, IPY KOTOPBHIX Ka)kJoe M3 3aJaHHLIX He-
PUBEHCTB ¢ IEPEeMEeHHOI ofpaljaeTcsa B BEPHOE YKCJI0BO€ HEPABEHCTBO.
JlioGoe Takoe 3HaueHVe X HA3bIBAIOT peHIeHHeM (MM YaCTHBIM peure-
MMWEM) CHCTeMbl HEPaBEHCTB.

MHOKEeCTBO BCeX pellleHH# (YaCTHBIX pelIeHHi) CHCTeMbl Hepa-
WeHCTB IIPeACTaBiseT co0oii o0liee pelreHue CHCTEMbI HEPaBEHCTB
(MalIle TOBOPAT MPOCTO — PelIeHHe CUCTEMbl HEPABEHCTB).

HepaBencrBa, oOpasymolue cCucTeMy, 00begUHAIOTCA (PUIYPHOIL
¢1K00KOI1 (TakK e, KaK Bbl 3HaeTe, 0OCTOUT [eJI0 M B CHCTEMaX ypaB-
neunit). Hanmpumep, samuch

{Zx -1>3,
3x-2<11

gisnavyaeT, 4To HepaBeHCTBa 2x — 1 > 3 u 3x — 2 < 11 oOpasymoT
cucTeMy HEPaBEeHCTB.

HHorga ucmoab3yeTcs 3allich CUCTeMbl HEPABEHCTB B Buae 080il-
noeo Hepasencmea. Hanpumep, cucreMy HepaBeHCTB

2x -1 > 3,
2x-1<11

MOKHO 3aIllucaTh B BHAE ABOMHOro HepaseHcTBa 3 < 2x — 1 < 11.
PaccMmoTpuM cCHCTeMy HEPaBEHCTB

2x -1 > 3,
3x -2 < 11.
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1 . PAUMOHANBbHBIE HEPABEHCTBA U MX CUCTEMbI

MovxHO mofo6paTh HECKOJBKO €e YACTHHIX pelleHui, HanpuMep x = 3,
x =4, x =3,5. B camom gese, npu x = 3 mepBoe HEPABEHCTBO IIPHHU-
MaeTr Bug 5 > 3, a Bropoe — Bua 7 < 11. ITonyumnuch gBa BepHBIX
YHCJOBLIX HePaBeHCTBA, 3HAUMT, X = 3 — YaCTHOE PeIlleHHe CHCTEeMBI
HepaBeHCTB., TouHO Tak ke MOXKHO ybeAuThCA B TOM, 4TO X = 4,
x = 3,5 — uyacTHBIEe PElIeHHUA CHCTEeMBl HEePABEHCTB.

B T0 xe Bpemsa 3HaueHue x = 5 He ABJAETCA YACTHBLIM PelICHHEM
CHCTeMEl HepaBeHCTB. IIpu x = 5 mepBoe HEPABEHCTBO IPUMHUMAET BHJ
9 > 3 — BepHOe YHMCJIOBOE HEPaBEeHCTBO, a BTopoe — BuA 13 < 11, ato
HEBEPHOe YMCJI0BOE HEPaBEHCTBO.

Pewumv cucmemy Hepasencme — 3HAYUT HANTH Bce ee YaCTHBIE
pewenus. fICHO, uTO TakKoe yragblBaHuWe, KOTOPOe IPOAEMOHCTPHPO-
BAHO BBILIE, — HE METOJ pelleHusA CHCTeMbl HepaBeHCTB. Kak e

f(x) > 0,
g(x) > 07

ITycrs X, — pemenue nepasBencTsa f(x) > 0 (MHOXKeCTBO vyacT-
HBIX pelienui), a X, — pelienue HepaBeHCTBa g(x) > 0 (MHOMKeECTBO
YacTHHIX pelueHuii). Hac mHTEpeCcyOT Te M TOJLKO Te 3HAUEHHUA X,
KOTOpble IPUHAJIERKAT U MHOMKECTBY X, U MHOxeCTBy X,. 3HAUUT
(cM. § 3), Hac unTepecyer MHOMKeCTBO X, N X, — 9TO mepecedenue u
ABJIAETCA pelleHMeM 3aJaHHOH CHCTEeMbl HEPaBEHCTB.

peluTs CUCTEMYy HEPaBEHCTB

IIpumep 3. Pemuuth cucreMy HePaBeHCTB:

9% -1 3, 2% -1> 3, 2% -1< 3,
) 134 -9 <11 3x-2>11; B lsx-2>1

Peme s ue. a) Penasg mepBoe HepaBeHCTBO CHCTEMBI, HAXOAVM:
2x > 4; x > 2, Pelas BTopoe HEpaBeHCTBO CHCTEMbI, HaxoauM: 3x < 13;

13 1 .
x<5,T e x< 4§ . OTMeTHM 3TH IPOMEXKYTKHU Ha OJHON KOOpZU-

HATHOH IIPAMOM, HMCIOJIb30BaB AJIA BBIZEJEHUS IIePBOro IIPOMEKYT-
Ka BEPXHIOI0 HITPUXOBKY, a AJIS BTOPOro — HHJKHIOIO IITPUXOBKY
(puc. 40). PemeHnuemM cucTeMbl HEPABEHCTB OyJeT nepeceuexue peuse-
Huil HEpaBEeHCTB CHCTEMBI, T. €. IPOMEXXYTOK (MJIH HECKOJbKO IIpOMe-
KYTKOB), Ha KOTOPOM 00€e IITPHXOBKY COBIaJu. B paccMaTpuBaeMoM

npuMepe IIoJydaeM HHTEDPBAJ (2; 4%)
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i

1
2 4§
Puc. 40
——g gAY
1
2 el
43
Puc. 41

6) Pemasa mepBoe HEpaBEHCTBO CHUCTEMBI, HAXOAUM: X > 2; pellas

1
nTOPOe HEPAaBEHCTBO CHCTEMBI, HAXOAUM: X 2> 4§ . OrmMeTuM aTH mpo-

MEXYTKH Ha OJHOH KOODAMHATHON IIPAMOI, MCIOJL30BaB AJIA Ilep-
®Or0 IIPOMEXXYTKA BEPXHIOK IITPUXOBKY, a AJIA BTOPOr0 — HHIKHIOIO
TpuxoBKy (puc. 41). PemmesueM cucreMnl HepaBeHCTB OyaeT Iepe-
ceyeHHUe pellleHHi HepaBeHCTB CUCTeMBbl. B paccmarpuBaemMoM mpume-

1
pe moJyyaeMm Jyd [45; +00 |,
B) Pemas mepBoe HepaBeHCTBO CUCTEMBI, HAXOAUM: X < 2; pelas

1
NTOPOE HEPaBE€HCTBO CUCTEMBI, HAXO0AUM: X 24 § . Ormerum atu IIpo-

MeKYTKH Ha OOJHOM KOODAMHATHON MPAMOM, UCIIOJIH30BAB JJIA [I€PBO-
Iro MPOMEXYTKa BEPXHIOK IITPUXOBKY, a AJIS BTOPOT0 — HHIMKHIOI
mTpuxoBry (puc. 42). PemenneM cucreMbl HepaBeHCTB OyzeT Iepe-
ceyeHUe PellleHuii HepaBeHCTB CUCTEMBI, T. €. IPOMEKYTOK, Ha KOTO-
poM 00e IITPHUXOBKM COBHAJU. 34eCh TaKoil obuieii uacTu Her, 3HA-
MUT, CCTEMa HepPaBE€HCTB He MMEET PellleHui.

1 1 .
OrBerT a)2<x< 4§; 0) x 2 4—3~; B) HeT pelneHuii (uHOTAA
#TO CJIOBOCOUYETaHUE, HATTOMHUM, 3aMEHSIOT CUMBOJIOM IIYCTOI'O MHO-
wecrea J).
O6001IIMM pacCyXJeHus, IIPOBeJleHHble B PACCMOTPEHHOM IIpUMEDE.
lIpeanoJsiosKuM, 4TO HaM HY’KHO PEILIUTb CUCTEMY HEPABEHCTB
f(x) > g (),
f,(x) > g,(x).
M . TTrTr7r7r717rvriy ’ x

2 1
43

Puc. 42
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IIycrts, HannpuMep, uHTepBaJ (a; b) ABIAETCA pellieHNeM HepaBeHCTBA
f(x) > g,(x), a unrepBan (c; d) — pelleHHEM HePaBEHCTBA [,(x) >
> g,(x) (puc. 43). PeweHnuem cucmemv. HepaGeHCME ABNLACMCA nepe-
ceueHue peuleHuil HepaseHcms cucmembl. B paccMaTpuBaeMoOM CJIy-
yae 3To unTepBai (c; b) (puc. 43).

a c b d
Puc. 43

Teneps MbI 0e3 0c000Oro TpyAa CMOMEM PeLIUTh CHCTEMY Hepa-
BEHCTB, KOTOPYIO IOJYYWJIN BbIllie, B nmpuMepe 1:

2x—-420,
8-x20.

Peuras mepBoe HepaBeHCTBO CHUCTEMBI, HAXOAMM: X 2> 2; pelias BTO-
Poe HepaBeHCTBO CHCTEMbI, HaXomuM: X < 8. OTMeTHM 3TH MPOMEXKYTKHU
(syun) Ha ogHO¥M KoopauHATHOM mpaAmoil (puc. 44). Pemenuem cucre-
MBI HePaBeHCTB OyJeT nepecedyeHre pellleHuii HePaBEeHCTB CHCTEMbBI —
oTpesoK [2; 8]. 9ro obsacTh OnpeseeHUA TOr0 BhIPAXKEHUS, O KOTO-
poM Lija peub B nmpumepe 1.

FITTTOrPRARR PR AR AR
2 8
Puc. 44
Pasymeercs, cucTeMa HepaBeHCTB He 00513aTe/IbHO HOJIYKHA COCTOATD
U3 JUHEHHBIX HEePaBEeHCTB, KaK OBIJIO 4O CHX IIODP; MOI'YT BCTPETUTHCA
Jaio0ble panoHaJbHbIe (2 B fajibHeiIIeM ¥ He TOJbKO PalOHAJILHEIE)
HepaBeHcTBa. TexHuuecKu paboTa ¢ CHCTeMOM pPallMOHAJLHBLIX HEJIH-
HeUHBIX HePaBEeHCTB, KOHEYHO, CJI0KHEee, HO MPUHUMUINAJILHO HOBOIO
(110 cCpaBHEHHUIO C CHCTEeMAaMH JUHEHHBIX HEPaBeHCTB) 34eCh HUYero Her.

IIpumep 4. Pemuurh cucTeMy HEepaBEeHCTB
x2-920,
{5x -x220.
Peme x u e. 1) Peuum nepaBencrso x* - 9 > 0, . e.
(x - 3)(x+ 3)=>0.
OrMmeTuM TOYKH —3 U 3 Ha YHCI0BOM mpamoit (puc. 45). Ouu pasdu-
BaIOT IPSAMYIO Ha TPHU IPOMEXXKYTKA, IPUYEeM Ha KaKAOM IIPOMEKYTKe
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1. PAUMOHANBHBIE HEPABEHCTBA U MX CUCTEMb

Puc. 45

utparkerne p(x) = (x — 3)(x + 3) coxpaHAET MOCTOAHHLIH 3HAK — 3TH
aHaKy yKasausl Ha puc. 45. Hac uHTEepecyoT NpoMeXKyTKH, Ha KOTO-
PLIX BBITIOJIHAETCA HepaBeHCTBO p(x) > 0 (oHM 3amITPHUXOBAHBI
na puc. 45), ¥ TOYKH, B KOTOPEIX BBHINOJIHAETCA paBeHCTBO p(x) = 0,
'*. €. TOUKH X = —3, X = 3 (OHM OTMeUYeHbl Ha puc. 45 TEMHBIMHU KpY-
wouxkamu). Takum o6pasoM, Ha puc. 45 mpeacraBieHa reOMeTPUYECKaA
WJJIIOCTpPaLuA PellleHus [IePBOro HepaBeHCTBA.
2) Pemium HepaseHcTBO 5x — x2 > 0, T. e.

x(5b-x)20.
— + -
——ee T T T T T T T T T @ X
0 5
Puc. 46

OrmeruM Touku 0 u 5 HaA yucaoBoi npaAMoil (puc. 46). Oxu pasduBa-
WT NPAMYI0O HAa TPU IPOMEXYTKa, IPWYEM Ha KayKJOM IIPOMEXYTKe
mupakesue g(x) = x(5 — x) coxpaHseT IMOCTOAHHBIN 3HAK — JTH 3HAKH
yxasaHs! Ha puc. 46. Hac unTepecyer, rae BHIIIOJHAECTCA HEPABEHCTBO
¢(x) > O (cooTBeTCTBYIOIMII IPOMEKYTOK 3allITPUXOBAH Ha puc. 46);
WY)KHBI HaM ¥ TOYKH, B KOTODPBIX BBINIOJIHAETCA paBeHCTBO q(x) = O,
v.e. Touku x = 0, x = 5 (OHuM OTMeueHBI Ha puc. 46 TeMHEIMU Kpy-
mouxkamu). Takum oOpasom, Ha puc. 46 mpencraBieHa reoMerpuue-
Oxis MJIIOCTPAIMA PellleHuA BTOPOr0 HEPABEHCTBA CHCTEMEI.

3) OrmeruM HalifieHHEBIE PELIEHUA IIEPBOr0 M BTOPOTO HEPABEHCTB
€1cTeEMEBl HA OJHOM KOOPAMHATHON NMPAMOM, MCIIOJIB30BAB JJIs pelle-
§|111 IepBOro HePaBEeHCTBAa BEPXHIO LITPHXOBKY, a JJIA PELIeHnid BTO-
poro — HIXKHIOI LITPHUXOBKY (puc. 47). Pemenuem cucreMbl Hepa-
SniicTB OyeT nepeceyeHue pPelleHnil HepaBeHCTB cucTeMel. B paccmar-
pHBAEMOM IpuUMepe 3TO OTPesoK [3; 5].

OrBerT: 3< x< 5.
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1 . PAUMOHAbHBIE HEPABEHCTBA M UX CHUCTEMbI

IIpumep 5. Pemurs cucreMy HepaBeHCTB:

2¢x-1> 3, 2x -1 > 3,
a) x2+x+2<0; 6) x2+x+2>0.

Pemenue. a) I3 nepBoro HepaBeHcTBa Haxoxum: x > 2. Pac-
CMOTpPHUM BTOpOe HepaBeHCTBO. KBazparHniii Tpexuien x2 + x + 2
He MMeeT AeHCTBUTEJNbHBLIX KOPHEIH, a ero crapiuuii KodadduimesT
(xosddunuenT npu x?) momoxureseH. 3Hauur (cm. § 1), mpu Bcex x
BBITIOJIHAETCA HepaBeHCTBO X2 + x + 2 > 0, a moToMy BTOpOE Hepa-
BEHCTBO CHCTE€MEI He MMeeT pelieHui. UTO 3TO 3HAYMT OJIA CHCTEMBI
HepaBeHCTB? JTO 3HAYHUT, UTO CHCTEMa He MMEeT PeIlIeHUH.

6) 13 mepBoro HepaBeHCTBa HAXOAHM: X > 2. Bropoe HepaBeHCTBO
BBITIOJIHAETCA TIPH JIOObIX 3HAYEHUAX X. UTO 3TO 3HAYUMT AJIS CHCTE-
MbI HepaBeHCTB? To, UTO ee pellleHNe COBIAAAET C PellleHUeM [IepPBOro
HepaBeHCTBA.

OrBerT: a)J; 6) x> 2.

JaHHBIN NpUMEp ABJAETCA WMJJIIOCTPALHEH AJS CHeRYIOIIUX II0-
JIE3HBIX YTBEPIKIEHMIA:

1. Ecau 6 cucmeme U3 HECKOLbKUX HepaseHcme ¢ 00HOU nepemer
HOUlL 00HO HepaeerHcmeo He umeem peuleHull, mo U cucmema He umeem
pewieruil.

2. Ecau 8 cucmeme u3 0s8yx HepaseHcme ¢ 00HOU nepemeHHOl
00HO HepaBeHCMEB0 BbLNOLHAEMCSA NPU NI00bLLX 3HAYEHUAX NepeMeH-
HOll, MO peuleHueM CUCTeMbl CAYHCUM peuleHue OpYz020 HepaBeHCcmeda
cucmembvl.

3aBepuiasa maparpad, BepHeMCA K IPHBENEHHOH B ero Hauaje 3a-
Jadve 0 3aAYMAHHOM UYMNCJIe M PellIUM ee, KaK FOBOPUTCS, II0 BCeM IIpa-
BUJIAM.

IIpnmep 2. 3agymaHo HaTypajabHOe uucjao. MaBecTHO, 4TO
ecJiM K KBaJpaTy 3aJyMaHHOI'0 ymucja npudaBuTth 13, To cymMa 6ymeT
0oJIbIlle TIPOM3BEJEHUA 3aAyMaHHOrO umucja u uucaa 14. Ecau xe
K KBaJpary 3afyMaHHOro 4Yucjiaa npubaBuTh 45, To cymMa OyaeT MeHbIle
MIPOM3BENEeHuA 3aJyMaHHOIro ymcjaa u uucia 18. Kakoe umcio 3any-
MaHo?

Pe e u ue. Ilepsorit aran. Cocmasnenue mamemamuyeckoil mo-
denu.

3agyMaHHOE YHCJIO X, KaK MBI BHAEJIH BhilIe (cM. ¢. 41), 1o/mxHo
yIOBJIETBOPATH CHCTEME HEPABEHCTB
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1 . PALUMOHANDBHBIE HEPABEHCTBA U UX CUCTEMbI

x? +13 > 14x,
x* + 45 < 18x.

Bropoit saran. Paboma ¢ cocmagaenroil modenvio.
IIpeo6pasyeM mepBOoe HepPaBEHCTBO CHCTEMBI K BHAY
x2—-14x + 13 > 0.
Haiinem KOpHM KBajpaTHOTO Tpexwrena x* — l4x + 13: x, = 1,
x, = 13. Unrepecyolliee HAC HEPABEHCTBO BBINOJHAETCA npu X < 1
wiu x > 13 (puc. 48).
IIpeo6pasyeM BTOpO€ HEPABEHCTBO CHUCTEMB! K BUAY
x?2-18x + 45 < 0.

Haiinem xopru KBagpaTHOrO Tpexwrena x? — 18x + 45: x, = 3,
x, = 15. Hnrepecyouiee HaC HEPABEHCTBO BBINOJHAETCHA, €CJIH
3 < x < 15 (puc. 49).

ITepeceuenueM HaWAEHHBIX PeELIeHH# COYXKUT umHTepBaa (13; 15)
(puc. 50).

Tperuit sran. Omeem Ha 6onpoc 3adauu.

Hac uHTepecyeT HaTypaJbHOE YKCJIO, IIPHHAJIEKAIllee HHTEePBATY
(13; 15). TakuM YKMCIOM SABJIAETCH 4YuCIO 14,

O T B e T: 38agymaHo uuciyo 14.

X
x 3 15
1 13

Puc. 48 Puc. 49

e e o e e e e e S Y
1 3 13 15

Puc. 50



1 . PALUMOHAJIbHBIE HEPABEHCTBA U UX CUCTEMbI

OCHOBHbDIE PE3YJIbTATDI

o B 5T0ii riaBe BBl MO3HAKOMMJINCH C HOHATUSAMU, OTHOCAIIMMUCS
K pelleHMI0 HePAaBeHCTB C OJHOM MepeMeHHOI:
YacTHOe pellieHue, oblee pellleHye, pelleHre HepaBeHCTBA;
palMoHaJbHOE HEePaBEeHCTBO;
pPaBHOCUJIbHBLIE HEPABEHCTBA, PABHOCUJIbHOE IIpeobpasoBaHue Hepa-
BEHCTBA;
cucTeMa HepaBeHCTB;
pellieHre CHUCTEeMbLI HEeDPaBEHCTB.

o Brnl mosHakKoOMUJINCH C MEeTOoaOM HHTEPBAJIOB, KOTOpBIfI aAKTHUBHO
HCIIOJIB3yeTCA IMPH PEIIeHMHN PAIlMOHAJIbHBIX HEPaBEHCTB.

o BBl mo3HAaKOMUJINCH C HAYAJBHBIMM IOHATUAMU OOIIENPUHSITOIO
B MaTeMaTHKe fA3bIKa TeOPWY MHOKECTB:
2JIEMEHT MHOJKECTBA, MOJMHOKECTBO SAHHOTO MHOJKECTBA;
o0beiuHEeHNEe U IepeceyeHre MHOKECTB;
IIyCTOe MHOXKECTBO.



NABA
CUCTEMDI

YPABHEHMM

§ 5. OcHosHble noHsTHS

§ 6. MeToab! peLueHns cMCTEM ypaBHEHMI

§ 7. Cucrembl ypaBHEHMI KaK Maremarm4eckme MoAgesnn
pearsnbHbIX CHUTyaumH
OcHosBHble pe3ynbrarsl

§ 5. OCHOBHbIE NOHATHSA

C cucremaMu ypaBHEHHI BBl YK€ BCTPEUYaINCh B Kypce
aIrebpsl 7-r0 KJlacca, HO 3TO OBLIM TOJBKO CHCTEMBI IBYX JIMHEHHBIX
YpUBHEHUI ¢ ABYyMs mepeMeHHbIMM. Temepp MBI IIOMOBOPHUM O peiile-
NUM CUCTEM HEJMHENHBIX YPABHEHMI C ABYMs IIepeMEeHHBIMH, TeM 6O-
JIGg UTO TaKHe CHCTEeMbI JOBOJLHO YACTO IPEACTaBJAIOT co60i mare-
MATHYECKHE MOZEJIH HU3YYaeMbIX CUTYaIlMi.

IIpumep 1. Ilpucranu B u C HaXoOATCA HMKe IIPUCTAHU A IO
Teuennio peku Ha 30 Km u 45 KM cooTBercTBeHHO (puc. 51). Motop-
nafdg JIOZKA OTXOAUT OT IpucTaHu A, poxogut g0 C, cpady [1OBOpayu-
WACT HAa3aj M NPUXOoAUT B B, sarparus Ha Bech nytb 4 u 40 MuH.
3 gpyroii pas ara ke JOAKa Oorolia oT mpuctaHu C, gomuia a0 A,
epa3y IIOBepHYyJa HasajJ M Ipulljaa B B, 3aTpaTUB Ha Bechb IYTb 7 4.
Y{emy paBHEI COOCTBEHHAS CKOPOCTD JIOAKH U CKOPOCTD TeUEHUA PEKU?

Pemenue. Beegem aBe mepeMeHHbBIE:
X KM/4 — cOOCTBEHHAas CKOPOCTb JIOAKH,
Y KM/4 — CKOPOCTb TEYEHHS PEeKH.

30 kM

45 KM
Puc. 51
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2. CUCTEMbI YPABHEHMA

Torga x + y KM/4 — CKOpPOCTBH JBUKEHUSA JIOAKHU II0 TEUEHHIO PEKH,
X — Y KM/4 — CKOpPOCTb ABUKEHUA JIOAKU IIPDOTUB TEUEHUA PEKHU.

Paccmorpum mepsbrii peiic dogku. O cocraBmia 45 KM 1o Teue-
Huio oT A 10 C u 15 kM nporus Teuedus or C go B. 3Hauur,

45
Y Yy — BpeMsA ABUKEHHUA JOIKu oT A go C,
15
x—y y — BpeMsA ABUKeHHUA Jogku ot C mo B.
. . 2 14
Bcero Ha nepBbIil peiic JogKka 3aTpatuaa 4 u 40 MmuH, T. €. 4§ =3 q

Taxkum o6pasoM, mojgydyaeM ypaBHEHHE
45 15 14
+ ==,
x+y x-y 3
Paccmorpum BTOpOIt peiic mogku. OH cocraBua 45 KM IIPOTUB Te-
yerans oT C 10 A u 30 KM o Teuenuio oT A n10 B. 3Hauur,
45
x-y
30
x+y© T BDeMA IBHXKeHn: Joaku ot A mo B.

Yy — BpeMsdA JBUKEHUA JOAKHU oT C 10 A,

Bcero Ha BTOpO# peiic mogka sarparuiaa 7 4. TakuM o6pasoM, IIOIy-
yaeM ypaBHEHUe
yp 45 30

+ =7
x—-y x+y

MaremaTnueckas MOzesb 3aJaduMl MPEICTABIAET COOOM CHCTEMY
IBYX YpaBHEHHWH C ABYMA TepeMEeHHBIMU:

45 15 _14
x+y x-y 3’
45 30
+
X-y x+y

Kak pemuTs 3Ty CHUCTEMY, MBI IIOKa He 3HAeM, IPUIETCA BEPHYTHCA
K Hell mosgHee (3TO Gymer cmenaHo B § 7), HO CHauaja HagO CO3ZaTh
HEOOXOAUMYI0 TeOpeTHYECKyo 6asy.

1. PauMoHanbHble YPaBHEHMUSI C ABYMS NMepeMeHHbIMM

OnpeaeneHue 1. PaunonanrHoe ypaBHEeHHE C ABYMS IepeMeH-
HBIMHU X, Y — 9TO ypaBHeHHe Buja h(x; y) = g(x; y), rae h(x; y),
g(x; y) — panuoHaJbHBbIe BbIpAasKEHUA, T. €. ajareOpanyecKue BbIpa-
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2. CUCTEMbl YPABHEHMH

JKeHUA, COCTABICHHBIE N3 YKUCeJ U IIePeMEeHHbIX X, Y ¢ IIOMOLILIO OIle-
pauuii CJI0KeHNs, BHIYUTAHUSA, YMHOXKEHUA, JeJIeHUs U BO3BEeLeHUA
B HATYDPAJIBHYIO CTEIeHb.

IlpuMephl palMOHAJILHBIX YPaBHEHHUU ¢ ABYMdA IIE€PEMEHHBIMH:
x2+y?2=568; y-x=4; 2xy + x3=0;

x x?

=2y-1 mn r. A
x+y xX-Y

KoHeuHO, MOKHO pacCMaTpUBaTh pPaliMOHAJIbHbIEe YpaBHEHHUA U C
IPYIMMU IIepeMeHHBIMH, He 00A3aTeJbHO ¢ X U Y; Hampumep, a® — b* =
= 3ab — panuoHajIbHOE YpaBHEHHE C ABYMsA [IepeMEHHBLIMU a, b.

PanuonanbsHoe ypaBsuenue h(x; y) = q(x; y) Bcerga MOYKHO IIpeod-
pasoBaTh K Buay p(x; y) = 0, rze p(x; y) — panuoHaIbHOE BBIpaKe-
Hue. s 3TOrO HOCTATOYHO mIepenucaTh ypaBHeHHe Tak: h(x; y) —
- q(x; y) = 0. Ecomm p(x; y) — mHOTOUWIEH, TO p(x; y) = 0 HasmBalOT
YyenblM PAYUOHANLbHLIM YPAGHEHUEM.

OnpegeneHue 2. Pemennem ypasuenus p(x; y) = 0 HasbiBaioT
BCAKYIO mapy uucen (x; y), KOTOpas y4OBJETBOPAET 3TOMY ypaBHe-

HUIO, T. €. o6palaer paBeHCTBO ¢ IlepeMeHHBIMH p(x; y) = 0 B BepHOE
4HCJIOBOE DPABEHCTBO.

Hanpumep:

1) (3; 7) — pemienue ypaBHenuns x? + y? = 58. B camom pgene,
3% + 72 = 58 — BepHOE YHUCJIOBOE PABEHCTBO.

2) (/22 ; —6) — pemenne ypaBaenus x2 + y? = 58. IleHCTBUTENLHO,
(V22)?+ (-6)? = 58 — BepHOe umCJI0BOe paBeHCTBO (22 + 36 = 58).

3) (0; 5) — peuienue ypaBHeHus 2xy + x° =0, nmockoasky 2-0.5 +
+ 03 = 0 — BepHOE YHCJIOBOE PABEHCTBO.

4) (1; 2) He aBasderca pelieHueM ypaBHeHus 2xy + x° = 0. B ca-
moM gene, 2:1-2 + 13 = 0 — HeBepHOe paBeHCTBO (IoOJiy4yaeTcs
5=0).

IIpumep 2. Pemurs ypaBaenue (2x — 8) + (y + 3)*=0.

P euenue. IIpu mobbix 3HAUEHUAX X, Y BHIIOJHAIOTCA HEpa-
seHcTBa (2x — 8)% > 0, (y + 3)* > 0. 3uaunT, JeBaa YacTh 3aJaHHOTO

ypaBHEHMs BCEr/a HeOTPUIIATE/JbHA, IIPUYEM PABEHCTBO €€ HYJIIO BO3-
MOYKHO JIMIIIb B OMHOM CJydae: KOrJa Kakjoe U3 ABYX CJaaraeMbixX
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2. CUCTEMbI YPABHEHWM

obpamaerca B HyJb. Takum o6pasoM, 3afaua CBOAUTCA K PEIIEHHIO
(2x - 8) =0,
(y+3): =0,

u3 KoTopoit nmonyuaem: 2x —8=0,T.e. x=4;y+3=0,T. €. y =-3.
OrTBerT: (4; —3).

CHUCTEeMBbl ypPaBHEHUN

IIpumep 3. Haiitu Bce mesouncieHHbIe PEIIeHUA YPaBHEHUA
x —y=10.

Pemeunwune. Eciu x =k, B € Z, 10 ypaBHenne x — y = 10
npuHumaet Bug kB — y = 10, orkyzaa noayuaem: y = E — 10; 910 1esoe
4pCJI0. 3HAUUT, LIEJOYHNCIEHHBIMU DELIeHUAMHU YPaBHEHUS CJYIKAT
nwo0sle mapel Buga (k; £ — 10), rne ke Z. @

Ecau gaHo Liesioe panuoHaJIbHOE yYPaBHEHHE C HECKOJIBKHUMH Ile-
PEMEHHBIMHU U C LIEJIOYHUCJIEHHBIMU K03 (HUIIMeHTaMK U eCJIM IIOCTaB-
JleHa 3ajladya HaWTH LieJIouucJeHHble (Miau, B OoJjiee 0o0uieM ciayuae,
paloOHAJIbHEIE) €er0 PellleHNs, TO TOBOPAT, YTO 3a4aHO JUOPAHMOE0
ypasHeHue (B 4eCTb ApeBHErpeueckoro maremaruka [uodanra; npen-
nosokurensHo 111 B.). [InodanHTOBO ypaBHEHUE HA3BIBAIOT TaKiKe Heo-
npedeaernnvim ypasrnenuem. HeonpeneseHHOCTh 3aKJI0YAeTCA, BUAUMO,
B TOM, YTO TaKOe YpaBHeHMe, KaK IPaBWIO, ©UMeeT OeCKOHEUHOe MHO-
JKeCTBO pelleHMii, KaK 3T0 ObLIO BBIIlIe B IIpuMepe 3.

B GosplIMHCTBE caydyaeB peureHue JUOGaHTOBBIX YpPaBHEHHU cO-
IPSAYKEHO CO 3HAUMTEJbHBIMU TPYAHOCTAMH. MHOrga OHM mpeopoJie-
BAIOTCA C IIOMOII[bIO CBOMCTB AEJIMMOCTH ILI€JBIX UHCEJI.

IIpumep 4. HaiiTu menouncieHHble pelleHUs YPaBHEHHA
2x + 3y = 17.

Pemesnwue Ilyers (x; y) — pemenne ypaBHeHus. Torpga
17 — 3y = 2x. Tak Kak x — 1€J10e YucyI0, To unucio 17 — 3y uerno. Pac-
CMOTPHUM OTAEJBHO CJIydail, KOTha Y YeTHO, M ciIydail, KOrga y HeueTHO.

1) Eciu y — uerHOe 4yucjao, To 3y 4eTHO, a 17 — 3y HeueTHO Kak
Pa3HOCThL HEUETHOTro yucJa 17 u ueTHOro umncia 3y. 3HAUUT, TOT CJIY-
yail HaM He IOAXOAUT.

2) Ecam y — HeueTHOe ynCJ0, TO Y = 2k + 1, roe Bk — ueJsioe 4ucJo.
Tormga 17 -3y =17-32k +1)=17 -6k — 3 =14 — 6k = 2(7 — 3k).

Tax kak mo ycaosuio 17 — 3y = 2x, To moiyuyaem 2(7 — 3k) = 2x,
x=17-3k.

Wraxk, econ (x; y) — pellleHHe SJaHHOTO ypaBHeHudA, To X = 7 — 3k,
ay=2k+ 1, rge E — nesoe uuco.
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2. CUCTEMbI YPABHEHWI

IIpoBepum, 4ro BepHO M obGpaTHOe, T. €. ecau x = 7 — 3k, a
v =2k + 1, to (x; y) — pellieHue ypaBHeHus 2x + 3y = 17.

IIponsBeseM mOACTAHOBKY:

2x+3y=2(7T-3k)+ 32k +1)=14 -6k + 6k + 3 =1T.
3uaunrt, go0b6aa napa suga (7 — 3k; 2k + 1) aBnsercsa pelleHHueM
ypaBHeHnsa 2x + 3y = 17.

Yro6p1 BaM ObLT IOHATHEE IOJYUEHHBIH pe3yJbTarT, SAaAUM Iapa-
MeTpy B HECKOJIbKO KOHKDETHBIX I€JIOUNCJIEHHBbIX 3HAUEHHUMH.

IlycTs k = 0; Torma mapa (7 — 3k; 2k + 1) upeBpamiaercsa B (7; 1).
llogcraBuB 3Hauenusa x = 7, y = 1 B ypaBHenue 2x + 3y = 17, noxny-
uum: 14 + 3 = 17 — BepHOe pPaBEHCTBO.

TIycts k = 1; Torga napa (7 — 3k; 2k + 1) npeBpaujaerca B (4; 3).
llogcrasue sHauenus x = 4, y = 3 B ypasHenne 2x + 3y = 17, moxuy-
uum: 8 + 9 = 17 — BepHOe PaBEHCTBO.

IIycrs k = 2; Torga napa (7 — 3k; 2k + 1) upeBpamjaerca B (1; 5).
llogcraBuB 3HaueHuda x = 1, y = 5 B ypaBHeHue 2x + 3y = 17, moxay-
wum: 2 + 15 = 17 — BepHOe paBeHCTBO.

IIycrs B = —1; Torga mapa (7 — 3k; 2k + 1) mpeBpamjaerca B
(10; —1). INogcraBus sHauenunsa x = 10, y = -1 B ypaBHeHHe 2x +
t 3y = 17, momyuum: 20 — 3 = 17 — BepHOe PaBEHCTBO.

I HaTJIAZHOCTHM CBeJeM IIOJIyYeHHbIe Pe3yJIbTAThl B TAaGJIULy.

k x=T7-3k y=2k+1 2x + 3y

0 7 1 2:7+3:-1=14+3=17
1 4 3 2:4+4+3:3=8+9=17
2 1 5 2:14+3-5=2+15=17
-1 10 -1 2-10+3-(-1)=20-3=17

Tak jxe OGCTOHUT LEJO CO BCEMHM OCTAJbHBIMHU I€JOYUCIEHHBIMU
wilAUeHUAMH IIapamerpa k.
OrBer: (7T-3k; 2k + 1), roe ke Z.

Il pumep 5. HaiiTn nenouncieHHble pelleHNs ypaBHEHUs
dx + Ty = 29,

Pem e ue. IlpeoGpasyem ypaBHeHUE K BHUAY X = 29+47y 171
anviee: x = Lﬂ, T.e.x=17-— L;l 3uaueHue x OyIeT IieJIbIM
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2. CUCTEMbI YPABHEHWHA

TOTAAa U TOJBKO TOTZa, Korga BeipakeHue p(y) = Ty — 1 menurca Ges
ocraTKa Ha 4. [l mesoro 4yucsia y mo OTHOIIEHUIO K YUCIy 4 HMeIoT-
cA 4 BO3MOYKHOCTH: OHO KPATHO 4UCJIY 4, OHO AaeT IIpHU AeJeHUHU Ha 4
OCTaTOK 1, OHO JaeT IpHU AeJIeHHMH Ha 4 OCTATOK 2, OHO JaeT IIPH Je-
JeHnu Ha 4 ocrarok 3. PaccMOTpuM Ka)xIyI0 M3 3TUX BO3MOJKHOCTEI
10 OTAEJIBLHOCTH.

1) y=4n. Tormap(y) =Ty —1=7-4n - 1 =28n — 1. 9ro uucio
He Jeaurcda Ha 4.

2Q)y=4n+ 1. Tormap(y)=Ty—1=74n+1)-1=28n + 6. 3ro
YHCJIO He JeJINTCA Ha 4.

3)y=4n+ 2. Torgap(y)=Ty - 1=T7(4n + 2) - 1 = 28n + 13. 3ro
YHCJIO He AeJuTcA Ha 4.

4)y=4n+ 3. Torgap(y) =Ty - 1 =T(4n + 3) — 1 = 28n + 20. 3t0
YUCJIO AeJUTCA Ha 4.

Hrak, y=4n+ 3. Torga x =7 - 7y_4—1_ =7- 28"+I20 =7-(Tn+
+5)=2-Tn.

OrBerT: (2—-Tn;4n + 3), rge ne Z.

Il pumep 6. HaliTn uesouncieHHble pellleHNA ypaBHEHUA
4x% - y? =11.

Peuienue. IlepBuiit cmocob. Ilepenumiem ypaBHeHHe B BHUAE
(2x - y)(2x + y) = 11. JleBasa yacTh ypaBHEHHS IIPEACTABJAET c0OO0i IIpO-
u3BeJieHre ABYX Lesbix uuces. OHO MOXKeT paBHATHCA 11 JIMILBL B YeTHI-
pex caydasx: KOrja IIepBblii MHOXKHTeNb paBeH 1, a Bropoil 11; xorga
TepBbIH MHOMKHTEIb PaBeH —1, a Bropoit —11; Koraa mepBblil MHOXKUTENID
paBeH 11, a Bropo# 1; Korga mepBBIM MHOMKHUTENIb paBeH —11, a BTOpoit
—1. 3HauuT, 3agaua CBOAUTCA K PEIICHMIO YeThIpeX CHCTeM YpPaBHEHMIl:

{2x—y=1, {2x—y=—1, {2x—y=11, {2x—y=_11,

2x+y=11; |2x+y=-11; |2x+y=1; 2x +y = -1.

N3 nmepBoil cucrembr HaxoguMm: X = 3, y = 5; U3 BTOpoi: x = —3,
y = —5; u3 Tperneil: x = 3, y = —5; us verBeprToit: x = -3, y = 5.

OTsBerm (3; 5), (-3; -5), (3; —=5), (—3; 5).

Hns ypaBHeHU#l ¢ AByMs IepeMEeHHBIMHU, KaK U AJIA YpaBHEHUI C
OJHOI IIepeMeHHOM, MOXKHO BBECTH IIOHATHE PABHOCHUJIBHOCTH.

OnpegeneHmne 3. JIpa ypasBuenus p(x; y) = 0 u q(x; y) = 0
Ha3bIBAIOT PABHOCHJILHBIMH, €CJIM OHM UMEIOT OZMHAKOBbIE PEIIeHN
(B uacTHOCTH, ecau 00a ypaBHEHUS He MUMEIOT DPeLIeHUIt).
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2. CUCTEMbI YPABHEHWA

OGBIUHO IpM peLIeHNH YpaBHEHUSA CTAPAlOTCA 3aMEHHUTh AAaHHOE
ypaBHeHHe 0oJiee IIPOCTHIM, HO PaBHOCHJIBHBIM eMy. Takyio 3aMeHY
HA3BIBAIOT PABHOCWJILHBIM IIPeo0pa3oBaHueM ypaBHeHHsA. [[Ba OCHOB-
HBIX PaBHOCHJIBHBIX IIpeo0pa3oBaHUA yKasaHbl HUIKeE.

1) ITepenoc uaeHo8 ypasreHus U3 00HOU wacmu YpasHeHus 6 opy-
2Yl0 C NPOMUBONOLONCHLIMU 3HAKAMU.

Hanpumep, 3ameHa ypaBHeHHs 2x + 5y = Tx — 8y ypaBHeHHeM
2x — 7x = -8y — 5y ecTh paBHOCWIbHOE IIPe00Opa30oBaHUEe ypaBHEHUSA.

2) YmHoocenue unu denenue obeux wacmeil YypagHerus Ha 0OHO U MO
JCe OMAUYHOe Om HYJAs YUCAO ULU 6blpAdHCEHUe, 6CI00Y OMAUYHOe OMm HYIA.

Hanpumep, 3amena ypasHeHusa 0,5x% - 0,3xy =2y ypaBHeHHEeM
6x% — 3xy = 20y (0Ge yacTH ypaBHEHHUsA YMHOMKHJIU NOUWIeHHO Ha 10)
OCTh PaBHOCHJIbHOE IIpeo6pa3oBaHUe ypaBHEHUA.

HepaBHOCHIBbHBIMU IPEOOPa30BaHUAMH yPaBHEHUS, KaK U B CJIY-
yae ypaBHEHHUH ¢ OZHOI IIepeMeHHOH, MOTYT OKa3aTbCH:

a) oceoboxcderue om 3HameHamedaell, cOOePHAUUX NePeMeHHblLe;

0) 6036edeHue obeux wacmeil ypaeHeHus 6 Keadpam.

Ecsiu B mponecce pelleHnsi ypaBHeHUA IPUMEHAJIOCHh OJHO M3 yKa-
AAHHBIX HEPaBHOCHUJIBHBIX [peo0pa3oBaHMii, TO Bce HaiileHHbIE pellle-
HUA HAJO IIPOBEPUTH MOACTAHOBKOM B MCXOJHOE YpaBHEHHE, ITOCKOJIb-
Ky CPeAN HUX MOTYT OKA3aThbCsA IOCTODOHHUE PEILIeHUs, T. €. Iaphl
sucesi, He YIOBJIETBOPAIOIINE NCXOAHOMY YPaBHEHHIO.

2. TpachmMk ypaBHEeHMS C ABYMSA NepPeMEeHHbIMM

IIycts mano ypasHeHue p(x; y) = 0. MHo)KecTBO Touek (x; y) KO-
opauHATHO#M mockocTH xOy, TaKUX, 4TO (X; y) — pellleHHe ypaBHe-
unsa p(x; y) = 0, Ha3BIBAIOT 2PAPUKOM YDABHEHUS.

IIpumep 7. INocrpouts rpaduk ypaBHEHUS
3x +4y - 12=0. 1)
Pem e u ue. s Kypca anredpsl 7-ro Kjacca BaM U3BECTHO, UTO
rpaduKOM JIMHEHHOTO ypaBHEHHUA ¢ ABYMsA [epeMeHHbIMH ax + by +
t ¢ =0, roge xoTsa OBl OJHO M3 YKUCET A, b OTJIMYHO OT HYJIA, ABJIAETCHA
npAMas JUHUA. 3HAUYUT, rpaduK ypaBHeHuA (1) — nmpamas, AJjasa I10-
(TPOEHUSA KOTOPOI JOCTATOYHO YKa3aTh ABE TOUKHU, el mpuHamiIeka-
mue. Eciu B ypaBuenue (1) moacraButh X = 0, TO OHO IpUMET BUJ
4y — 12 = 0, oTKyma HaxomguMm: y = 3; UTak, (0; 3) — Touka, Koopau-
IIATHI KOTOPO# yaoBJsieTBOpsiioT ypaBHeHuUIo (1). Ecau B ypaBuenue (1)
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2. CUCTEMbI YPABHEHMA

UA yh
8
‘ y—2x2=0+
N \
AN \ |
SR f3x+4y-12=0 \ /
A 2
\\
N
0 4N % 2 o] 1 2 K
~N | ]
Puc. 52 Puc. 53
77
2 xy=2—-
1
-4 | 21
—— 01 2 4 %_
—1
—4
Puc. 54

noactaBuTh Yy = 0, 70 oHo mpuMet BuA 3x — 12 = 0, OTKya HAXOAUM:
x = 4; urak, (4; 0) — TOuKa, KOOPAMHATHI KOTOPOH yAOBIETBOPSIOT
ypaBHeHuw (1).

IIposenem uepes Touku (0; 3) u (4; 0) npamyio — ato u Oyaer
rpaduk ypasgenusa (1) (puc. 52). @

Ecnu ypassenue p(x; y) = 0 ynaerca npeobpasoBats K BUAy y = f(x),
1o rpaduK GyHKIMU Y = f(x) cumuTaeTcs OZHOBPEMEHHO M rpaduKoOM
ypaBHeHua p(x; y) = 0.
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2. CUCTEMbI  YPABHEHWA
[

MIpumep 8. Iloctpouts rpadux ypaBHenus y — 2x2 = 0,

P e e u u e. [Ipeo6pasyem ypaBuenue K Bugy y = 2x2. I'padu-
¥om dyHKIuu y = 2x? asiaderca napaboaa (puc. 53).

Mpumep 9. Ilocrpours rpadux ypaBHeHuA xy = 2.

2
P et e H u e. [IpeoGpasyem ypaBHeHUE K BUAY Y = o I'paduxom

2
¢yuxuumu y = 5 ABasercs runep6oia (puc. 54). @

3. dopMyna pacCTOSHMA MEXAY ABYMS TOUYKaMM
KOOPAMHATHOM NNOCKOCTH. Mpadmk ypaBHeHus
(x—ay+(y—by=r

Crpos rpaduxm ypaBHeHuWil B npumepax 7—9, MBI OIHDPAJIUCH
JAUILG Ha MaTepuall, U3BECTHBIM BaM U3 Kypca aaredpsl 7—8-ro KJjac-
oou: rpadbukaMu ObLIM IpsMas, napadosa, runepbosa. B aToM nyHK-
T¢ MBI PACIIMPHUM KPYT reOMeTPHUYECKHX (QUryp, KOTOpbIE MOTYT CJIy-
MuTh rpaduKaMu YpPaBHEHHI C JBYMS IIePEMEHHBIMH.

Paccmosanue mesncdy mouxamu A(x;;y,) u B(x,y,)
Teopema 1 Koopdunamuoi naockocmu xOy éwviuucniemca no
dopmyne

AB = [(x, - %,)* + (Y, — y:)*.

|
A
B Y, y=y,
N -
N
N y=y,
Xy O X >x-—
x = x, x=x
1 il
Puc. 55
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2. CUCTEMbI YPABHEHWA

HoxasarenbcTBo. Coeguaum Touku A(x,; y,) u B(x,; y,) or-
Pe3KOM M IpOBeieM MPAMBIE X = X, X = X,, Y = Y, Y = Y, (puC. 55).
Paccmorpum npamoyrosipasil TpeyroabHUK ABC. [Inunaa karera AC paB-
Ha PaCCTOAHMIO MEXIy TOUKaMHU X, U X, OCH X, T. e, AC =| X, ~ X, |, M-
Ha Karera BC paBHA PacCTOAHHUIO MEMXIYy TOUKAMH Yy, U Yy, OCH Y, T. €.
BC =|y2 - y1| . ITo Teopeme ITugaropa AB% = AC? + BC?, r. e.

ABZ=|x2—xl|2+ |y2—yl|2. 2)
Tax kax |al? = a2, To hopMysy (2) MOKHO IepemucaTh B BHAE
AB? = (x, — x))* + (y, — y)*

3uauur, AB = \/(xz - x) + (y, — y1)?. Teopema goxasaHna.

Briuuciaum, HampuMmep, paccTossHHe MexAy ToukKamu (9; —1) u
(2; —25). Iomwryumm: J(2 —9) + (=25 + 1) = /72 + 242 = {625 = 25.

I'pagurom ypasenenus
x-ay+@y-b=r 3)
Teopema 2 A61LAEMCA OKPYHCHOCMb HA KOOPOUHAMHOU NAOCKO-

cmu xOy ¢ yeumpom ¢ mouxe O'(a; b) u paduycom
r (r > 0) (puc. 56).

L[] Jua

(x—a)+@y-by¥=r

/ M(x; y)
/ D
/ r
O’(a; b)
X
0 >
Puc. 56
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2. CUCTEMbI YPABHEHMM
| ——

HorasarenbcTBo. BogbmeMm m100y10 TouKy M(x; ) OKPYIKHO-
eru, ITo Teopeme 1 O'M = \/(x —a)® + (y - b)?. Ho O'M = r, suauwur,
r= \/(x—a)z +(y - b3, 1. €.

(x-—a)+Wy-0b*=r.

Wrak, xoopamHaThl JI000# TOuKM M(X; y), IPUHAAJIEKALEH OK-
PYKHOCTH, YAOBJIETBOPAIOT ypaBHEHHUIO (3).

Ecin Touka P(x; y) He JeXHUT Ha OKPYXKHOCTH, TO aubo O'P < r
(ecau Touka P pacmosiosKeHa BHYTPH OKPYKHOCTH), 1u00 O'P > r (ecan
TouKa P pacmoJioykeHa BHe OKPYKHOCTH). I B TOM u B APYroM ciaydae
ypaBHeHUIO (3) KOOpAWHATHI TOYKM P He yAOBIETBOPAIOT.

CiieoBaTe/IbHO, TOYKM OKPYKHOCTH M TOJbKO OHH YOBJIETBOPS-
wv ypaBHeruio (3). Teopema goxasana.

IIpumep 10. Ilocrpours rpadur ypaBuenus x2 + y? = 16.

Pe e H u e. Ilepenumem ypasuenue B Buge (x — 0)2 + (y — 0)2 =
« 42, TIo Teopeme 2 rpa@MKOM 3TOr0 YPABHEHWA ABJIAECTCA OKDYMK-
HOCTB ¢ HeHTpoM B Touke O(0; 0) u paguycom 4 (puec. 57). @

IIpumep 11. Iloctpoutrs rpaduK ypaBHEHUI:

a)(x-12+@Wy-22=9; 06)x*+y?+4x=0.

Pemenue. a) [lepenumem ypaBHenue B Buge (x — 1) +
1 (y — 2)? = 3%, I'padMKOM 5TOr0 ypaBHEHHS II0 TeOpeMe 2 SBJIAETCA
OKPYKHOCTB ¢ I[eHTpoM B Touke (1; 2) u pagumycom 3 (puc. 58).

] y* l

+ Y
I 4] »¥*+y*=16 x-1)+@y-2)2=9
/1 N L~
N \
/ N / N\
[
x 2
4 0 gl \ /
(0]
-2 1 X
N, )4 e 4
N /
—4
Puc. 57 Puc. 58
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2. CUCTEMbI YPABHEHWA

0) Ilepenuiiem ypasHeHne B Buge (x2 + 4dx +4)+ y2 =4, 1. e.
(x+ 22+ y2 =4,
U gajee
(x = (=2))* + (y - 0)* = 22
T'padurom 3TOr0 ypaBHEHHUs IO TeopeMe 2 ABJIAETCA OKPYKHOCTh
¢ eHTpoM B Touke (—2; 0) u paguycom 2 (puc. 59). @

va

(x+2)+y2=4

™
\
-2 }O x
/

Puc. 59

OdopMHUM OCHOBHBIE PE3YJIbTATHI 3TOTO MYHKTA B BHAE TAOJIMIILI.

ABanutnyeckas TeomeTrpuyeckas CaoBecnas
Mojeas Mopeab Mopeab
x2+ yr=1r? OKpY’»KHOCTH Ha KOOPAHU-

HATHOH IIJIOCKOCTH C IIEHT-
POM B Hayajie KOODAMHAT
M pajguycoMm r

(x-af+@y-bP=r OKpPYHOCTh Ha KOODZAHU-
HaTHOM IJIOCKOCTH C IIEeHT-
poM B Touke (a; b) u pa-
IUYCOM I
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2. CUCTEMbI YPABHEHWIA
L

4. Cuctembl YPaBHEHHH C ABYMS NepeMeHHbIMM

OnpegeneHne 4. Ecnu nocrasieHa 3ajauya HaiiTu Bce Takue
napot ymces (x; y), KOTOpPble OJHOBPEMEHHO YAOBJIETBODPAIOT ypaBHE-
wuio p(x; y) = 0 u ypaBueHuio q(x; y) = 0, TO rOBOPAT, YTO YKA3aHHBIE
yphBHEHHs 00pasyIoT CHCTEMY ypaBHEHWIi:

{p(x; y)=0,
q(x; y) = 0.

ITapy umcen (x; y), KOTOpad OJHOBPEMEHHO ABJIAETCA PEIIEHUEM
M 11epBOr0 M BTOPOr0 YPaBHEHHH CHCTEMbl, HA3LIBAIOT pPelIeHHEM
tHucTeMbl ypaBHeHHMH. Pewumb cucmemy YypasdHeHUuil — 3TO 3HAYUT
HalTH BCe ee pPElIeHHs WM YCTAaHOBHUTHL, YTO PELIeHUi Her.

Hanpumep, mapa (3; 7) — pelueHue CUCTEMBLI YpPaBHEHHU

x? + y? = 58,
y—x=4. 1)

B camom aeJjie, aTa Iapa yAOBJIETBOPAET KaK IIEpBOMY, TaK H BTOPO-

MY YPaBHEHHUIO CHCTEMbl, 3HAYUT, ABJSIETCA ee pemeHneM. OOGBIYHO

x= 3,

— peuleHue
y="17

numyT Tak: (3; 7) — pellleHWe CHCTEMBI, WM {

OMCTEeMBI.

A mapa (5; 9) He aBisgeTca pemeHueM cucreMsl (1): oHa He yxOB-
ACTBOPSET MEPBOMY YPABHEHHUIO (XOTA M YAOBJIETBOPSAET BTODPOMY
YPaBHEHHUIO CHCTEMBI).

PasymeeTcsa, nepeMeHHbIe B YPaBHEHUAX, 00DPa3yIOIIUX CHCTEMY
ypaBHEHHU#, MOTYT ObIThb 0003HAYEHBLI M APYrMMU OYKBaMM, HAIIPH-
Mep JaTuHCKUMH a u b, su t, u m v u 1. 5. Ho B sro6oM ciyuae mpu
BAIIMCH OTBETA B BHUJE Maphl YKCeJ UCIOJb3YIOT JeKcukozpapuieckuil
memod, T.e. Ha IepBOe MECTO CTaBAT Ty U3 ABYX OyKB, KOTOpad B
JOATHHCKOM ajipaBuTe BCTPeUaeTcs PaHbIIE.

HNuorpa ypaerca pemuTh CHUCTEMY YPaBHEHUH zpaguueckum me-
nodom, KOTOPBIH 3aKJIOYaeTcd B CJIEAYIOIIEM: IIOCTPOUTL I'padui
11epBOT'O ypaBHEeHUdA, IIOCTPOUTDH I'PapMK BTOPOrO ypaBHEHMS U, HAKO-
e, HalTH TOYKY IepeceyeHud rpaduKoB; KOOPAUHATHI KaKA0H TOY-
Ku IepeceYeHna CJIYKAT PellleHHeM CHCTeMbl YDaBHEHUH.
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2. CUCTEMbI YPABHEHMM

IIpumep 12, Pemurh cucreMy ypaBHEHUH

x2 +y? =16,
y—x=4.

Pewmenue. 1) Ilocrpoum rpadpux ypasHenus x? + y* = 16 —
OKPYJKHOCTD C IIEHTPOM B HauvaJjie KOOpAuHaTr u paguycoM 4 (puc. 60).

2) ITocrpoum rpaduk ypaBHeHUA Yy — X = 4. ITO mpAMad, IPOXO-
pamasa yeped Touku (0; 4) u (—4; 0) (puc. 60).

3) OKpPYKHOCTH U IIpSAMas IepeceKaroTcsa B Toukax A u B (puc. 60).
Cyoa mo mOCTPOEHHON reoMeTpUUYECKOH MOMAeJaH, TOYKa A mMeer
KoopauHathl (—4; 0), a Touka B — xoopaunats! (0; 4). IIposepka mo-
Ka3bIBaeT, YTO Ha caMoM jese napsl (—4; 0) u (0; 4) aBadoTCA pelie-
HUSAMH 000MX ypaBHEHHUI CHCTEMBI, & 3HAUNUT, ¥ PEIIEHUAMHN CHUCTEMBI
ypaBHeHui. CiieoBaTesibHO, 3alaHHaA CUCTEMA YPABHEHMU HUMEET JBa
pemterusa: (—4; 0) u (0; 4).

O r B e 1: (—4; 0); (0; 4).

MIpumep 13. Pemurs cucremy ypaBHEHUI

2x2 -y =0,
xy = 2.
g )
y-x=4 y y = 2x?
4 \ |
,// B\\\ \ |
/ N \ |
1 VA
A A
/4 ol 1 :h \i y=%
\ )4 = ol 1 2 |
N /
x2+ y? =16
L1 i
Puc. 60 Puc. 61
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2. CUCTEMbI YPABHEHWUM
| —

Peue nue. 1) [lepenncas nepBoe ypaBHeHHE CUCTEMEI B BHUJE
¥ = 2x%, IpUXOAUM K BBIBOAY: rpadMKOM YPaBHEHHUS ABJIAETCS Iapa-
Go.1a (puc. 61).

V]

2) IlepenucaB BTOpOE ypaBHEHUE CHUCTEMBI B BUJE Y = 5 » Ipuxo-

AUM K BBIBOAY: I'pahMKOM ypaBHEHM sBJgeTcA rumnepbosa (puc. 61).

3) ITapaboua u runepboJia nepeceKaroTca B Touke A (puc. 61). Tou-

Kh [epeceuyeHUs TOJIBKO OJHA, IOCKOJbKY IIpaBasi BETBbL NapaboJibl

AYKUT rpadUKOM BO3pacTamolleii GYHKIUU, a IpaBasd BETBb TUIIEP-

O6uner — yOriBarouieii. Cyad 0 IOCTPOEHHOM reomMeTpHYecKOil Mozme-
an, Touka A umeer KoopgauHathl (1; 2). IIpoBepka moKasbIBaeT, 4TO,
AeACTBUTEbHO, mapa (1; 2) sBiasAeTcsa pelleHHeM 000MX ypaBHEHHUH
¢CACTEMBbl, & 3HAUUT, U PellleHNeM CHUCTeMbl ypaBHeHUi. CiegoBaTesib-
N0, 3aflaHHAd CHCTeMa YpaBHEHHUI ummeeT oxHo peuredue: (1; 2).

OrsBer: (1; 2).

T'padpuueckuii MmeTos pelIeHUs CUCTEM ypaBHEHUIl, Kak U rpadu-
YeCKHI MeTOJ pellieHUA YpaBHEHH, KpacuBs, HO HeHalexeH. Bo-mep-
PLIX, IOTOMY, 4TO I'padUKU YpaBHEHUII MBI CyMeeM IIOCTPOUTH AaJjie-
%0 He Bcerga. Bo-BTODHIX, make eciu rpadUKH ypaBHEHUI yAaJIOCH
NOCTPOUTH, TOUKH II€PECeUEHUA MOTYT ObITh HE TAKMMH «XODOIIUMU» ,
KAK B CIeIMaJbHO IomobpaHHBIX mpumepax 11 m 12, a To u BOoBCe
MOCYT OKa3aThbCsd 34 MpefellaMU ueprexa. SHAUMT, HaM HY)KHO pac-
flo/laraTh HaAEeKHBIMU ajre0panyecKUMU METOLaMH PeIleHUA CHCTEM
JBYyX VPaBHEHHH C ABYMA IepeMEeHHBIMH. B uacTHOCTH, mpumep 13
N0XKHO OBLIO PEIINTh METOAOM IOACTAHOBKHU. M3 IIepBOro ypaBHEHUA
puxonum, uro y = 2x2. IlogcraBus 2x% BMECTO y BO BTOPOE ypaBHEHUE
”OHCTGMI:I, monyyum: x * 2x2=2; 2x*=2; x®*=1; x=1. Ectu x =1, To
Ro tdopmyne y = 2x? maxoxum, uro y = 2. IToayyaem: (1; 2) — perwue-
¥ue CUCTEMBI.

INogpo6Hee 0 MeTomax peIlIeHNs CHCTEM YpaBHEHHUH IIONOBOPUM B
‘pnenymoiieM naparpade.

5. HepaBeHcTBa M CMCTEMbI HEPABEHCTB
C ABYMS NepeMeHHbIMM

B 9TOoM myHKTEe MBI IIOrOBOPHUM O pPeILIeHHH HEPaBEHCTB BHAA
plx; y) > 0 (p(x; y) < 0), roe p(x; y) — anrebpanyueckoe BhIpaKeHHeE.
OnpeaenerHne 5. Pemennem HepaBenctBa p(x; y) > 0 Haswl-
BuIOT BCAKYIO Iapy 4ucea (X; Yy), KOTOpasd YAOBJIETBODSET 3TOMY
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2. CUCTEMbI YPABHEHWA

HEPaBEHCTBY, T. €. o6paIllaeT HepaBeHCTBO ¢ mepeMeHHbIMH p(x; y) > 0
B BEPHOE UYMCJIOBOE HEPABEHCTBO.

Hanpumep, mapa (2; 1) aBiAeTcA pelleHHEeM HepaBeHCTBA
2¢x+3y>0(2-2+ 3 -1 >0 — BepHOE UMCIIOBOE HEPABEHCTBO), a
mapa (0; —1) He ABJIseTCA pelIeHUeM 3TOr0 HepaBeHCTBa (IpoBepbTel).

YTo0bl HaliTH BCE pELICHWsS HEPaBEHCTBA C JBYMsA II€PEMEHHBIMHU,
Yyale BCEero omuparorca Ha rpaduk ypaBHeHusa p(x; y) = 0. Kak pac-
CY’KJAIOT HaJibllle, IIOKAa)KeM Ha IpUMepax.

IIpumep 14. Pemurs HepaBercrBo 2x + 3y > 0.

Peme nue. I'papuxkom ypaBHenusa 2x + 3y = 0 aABigeTcA npsa-
Masd, IpoXoAsAniasa dyepes Hadaino KoopauHar (0; 0) u, maupumep, TOU-
Ky (3; —2) (xoopauHarThl 00eMX TOYEK YJOBJIETBOPAIOT YPaBHEHHIO
2x + 3y = 0). ra npamasa nsobpakeHa Ha puc. 62. [Ipeobpasyem 3a-

JAHHOE HEPABEHCTBO K BHUAY Y > —g—x. Temnepb sICHO, YTO HAC HHTE-

PECYIOT T€ TOYKM KOODAMHATHOM IIJIOCKOCTH, KOTOPBIE HAXOHATCS
BBIII € IIOCTPOeHHOM mpsamoil. TakuM o06pasoM, Bce pelIeHUs 3aJaH-
HOT'0 HEPABEHCTBA MeOMETPHUYECKN H300PaKaioTCaA TOUKAMHU TIOJIYILJIOC-
KOCTH, PaCIOJIOXKEeHHO# Bhillle npaMoit 2x + 3y = 0 (puc. 63). (]

IIpaxkTuueckuit coser. Ilocie TOro Kax GBI ImMOCTPOEH Ipadux
YPaBHEHHs, MOXXHO OBLIO PacCyXJaThb TaK: PELIeHUs 3aJaHHOIO He-
paBeHCTBa M300PaKAIOTCA TOYKAMHU IIOJIYIIJIOCKOCTH, PACIOJIOXKEHHOM
aub0 BhIIIE, JUOO HUMKE IIOCTPOEHHOM mpAMoil. YToOGBH IpPaBHUJIbHO

YA 77
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~ 4 //lé/l 0
x + 3y >
\‘\ N A
N 3 i </ ,
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Puc. 62 Puc. 63
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2. CUCTEMbBI YPABHEHWA

8hI0paTh HYKHYIO IOJYILIOCKOCTb, BOSBMEM JIOOVIO TOUKY OJHOM M3
HUX ¥ IOJCTABHM KOOPAMHATHI TAKOM KOHTPOJBHOM TOYKHM B 3aJaH-
HOe HepaBeHCTBO. Eciy MosyYuTcA BEPHOE YMCJIOBOE HEPABEHCTBO, TO
NOJYILIOCKOCTh BbIOpaHa BEpPHO, €CJIM HEeT — TO HeT (31ech (paxTu-
YeCKM HCIOJb3YeTCS YTBEP)KAEHHE, KOTOPOe MOXKHO JOKAas3aThb JIHMIIb
CpeACTBaMM BBICIIEH MaTeMaTHKH: ecJau IpaduKOM PAalMOHAJIBLHOTO
ypaBHeHUA p(x; y) = 0 aBaserca auHuA L, TO IO OJHY ¥ IO APYIYIO
¢TropoHy OT L BhIpaskeHHe p(x; Y) COXpaHAeT IIOCTOSHHBIN 3HAK).

Bosbmem B KauecTBe KOHTPOJBbHOIM TOUKY (1; 1) m3 BepxHeil mo-
JNYILUIOCKOCTH M IOACTABUM €e KOOPAMHATHL B 3aJlaHHOE HEPABEHCTBO.
Nonyunm: 2+ 1 + 3+ 1> 0 — BepHOE UKMCIOBOE HEPABEHCTBO. 3HAa-
YUT, TeOMETPUYECKOM MOJEJbIO PellleHri 3aJaHHOT'0 HEPaBeHCTBA SB-
AHETCS IIOJNYIJIOCKOCTDb, PACIOJIOXKEHHAasA Boile npamoit 2x + 3y = 0
(puc. 63). IloHUMAThL 3TOT BBHIBOJ CJIEAYET TaK: KOOPAMHATHI JIIO00
TOUKHM MHOJKECTBA, 3aIITPHXOBAaHHOr0o Ha puc. 63, ob6pasyioT mapy
NVCeJI, CTYXKaIIyio pellleHNeM HepaBeHcTBa 2x + 3y > 0.

Hpumep 15. Pemnrs HepaBeHcTsBo y — 2x% < 0.

P e wm e H u e. I'paburom ypasaenus y — 2x% = 0 cay:xut mapa6o-
an y = 2x? (puc. 64). OHa geauT KOOPAUHATHYIO ILJIOCKOCTH Ha JABE
YUCTH: OJHA PACIIOJIOKEHA BHIIIE, a Apyrad HuKe nmapaboJsl. Bosbmem
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2. CUCTEMbI YPABHEHWM

B KayecTBe KOHTPOJBbHOM TOuKy (0; 1), pacnosioKeHHYIO BbIIIe Iapa-
60sb1. IToacTaBUB KOOPAUHATHI 3TOM TOYKHM B 3aJaHHOE HEPaBEHCTBO,
moayuum: 1 — 2 - 02 < 0 — HeBepHOE UKMCJI0BOE HEPABEHCTBO. SHAUMT,
B KauyecTBe I'eOMETPHUYECKOH MOJeJHU pellieHWil 3aJJaHHOIO HEpPaBeH-
CTBa CJIEAYET B3ATH YaCTh KOOPAUHATHOH IIJIOCKOCTH, PACIIOJIOMKEH-
HYIO He BBIIIE, a HIYKe mapaboJinl (puc. 64). (]

OnpeageneHne 6. Ecnm mocraBieHa 3ajauya HAWTH BCe TaKue
napsl yucesa (X; y), KOTOpble OMHOBPEMEHHO YAOBJIETBOPSIOT HepaBeH-
crBaM p(x; y) > 0 u g(x; y) > 0, TO roBOpAT, YTO YKasaHHbIE HEPa-

p(x; y) > 0,
q(x; y) > 0.

ITapy uwmcen (x; y), KOTOpPasd OGHOBPEMEHHO ABJIAETCSA PELIEHHEM
U IepBOr0 ¥ BTOPOr0 HEPABEHCTB CHCTEMbI, Ha3bIBAIOT pPellieHHEeM CH-
cTeMbl HePaBeHCTB. PelllNTh cucTeMy HepaBeHCTB — 3HAYUT HaiTH
BCe ee pellleHNA (MJIM YCTAHOBUTDH, YTO PELIEHUIl HET).

BEHCTBa 06pa3y10'r CHCTEMY HEPaBEHCTB

2x - 3y <6,

6
IIpumep 16. Pemurh cucreMy HEPABEHCTB
x+y+720.

P e 1 e 5 u e. 1) IToctpoum rpadbux ypaBHenusa 2x — 3y = 6. 3o
npsaMmas, npoxogaiiasa yepes Touku (3; 0) u (0; —2). Bosbmem B Kaue-
cTBe KOHTPOJIbHOM TOouKy (0; 0), pacmosio)KeHHYIO BbIIIe IIOCTPOCHHOMN
PAMO#i; ee KOOPAMHATHI YAOBJIETBOPAIOT HepaBeHCTBY 2x — 3y < 6.
3HAYHUT, reOMETPUYECKHUM pPellleHHeM IIePBOro HEPaBEHCTBA 3aJaHHOM
CHCTEMBI CJYKAT MOJYILIOCKOCTh, PACIIOJIOXKEHHAs BBIIIE MPAMOM, U
caMma npsaMas (IIOCKOJbKY 3aflaHHOe HEPABEHCTBO — HecTporoe) (puc. 65).

2) ITocrpoum rpadhuk ypaBHenusa x + y + 7 = 0. 1o npsamas, Ipo-
xogamasn yepe3d Touku (—7; 0) u (0; —7). BossMem B KauecTBe KOHT-
poabHO#T TouKky (0; 0), PACIIOIOKEHHYIO BBIIIe IIOCTPOEHHOMN IPAMOIL;
ee KOOPAMHATHI YAOBJIETBOPAIOT HEPaBeHCTBY X + y + 7 2 0. 3Hauur,
reoOMeTPHYECKHM PelleHHeM BTOPOro HepaBeHCTBA 3aJaHHOM CHCTe-
MBI CJIYJKaT IIOJYILIOCKOCTDb, PACIIOJIOMKEHHAA BHIIIE IPAMO, U caMa
npsamad (puc. 66).

3) B KauecTBe peuleHH# 3aJaHHOM CHCTeMbl HEPABEHCTB CJIEAYeT
B3ATHh BCE OOIIMEe TOYKH IIOCTPOEHHBIX IOJIYILIOCKOCTEH, T. e. X Ie-
peceuerue (3alITPUXOBaHO Ha puc. 67). (]
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2. CUCTEMbI YPABHEHMA
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2. CUCTEMbI YPABHEHWM

§6. METOAbl PELLEHMA CUCTEM YPABHEHWMM

B srom maparpade Mbl 06CyoUM TPU METOLA PEIUEeHUSR CHU-
cTeM ypaBHeHUii, 060Jiee HaJe)XHble, YeM I'paduuecKHUil MeTOn, KOTO-
pPBIii paccMOTpeJH B MpeAblayLieM naparpadge.

1. MeToA NOACTAHOBKM

ITOT MEeTOA Mbl MPUMEHAJU B 7-M KJacce AJA PelIeHUsS CUCTEM
JUHeMHBbIX ypaBHeHuii. Tor amropurTm, KOTODBIH ObLI BbIpaOOTaH B
7-M KJlacce, BIIOJIHE NPHUIOJIEH AJIA PELIeHHUA CHUCTEeM JIOOBIX OBYX
ypaBHeHui (He 0043aTeILHO JIMHEWHBIX) C IByMdA IIePeMEHHBLIMHU X U
y (pasymeercs, mepeMeHHble MOT'YT ObITH 0003HAYEHBI U APYTUMHU OYK-
BaMM, YTO He MMeeT 3HAUYeHHsda). DaKTHUYECKH STHM aJrOPHUTMOM Mb!
BOCIIOJIb30BAJIMCH B IIpeAbIAyLIeM Iaparpade, KOrga 3aBepluajy pas-
roBop o mpumepe 12.

4 D
ANropuT™M MCHOJIB30BAHMA METOZA IOACTAHOBKH
IpU pPelieHUM CUCTEMBI OBYX yPaBHEHMIi
¢ AByMdA IIepeMeHHBIMH X, Y

1. Beipa3uts y uepes X U3 OGHOrO YPaBHEHUS CHUCTEMBI.

2. [ToacTaBUTL MOJTy4eHHOE BhIpaKeHHe BMECTO Y B APYroe ypas-
HEeHUe CHUCTEeMBI.

3. Peuturs nmosyueHHOe ypaBHE€HUE OTHOCHTEJIBHO X.

4. ITogcTaBuTh KaXKIblil U3 HANLEHHBLIX HA TPETheM lllare KOpHeii
YpaBHEHUs IIO0YEPEeTHO BMECTO X B BhIDAXKEHHE Y uepes X, II0-
JydeHHOe Ha IIepBOM Iiare.

5. 3anucars OTBeT B BHjIe IIap 3HAYeHMi (X; y), KOTOpbIE GBLIM
HaliJleHbl COOTBETCTBEHHO HAa TPEThEM K YeTBEPTOM IIare.

/

Ilepemennsle x u y, pasyMeercsd, paBHOIPABHEI, IIO3TOMY C TAKHUM
JKe yCIIeXOM MBI MOXKEM Ha IIePBOM Llare ajJirOPUTMa BBIPA3UTh He Y
Yyepe3 X, a X 4yepe3 y U3 OgHOro ypaBHeHHs. OOBIYHO BBIOHMPAIOT TO
ypaBHeHHEe, KOTOpPOe IpeACTaBjseTcAa 0oJjiee IMPOCTHIM, M BbIPaXKaIoT
Ty IIepPeMeHHYIO M3 Hero, IJIA KOTOPOi sTa mpoluenypa npeacTaBlIaeTcs
60J1ee IIPOCTOI.
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2. CUCTEMbI YPABHEHMA

[
[Iipumep 1. Pemurs cucremy ypaBHEHHUi
x+3y =5,
xy = 2.

P
Pemenue. 1) Borpasum x uepes y u3 1epBOro ypaBHEHUS CHU-
@remer: x = 5 - 3y.
2) ITogcTaBuM NIOJIy4eHHOE BhIpaXK€HHE BMECTO X BO BTODPOE ypaB-
ane cucremsl: (5 — 3y)y = 2.
» 3) Pemum mosryueHHOE ypaBHEHUE:

5y — 3y? = 2;
3y -5y + 2 =0;
2
y1=1, Y. = 3-

4) TlogcTaBUM IOOYEPEZHO Ka)KAOe M3 HailleHHBIX 3HAYEeHUH Y

2
popmyny x =5-3y. Eecmmy=1,T0 x=5~-3-1=2;ecim y = 3
2

x=5-3- 3= 3. ,

5) Ilaper (2; 1) u (3; 5) — pellleHUs 3alaHHO#N CHUCTEMBI YpaBHe-
nil,

2
OrBerT: (2;1); (3; 5).

2. Metop anrebpanyecKoro cno)XeHms

JTOT MeTOX, KaK M MeTOJ IIOJCTAaHOBKHM, 3HAKOM BaM M3 Kypca
16pBI 7-TO KJacca, rae OH IPUMEHSJICH JJIs PelleHUA CHUCTEM JIH-
#upix ypaBHeHu#. CyThb MeTOZA HAIIOMHVM Ha CJIEAYIOIEM IIDUMEpE.

Ilpumep 2. Pemurs cucremy ypaBHEHUIHA
2x+xy+2=0,
4y + 3xy + 30 = 0.

PemleHue YMHOXHM BCE UJIEHBI IIEPBOr0 YPAaBHEHUS CUCTEMEI
4, a BTOpOe ypaBHEHME OCTaBUM 0e3 M3MEeHeHUd:

6x +3xy+6 =0,

4y + 3xy + 30 = 0.
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2. CUCTEMbI YPABHEHWM

Briurem BTOpOE ypaBHEHVE CHCTEMEI U3 €€ IIepBOro ypaBHEHUS:
(6x + 3xy +6) — (4y + 3xy + 30) =0 - 0;
6x — 4y — 24 = 0;
3x -2y -12=0.

B pesyarraTe anre6pandecKoro CI0KeHUA ABYX yDaBHeHUH uc
XOLHOM CHCTEMBI MOJYYHJIOCH ypaBHeHHE GoJjiee IIPOCTOE, YeM IIEDPBOC
¥ BTOPOe ypaBHEHUs 3aLaHHON cucTeMbl. OTUM GoJjiee IPOCTHIM ypan
HeHVeM 3aMeHHuM Ji000e ypaBHEeHVe 3aJaHHO! CHCTeMbl, HaIpUMe)

Bropoe. Torza s3ajmamHas cucTemMa ypaBHEeHUIT 3aMeHUTCs 06ojee IIPo
CTOHM CHCTEMOM:

2x+xy+2=0,
3x-2y-12=0.
9Ty cucTeMy MOYKHO DPEIIUTL METOAOM IIOACTaHOBKM. M3 BTOpOIrn
3x -12
ypaBHEHUA HAXOAUM: Y = 7 IToacTaBuB 3TO BHIpaXKE€HME BMECTO

Y B IIePBOE€ YpaBHEHVE CHUCTEMEI, IOJYYUM:

2x+x-§£%g+2=0;

4x + 3x2 - 12x + 4 = 0;
3x2 - 8x + 4 =0;
2
x = 2, X, = 3.
Ocranoch NMOACTABUTHL HalWJeHHBIE 3HAUEHUA X B DOPMYJY

_3x——12 _ _3«2—-12_ X _ E

= Ecaum x = 2, TO y=—7p—= 3; ecam x = 3> TO
3%-12

=—92_  —_5

y 3

Takum 00pasomM, MBI HAIJIKM ABa PeIIeHHs cucTeMbl: (2; —-3) u
2. _
(% -5)
. (9- . (2.
Orser (2 -3) (g’ —5).
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2. CUCTEMbI YPABHEHMA
[ —

3. Metoj BBe1€HHA HOBbLIX nepemeHHbIX

C meTOZOM BBeeHUA HOBOY IlepeMeHHO# IIPU PellleHY YPaBHeHUH
0 O/IHOM mepeMeHHO¥ Bbl IIO3HAKOMIINUCH B Kypce airebphl 8-ro Kiacca.
(Cyrp 3TOrO0 MeToZa NIpPH pEIIeHWH CHUCTEM YpaBHEHUH Ta Ke camasd,
MO ¢ TEXHUYECKOH TOUKM 3PEHHA HMMEIOTCSA HeKOTOpble 0COOEHHOCTH,
KoTopble MBI U 00CYyZMM B IIpuMepax 3 u 4.

IIpumep 3. Pemurs cucremy ypaBHEHHUI

A g=2,5,
y X
x%—y?=3.

X
Peme n ue. Beerem HOByI0 mepemeHHyio = ; Torza mepBoe
ypABHEHUE CHCTEMbI MOYKHO OyZeT nepenucaTth B 60jee IIPOCTOM BHIE:
1 .
(] e 2,5. PemnM 5TO ypaBHEHHME OTHOCUTEILHO II€PEMEHHOH t:

2 (I
tl&t+_1__§_ =0
t 2
22 + 25t _
2t

2t - 5t + 2 = 0;

0;

t, =2, t2=§.

O6a sTUX 3HAYEHUSA yOOBJIETBOPAIOT ycjoBuio 2t # 0, a moromy
N BIAIOTCA KODHAMU PAacCMaTPHUBAEeMOr0 ypaBHEHUS C IIEPEMEHHOH f.

x x
Hot = ; , BHAYMT, JIUOO ; = 2, OTKyZa HaxoOuM, 4To X = 2y,

J1bo

Do |-

, OTKyZa HaxXOoguM, 4YTo J = 2X.

< | R

Taxum 006pas3om, ¢ IMOMOIILI0 METOLa BBENEHUS HOBOM IepeMeH-
10 HaM yJajioch KaK OBl PACCJIOUTH IEPBOE YPaBHEHHE CHUCTEMBI Ha
Ji3a 6oJiee IPOCTHIX YPABHEHMS:

x=2y; y-=2x.

Yro ke pganbiie? A majablie KaxKgoe M3 OBYX IOJYYEHHBIX IIPO-
¢1'bIX YPABHEHHUM HYIKHO IIOOUYEPESHO PACCMOTPETH B CHCTEME C ypaB-
ueaueM x2 — y? = 3, 0 KOTOPOM MEI IIOKa He BCIOMHHAAU. MHBIMHU
¢JIOBaMH, 3aJada CBOAUTCA K PEIIeHUIO JBYX CHCTEM yDaBHEHWIA:
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2. CUCTEMbI YPABHEHMH

x =2y, y = 2x,
x2-y?=3; x2—-y?=3.
Hago HaiiTy pelieHusA IePBO# CHCTEMBI, PEIIIEHUA BTOPOIl CHCTEMBI U

BCe IIOJIYYeHHBIE Iaphl BKJIOYUTH B OTBET.
Pemym mepByIo cuUCTeMY YpPaBHEHMI:

x =2y,
x?—y? =3.
Bocmosab3dyeMca MeTOZOM MOACTAHOBKH, TeM 0oJiee UTO 3heCh IJIA

Hero BCe roToBO: IIOACTaABUM BBIDAXXEHUE 2y BMECTO X BO BTOpPO€e ypaB-
HeHne CHUCTEMBI. HOJIy‘II/IM nocseqoBaTeJNIbHO:

2y)y - y* = 3;
4y - 2 = 3;
3y? =3;

y =1

y=1, y,=-1
Tak Kak x = 2y, TO HAXOAMM COOTBETCTBEHHO: X, = 2, X, = —2. Tem
caMbIM IIOJIyYEHBI [Ba peILleHus 3aJaHHOM cucremsl: (2; 1) u (-2; -1).
Pemum BTOpPYIO CHCTEMY YPaBHEHHMA:

y = 2x,
x2-y? =3.
CHOBa BOCIOJIB3yeMCA METOZAOM IIOJCTAHOBKH: MOJACTABHUM BbIDA-

JKEeHHe 2X BMECTO y BO BTOpOe ypaBHeHUe cucteMbl. Ilosyuum mocie-
IOBATEJBHO:

x? - (2x)? = 3;
x2 —4x% = 3;
-3x%2 = 3;
x? =-~1.

ITO ypaBHEHUE He MMeeT KOpHeli, 3HAUWUT, U CHUCTeMa YpaBHEHUH
He uMeeT pemeHuil. Takum 06pasoM, B OTBET HAZO BKJIIOUUTHL TOJILKO
pelueHusa NIepBOH CHCTEMEI.

OrBerT: (2; 1) (-2; -1).

MeTon BBeJeHHS HOBBIX IEPEMEHHLIX IIPY PEUIEHUU CHUCTEM ABYX
YPaBHEHUI ¢ AByMA IEePEMEHHBIMM NPUMEHSETCA B ABYX BapHMaHTaX.
ITepeviii 6apuanm: BBOOUTCA OZHA HOBAas IepeMeHHAad Y UCIOJIL3yeTCH
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2. CUCTEMBI YPABHEHMA
e

$0JILKO B OJHOM YPaBHEHMM cHCTeMbl. IMEHHO Tak 00CTOSIO Ae0 B
fipumepe 3. Bmopoii éapuanm: BBOAATCA JBE HOBbIE II€DEMEHHEIE U
NCHOAB3YIOTCA OGHOBPEMEHHO B 000MX YpaBHEHMsX cucTeMbl. Tak
8yucT 06CTOATH fes0 B mpuMmepe 4.

IIpumep 4. Pemurs cucreMy ypaBHeHUIA

2 3
+ = 4
x -3y 2x+y
8 9

x -3y 2x+y

PemeHnue. Beegem aBe HOBBIe IepeMeHHBIE: G =
3 8 9
b= . Yurem, 4TO TOTZHA = 4a, = 3b.
2x +y x -3y x -3y
9T0 MO3BOJIMT HepeNucaTh 3afaHHYI0 CUCTEMY B 3HAYHTEILHO 60-
J/loe TIPOCTOM BHZE, HO OTHOCHTENbHO HOBBIX I€PEMEHHBIX a 1 b:

a+b=2,
4a - 3b = 1.

HpHMeHHM AJIA pEeIeHnA 3TOU# CHCTEMBI METOZ anreﬁpanqecxoro
CJIOKEHU A

x-3y’

N 3a +3b =6,
4a-3b=1;
Ta=T;
a=1.

Tax Kak a = 1, To u3 ypaBHeHudA a + b = 2 gaxogum: 1 + b = 2;
@ = 1. TakuM 06pa3oM, OTHOCUTEJLHO IIePeMeHHbIX @ U b MBI IOJIy4u-
Wi OZIHO pelleHue:

a=1,

b=1.

Bosspaijasices K IepeMeHHbIM X U Y, II0JIyUaeM CUCTEMY YpaBHEHUH

2 -1,
x -3y
3 -1,
2x +y
7. C.
x—-3y =2,
2x+y=3.
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2. CUCTEMbI YPABHEHUM

IIpumMeHuM AJIs1 pellleHUs 3TOM CHUCTEMBI METOH ajiredpamyecKoro
CJIOXKEHUA:

. x-3y =2,
6x+3y=09;

Tx =11;
_u

7

11
Tak Kak x = 7,TonaypaBHeHna2x+y=3Haxom»1M:y=3—2x:

11 22

1
=3-2. 7= 3 - 7 =7 Taxkum 00pa3oM, OTHOCUTEJIBLHO IIepEeMEeH-

HBIX X U Y MBI IIOJYUHNJIN OJHO DEIIeHHe:

11

x=—,

7

=1

y 7"
(0] . 1_4- _l
TBE€T: 7, 7

3aBeplIyM 3TOT maparpad KpaTKUM, HO JOCTATOYHO CEPHE3HBLIM
TEOPETHUUYECKNM DPasroBOpOM. BBI yKe HAKONMJIM HEKOTODPBIN ONBIT B
PellleHNY Das3INYHbIX YPaBHEHWIl: JTUHEHHBIX, KBaJAPaTHBIX, PaIyo-
HaJbHBIX, UPPAllMOHAJBbHBIX. BBl 3Haere, 4YTO OCHOBHAsA uUAes pelile-
HUSA YypaBHEHUA COCTOMUT B IIOCTEIIEHHOM Ilepexoje OT OZHOIO ypaBHe-
HUA K Apyromy, 0ojiee mpocTOMYy, HO PaBHOCHJIBHOMY 3aZaHHOMY.
B npeabipymiem nmaparpade MBI BBEJIH IIOHATHE PABHOCUJIBHOCTH AJIA
YPaBHEHM ¢ JByMs mepeMeHHbIMH. MCIIOb3yIOT 3TO IOHATHE U AJIA
CuCTeM ypaBHEHUI.

Onpeaenexme. [ise cucreMbl ypaBHEHHH C MEPEMEHHBIMH X U
Y Ha3bIBAIOT PaBHOCWJIBHBIMM, €CJIM OHM MMEIOT OLHU U Te JKe pellle-
HUA WJIN ecau 00e CHCTeMBbl HE MMEIOT PeLIeHUH.

Bce Tpu meToza (MOACTAaHOBKH, aarebpandyecKoro CJI0KeHUs U BBe-
JeHUs HOBBIX II€PeMEHHBIX), KOTOpble MBI 00CYZU/IM B 3TOM Iaparpa-
(e, KOPPEKTHHI C TOYKU 3PEHUsS PABHOCHUJIBHOCTH. VHBIMH CJIOBaMH,
UcCnoavdya amu memodvl, Mbl 3amMeHAeM 00HY cucmemy YpasHeHull
dpyeoii, 6osiee npocmoii, HO PABHOCULLHOI NEPEOHALALbHOU cucmeme.
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2. CUCTEMbI YPABHEHWUIA

§ 7. CUCTEMbI YPABHEHWMH
KAK MATEMATMYECKME MOJENM
PEAJIbHBIX CHTYALIMA

Bawm usBecTHO, UTO cucTeMa ABYX YPaBHEHHH ¢ AByMsA Iie-
PeMEHHBIMY MOJKET CJIYXKUTh MareMaTU4YeCKoil MOJeIbIo peaJbHOH cr-
ryanuu. I[IepBuIfi OIBIT B pellleHNN TaKHUX 3aka4 Bbl IIPHOODEIHN B KyD-
¢e anreOper 7-ro KJjaacca. IIpaBma, TamM BCTpeUaJUCh TOJBKO CHCTEMBI
ABYX JINHEMHBLIX YpaBHEHHNH ¢ AByMA IepeMeHHbIMU. Terneps MB yme-
em pemiaTh 0ojiee CJI0KHEBIE CHCTEMBI YPaBHEHHUH, 3HAUYUT, HAM BIIOJI-
He IO cuJIaM U pellleHHe 0oJiee CJIOKHBIX 3a7ad.

IIpumep 1.B paiinentpe gBa KuHoTeaTpa — «Paxen» u «Cia-
pa», nepselii — Ha 400, a BTOpoit — Ha 600 mect. B 3purenrHOM
suie KkuHOoTeatrpa «CiaBa» Ha 4 paga 6osbile, yeM B KuHoTeaTrpe «Pa-
KeJ», 1, KpOMe TOr0, B KaXXJOM pAAY Ha 5 mecT OoJblle, YeM B KU-
norearpe «Paken». CKOJIbLKO PANOB B 3PUTEJLHOM 3ajle KMHOTeaTpa
e«Paxes», ecIu U3BECTHO, UYTO B KaKAOM pany KmuHoTearpa «Ciaasa»
6osee 25 mect?

Pem e n ue. Ilepsriii aTan. Cocmasnenue mamemamuueckoil mo-
deau.
IIycTte x — umciao paxoB B KuHOTeaTrpe «MPaxemn»,
Y — YKCJIO MeCT B KaXXJOM pAAYy KuHoTeaTpa «Paresa».
Torga x + 4 — uwmcjo pagoB B KuHorearpe «Ciasa»,
y + 5 — uucio MecT B KaxKAoM pany KuzHortearpa «Ciaa».
311851 YHUCIO PAKOB ¥ YMCJIO MECT B DALY, MOXKHO HaiiTH o0Ijee 4UCJIO
MECT B KalKJAOM KHHOTeaTpe:
XY — 4YHUCJIO MeCT B KMHOTeaTpe «Paxei»,
(x + 4)(y + 5) — umcao mect B KnHOTeaTrpe «CiaBa».
llo ycnoBuio B kurHOTeaTpe «Paxesn» 400 mecT, T. e. xy = 400, a B KUHO-
reatpe «CiaBa» 600 mect, T1.e. (x + 4)(y + 5) = 600.
Takum ob6pasom, MBI IDUXOAMM K CHCTeMe ABYX ypPaBHEHUH
¢ ABYMs IIEPEMEHHBIMU:

{ xy = 400,

1)
(x +4)(y +5) = 600,

e X, Yy — HaTypaJibHBIE YHCJIa.
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2. CUCTEMbI YPABHEHWHA

Maremaruueckas MOJeJIb 3amavyun COoCTaBJI€HA.

Bropoii atan. Pa6oma ¢ cocmasnienHoil modenvio.
HNmeem:

xy = 400,
xy + 4y + 5x + 20 = 600;

= 400,
{xy @)

xy + 4y + 5x = 580.
HpI/IMeHI/IM METOL am‘e6panqecrcoro CJIIOKEHHUA: BbIUTEM II€EpBO€
ypaBHeHue u3 Broporo. Ilosyuum:
(xy + 4y + 5x) — xy = 580 — 400;
4y + 5x = 180.
3aMeHNM 3TUM ypaBHEHHEM BTOPO€ ypaBHEHUE CHCTEMH (2):
xy = 400,
- (3
4y + 5x = 180.

Cucrema (3) HECKOJIBKO IIpolie, YeM cucrema (2), ee MOXKHO pe-
LIIUTH METOZOM IIO[ICTAHOBKM. BEIpasum y uepes x M3 BTOPOTO ypaB-

180 - 5x
HEeHUdA CUCTEMHI (3): Y = — ITogcTaBUM 5TO BBIpasKeHMEe BMeEC-
TO Y B IIepBO€ ypaBHEHUE cucTeMsl (3):
180 - 5x

x(180 - 5x) = 1600;
5x% - 180x + 1600 = 0;
x2 -36x +320=0
(o0e yacTy HmpeABIAYIIEro YpaBHEHUS ITOYJEHHO pasfeluaIu Ha D);
x, =20, x,=16.
180 - 5x
4
ecau x = 16, To y = 25.

Hraxk, cucrema (3), a 3HAYUT, U paBHOCUJIbHAA el cucTema (1) ume-
oT asa pemenus: (20; 20) u (16; 25).

Tak Kak Y= , TO moJiyyaem: eciau x = 20, To y = 20;
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2. CUCTEMbI YPABHEHMH

"

Tperuit aran. Omeem Ha 8onpoc 3adauu.

OnupasAchk Ha NOJYyYeHHBLIE DEeIIeHUA CUCTEMBI, MBI JOJIKHBI
DpoaHaJIM3UpPOBATh [Be BO3MOYKHOCTH: JUOO B KUHOTeaTpe «PDaxes»
20 pagos mo 20 mMecT B Ka)KAOM pALyY, sub6o 16 pamos mo 25 mecr B
KaKIOM psagy. Eciu BeIOpaTh MepBYIO BO3SMOMKHOCTB, TO B KMHOTEAT-
pe «CuaaBa» Oyzmer 24 paga (1o ycuoBuio TaM Ha 4 paga OoJbIIe) IO
25 mMecT B KaKAOM pAAY (IO YCJIOBHIO B KaKAOM paAxy «CiaBbl» Ha
6 mecr Goabie, ueM B «@Pakese»). ITO HAC HE YCTPAUBAET, IIOCKOJILKY
no ycJoBUIO B KaxkaoM pAxy «CiuaBel» Gosee 25 mecr. Paccmorpum
BTOPYIO BOBMOJKHOCTE: B «@Pakene» 16 pagoB mo 25 MecT B KaKAOM.
Torga B «CiaaBe» O0yzer 20 pagos mo 30 MecT B KasKAOM. JTO HacC yc-
"'parBaer.

Wrak, u3 ABYX pelleHU# cUCTeMHl BeIOMpaeM ofHO: x = 16,
y = 25, a aro o3Havuaer, uTo B KuHOTearpe «®Pakesn» 16 paznos.

OrBerT: 16 pagos.

Ha camom gmejse aTa 3afava He ABJISAETCA [Js Bac HOBOH, MBI pe-
uiaay ee B yueOHUKe «Ajredpa—8», HO IO-APYroMy: MaTeMaTHUYecKoi
MOZeJbIO 3alaui OBLLJIO PAIlMOHAJIBHOE YpPaBHEHME C OJHOU IlepeMeH-
Hoit. IlpuBeneM KpaTkKue HAOPOCKU AJIA COCTABJIEHUA TAKOU MOZEJIM:

X — YHUCJO PANOB B KMHOTeaTpe «MDaxem»,

400
—; — UHMCJIO MECT B Ka)KJ0M DAY KMHOTEATpa «Daxes»,
x + 4 — uucao pAxoB B KuHOTeaTpe «Ciasa»,
600
~ +4  UHCIO MECT B KaXJOM PAAY KMHOTearpa «CnaBa».
600 400
ITonyuaem ypaBHeHUE c+4 z = 5. 9T0 MaTeMaTU4YeCKaA MO-

[eJb 3aJayu.

CpaBHUM [Ba BapuaHTa pelIeHUs 3ajauyud. B IIepBOM BapHaHTE
6uL1a 6oJree CIOKHAA MaTeMaTUdecKas MOZAeJb (cucTeMa ypaBHEHUI),
gHa4YuT, 60Jiee TPYAHBLIM OBLT BTOPOI 3Tam — paboTa ¢ cOCTaBJIEeHHOM
mMoZesbio. 3aTO MeHee TPYAHBIM OBbLJI IEPBHIM aTall, caMa MaTeMaTH-
yecKkad MoOeab OBLIA COCTaBJeHA Jierde u ObIcTpee. B mpuHIIUIE BBI-
rogHee ympomaTh paboTy Ha IIePBOM 3Tale — Ha dTalle COCTaBIeHUA
mMaTreMaTuyecKoil mojenu 3axauu. I1osToMy BO MHOTHX ciaydadax Iie-
JiecoobpasHee paboTaTh He ¢ OGHOM, a ¢ JBYyMsA II€PEMEHHLIMU.

IIpumep 2. Ilpucranu B u C HaxogaTcA HUKE IPUCTaHU A 110
reueHUIo pekr Ha 30 KM u 45 KM cooTBeTCTBeHHO (cM. puc. 51 Ha c. 49).
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2. CUCTEMb! YPABHEHMA

MoropHas jJoAKa OTXOAUT OT mpucTanu A, goxozur ao C, cpasy II0BO-
pauMBaeT Has3ax U npuxogut B B, sarpaTus Ha Bech nyTh 4 4 40 MuH.
B apyroit pas ara ke Joaka oToilaa oT npucranu C, momwia mo A,
cpasy IOBepHYJIa HasajJ W Ipuinja B B, saTpaTUB Ha Bechb IYTh
7 4. Yemy paBHBI COOCTBEHHAs CKOPOCTH JIOAKH M CKOPOCTBH TEUEHHSs
pexu?

Pemen ue. llepBoiit aran. Cocmasnenue mamemamuieckou
Mmodeau. ITO y:xKe chesaHo Bhile (cM. npumep 1 B § 5):

45 15 1
+ =—,
x+y x-y 3
45 30
+

xX-y x+y

3xech x KM/4 — coOCTBEHHadA CKOPOCTb JIOAKH, Y KM/Y4 — CKO-
POCTDH TEUEHHSA DPEKH.

Bropoit atan. Pa6oma ¢ cocmasienHoll modenvio.

J1a penieEus cCUCTEMBI yPaBHEHUN BOCIIONIb3yeMCA METOJOM BBe-

15 15
IeHUuA HOBBIX MepeMeHHBIX. IlycThb =a, =b.
x+y x-y
Torga cucrema IpHUMeT BUJI
14
3a + b = ? Py
2a+3b="1.
Pemus a1y cucTeMy ABYX JHHEMHBIX YPaBHEHUH ¢ IBYMsA IepeMeH-
5
HBIMHU a U b (cmenaiite aTo!), moayuuM: a = 1, b = 3
Hrak,
15 _ , T.e.x +y=15;
x+y
15 5
==, T.e.x—-Yy=09.
x-y 3’ g
Ocraercs peLINTh COBCEM IIPOCTYIO CHUCTEMY YpPaBHEHMM
x+y=15,
x-y=09.

ITonyyaem: x = 12, y = 3.
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2. CUCTEMb! YPABHEHWMA

Tpetuit atan. Omeem na 6onpoc 3adaiu.

TpebyeTcs onpeneIuTh CKOPOCTh JOAKM B CTOAYEH BOJge M CKOPOCTh
TedyeHUs pexu. IIepByI0 CKOPOCTE MBI 0003HAUMJINU OYKBOHM X, IIOJY-
yuau X = 12; 3HauuT, cOOCTBEHHAA CKOPOCTH JOAKU COCTABJISET
12 kM/4y. CKOpPOCTH TeueHUs Mbl 0003HAUMJIM OYKBOH Yy, IOTYUHIN
y = 3. 3HAUUT, CKOPOCTb TE€UEHUA PEKU COCTaBJIAET 3 KM/d.

OrBeT 12 KkM/4; 3 KM/U.

IIpumep 3. Macrep u ero yuyeHUK ILIAHUPOBAJIM COOOIa BbI-
TMOJHUTH HEKOTOPYIO paboTy 3a 6 aHeii. CHavaJsa 3a JesI0 B3SJICA yue-
HUK, HO, BeINOJIHUB 20 % 3amanudA, oH 3aboses. OcraabHas paGoTa
NPHUIILIach Ha AOJIO MacTepa. B mrore BBIIOJIHEHNE 3aJaHUs PACTAHY-
Jochk Ha 11 gHeil. 3a CKOJBKO AHEH MOr OBl BBIIIOJHUTEL BCE 3aLaHUeE
MacTep M 3a CKOJBKO AHeil yUeHWK, AeHCTBYSA B OGUHOUYKY, €CJIM M3-
BECTHO, YTO KOJHMYECTBO AHEM BBIpA’KaeTCdA IeJbIM YHMCIOM?

Pemenue. Ilepsuiii aran. Cocrmasnenue mamemamuieckoil mo-
denu.

Ecnu peub mpger o BEIIOJIHEHMHM HEKOTOPOH paboThI, HE OXapakKTe-
PU30BAHHOI B KOJHMYECTBEHHOM ILIaHe (T. €. He CKa3aHO, CKOJbKO Je-
Tajiell HaZlo cAesiaTh, CKOJIBKO KyOOMETDPOB 3€MJIM BHIHYTBH U T. A.), TO
00beM paboOTHI CUMTAIOT PABHEIM 1, a 4acTH pPaGoThl BEIPAXKAIOT B J0-
JAX eIUHUIILI.

IIycte x — umcyao gHei, HeOOXOZUMBIX MacTepy, YTOOBI BBHIIIOJ-
HUTH B OAMHOYKY BCIO paboTy, a Y — YUCJIO JHEeH, HeOOXOZUMEIX yye-
HUKY, YTOOBI CIIDABUTLCA B OAZMHOYKY CO Bceil pabotoii. Eciau o6beMm
Bceil paboThl (T. e. 1) pasmeauM Ha YKCJIO AHEl, HEOOXOAMMBIX IJISA
BBINIOJTHEHUS Bceil paGoOTHI, TO y3HAaeM AOJI0 PabOThl, BBIIIOJHAEMYIO
3a 1 genp. UTak,

1
S Aoud palboTEI, KOTOPYIO BBIIIOJHAET MacTep 3a 1 JeHb,

1
;—aona paboThl, KOTOPYIO BBIMIOJIHSAET YUeHMK 3a 1 JeHb.

ITo yciaoBuio, paboTasg BMecTe, MacTep M YYeHHUK MOTJIM Obl BBI-
IOJIHUTL Bce 3amaHue 3a 6 gueit. Homa paborel MacTepa 3a 6 mHeit

, 1 6
BeIpaxkaetrca ¢opmymaoit —-6, T. e. P Hoasa paboTbl yueHUKa
X

6

3a 6 mHeii BeIpaxkaerca dopmymoit — © 6, 1. e. —.

RS
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2. CUCTEMbI YPABHEHWHM

ITocKOJBKY BMeCTe OHH BBINOJHSAT BCIO padory (T.e. 1), cocras-

JIfeM ypaBHEHMUe:
6 6
—+ - =1.
x Yy
Ilo yca0BMIO YYEHUK BBHINOJHUJ, TPYAACH B OZUHOUKY OO CBOE

1
6oJse3uu, 20 % 3amaHud, T.e. 5 dacrs Bcelt paborel. CKOJIBKO Bpeme-

HHN OH HOTpaTHJI? EctecTBenHO, uTO g YacTb TOI'O BpeMeHH, KOTOpoe

1
— -y oueii. ITorom nipu-

HYKHO eMy Ha BBIIIOJIHEHUE Bceli paGoTEHI, T. €. 5

4
IreJ1 MacTep, caejaj OCTaBUIYIOCA paﬁo'ry, T. e. g 3ajaHusd, Ha 4TO

4 .
3aTpaTHI 5 X THEU.

Ilo ycaoBuio BEIIIOJIHEHME 3afaHUs PACTAHYJIOCh HA 11 muei, T. e.

£+4_x=11;
5 5
y + 4x = 55.

Taxkum 06pasoM, MaTeMaTHYeCKas MOAENIb 3aJa4yy COCTABJEHA —
cHuCTeMa ABYX YPABHEHHUU C AByMA IIepPeMeHHBIMU:

rge X, y — LeJble Yucia.

Bropoii atan. Pa6oma ¢ cocmasnennoii modenvio.

BocmoJsbzyeMcsi METOLOM IOACTAHOBKHU. BbIpasuM y uepe3 x u3s
BTOPOTO ypaBHeHus cucreMbl: y = 55 — 4x. IlogcraBuM BHIpaXKeHUe
55 — 4x BMecTO y B IIepBOe ypaBHEHUE CHUCTEMBI:

E+——6 =1
x  55-4dx ) )

Pemaa ato pPanuoOHaJbHOE ypaBHEHIE, IIOCJIENOBATEeJIbHO IIOJIydyaeM:

6Mx_F 6= _lx(55—4x)

x 55 4x =0

80



2. CUCTEMbI YPABHEHWA

6(55 — 4x) + 6x-x(55 — 4x) _
x (55 — 4x) -

4x% - 73x + 330 = 0;

0;

33
xl = 10, xz = T .
O6a HailleHHbIX 3HAYEHUS YAOBJETBOPAIOT yCIoBHIO x(55 — 4x) # 0,
T. €, ABJAIOTCA KOPHAMHU ypaBHeHUA (4).

Ocranock Ha¥TH COOTBETCTBYIOIME 3HAUEHUA Y. [IJ1A 3TOr0 BOCIOIb-
syemcsa cooTHomrenueM y = 55 — 4x. Ecau x = 10, To y = 15; ecan

33
x=7,'roy=22.

Wrak, cocraBjeHHaA CHUCTEMa ypaBHeHm‘/i nMeeT ABa PelIeHUudA:

(10; 15) n (37‘3; 22).

ITo ycnoBuio KonuuecTBO AHEi, HEOOXOAUMBIX KaK MacTepy, TakK
¥ VUEHUKY [JIs BHIIIOJHEHUsS B OZWHOYKY BCEro 3aflaHUsd, BhIpasKaer-

33.
sl HeJIBIM YHCJIOM. SHAUMT, Iapa (T’ 22) nac He ycTpauBaer.

Tpetuit saran. Omeem Ha éonpoc 3adauu.
Oxn yxxe moayuen: x = 10, y = 15.

O 1BerT 10 gueit; 15 gueii.

3ameuvanme. ObpaTtuTe BHUMAHWE HA TO, YTO, PEeLas CUCTeMbl YpaB-
HEHMI, COCTaBMEHHbIE B PACCMOTPEHHbIX 333,a4aX, Mbl MPUMEHUNM BCE Me-

TOAbl, O KOTOPbIX LINa peyb B MPeapiayLLem naparpadpe: v rnoAcTaHoBKY, M
anrebpanueckoe CnoXeHue, U BBeAEHWE HOBbIX NepeMEHHbIX.



2. CUCTEMbI YPABHEHMH

OCHOBHbIE PE3YIJIbTATDI

e B 9T0if riaaBe BH IO03HAKOMHJHCH C HOBOM MaTeMaTHue-
CKOIl MoZeJbl0, KOTOpas YacTO CJYKHUT OINMCAHHEeM Mare-
MAaTHYECKOH CYILIHOCTH pPeaJIbHBIX IIPOIECCOB, — CHUCTEMOIl IBYX
YPaBHEHHUH ¢ OByMs IlepeMeHHBIMH.

e Brbl mo3HaKOMMJINCH C HOBBIMU MATE€MAaTUYECKUMHU MOHATHAMU:
ypaBHeHMe (HepaBeHCTBO) C ABYMSA II€PEeMEHHBLIMU;
pellleHre ypaBHeHUs1 (HEepaBeHCTBA) C ABYMs IePeMEHHEIMMU;
cucTeMa ABYX YPaBHEHHI (HEpPAaBEHCTB) C ABYM#A II€PEeMEHHBLIMU;
pellleHNe CHCTeMbI JBYX YPaBHEHUH C ABYMSA IlePeMEHHBIMU;

PaBHOCHJILHOCTh YPaBHEHHH C ABYMs IePEeMEHHLIMH, DABHOCHJIb-
HOCThb CHCTEM YpPaBHEHHIA.

e Mbr o6CcyauaM pasJIMYHbIe METOALI PellleHNs CHCTEeM ABYX YpaBHe-
HUY C AByMsl IIepEeMEHHBLIMMU:
rpapuyecKUi METOX;
MeTOJ, HOACTAHOBKH;
MeTOx ajre0pamdyecKoro CJIOXKeHUs;
MeTOJ, BBeIeHUsA HOBBIX IIePEMEHHBIX.

e Mpb1 o6paTHIM BHUMAHHE HA TO, UTO METOX BBEAEHUS HOBBIX Iepe-
MEHHBIX IIDM DELIeHMU CHUCTEM ABYX YPaBHEHUIl ¢ JBYyMs IepeMeH-
HBIMM IIDMMEHSETCS B ABYX BapuaHTax. IlepBbiil BApHaHT: BBOLUT-
cs OZHA HOBasA IlepeMeHHAas U MCI0JIb3yeTCsl TOJLKO B OMHOM ypaB-
HEHUU cucTeMbl. BTOpO#l BapuaHT: BBOJATCS JB€ HOBBHIE IlepeMeH-
HbI€ U HUCIIOJb3YIOTCA OZHOBPEMEHHO B 000OMX YPaBHEHUAX CHCTEMEI.

e M= goxasanu, uTo (x — a)® + (y — b)? = r> — ypaBHEHHE OKDY KHO-
CTH, IIOCTPOEHHOM Ha KOOPAMHATHON miockoctTu xOy, ¢ LeHTPOM B
Touke (a; b) u paguycom r. B uacrHocTH, x% + y? = r> — ypaBHeHUe
OKPYKHOCTH, IIOCTPOEHHON Ha KOOPAMHATHOM mjockoctu xOy,
C LIEHTPOM B Hauajle KOOPJUHAT M DPaguycoM r.



rMABA
YACNOBLIE DYHKLIUA

8. Onpegenenme 4ucnosos yHKUmM.

O6nacrb onpegenerus, obnacrts 3Ha4YeHui yHKUMM
. Cnocobbi 3agaHms pyHKUMM

10. CsorsicTBa pyHKUM

§ 11. YerHbie u HedeTHble ¢hyHKLMM

§ 12. Dynkuym y = x"(n€ N), mx cBosicTea n rpagmkm
§ 13. dynkuyun y = x"(n€ N), ux cBokicTBa M rpagpmkm

§
§ 9
§10

§ 14. MOynkuns y = Yx, ee csosictea m rpagpuk
OcHoBsHble pe3ynbTatsl

§8. ONPEAENEHUE YMCNOBOM BYHKLMM.
OBJIACTb OMNMPEAENEHMA,
OBJIACTb 3HAYEHMM DYHKLIMMU

3a ABa rozia U3ydYeHUA LIKOJBHOIO Kypca ajareOphl BHL yaKe
IPUBLIKJN K TOMY, YTO TEPMHUH <«(DYHKIMSA» HCIOJb3yeTCA IPAKTH-
YEeCKHU IMOCTOAHHO. ITO M IOHATHO: BeAb MaTeMaTHKa M3ydaeT maTe-
MaTHYeCKHe MOZeJiM, a OOJBLIIMHCTBO 3THUX MOZeJel TaKk WM HHa4de
cBs3aHo ¢ GyHKuuamu. Ho B MaTemMaTuKe qeiiCTByeT 3aKOH: €CJIM HC-
[oJb3yeTcA KaKoii-To TepMHH, ero Hajo TOYHO OIpeeuTb. 3a IBa
roja M3ydeHusa Kypca ajaredpbl Mbl C BaAMM HAKOIIMJIN JOCTATOUYHO MHO-
ro IPUMEPOB, IOATBEPKAAIOIINX 3TOT 3aKoH. Tak, B 7-M KJacce MBI
BBEJIM TEePMUH «CTeIeHb C HAaTypPaJbHBIM IIOKa3aTejleM», TOUHO ero
onpeaeauB: «mox a", rge n = 2, 3, 4, ..., IOHUMaeTCA IIPOU3BEeAEHUE
n MHOMKHUTeJeH, Ka)XAblil U3 KOTOPBIX PaBeH a; Noji a' moHumaercs
caMo 4ucJo a». B 8-M KJjacce MBI BBeJIM TePpMUH «KBaApPaTHBIIA KO-
peHb U3 HEeOTPHUIATEJIBbHOrO YHCJIa», AaB €My TOYHOE OIlipelesieHue:
« \/E — 3TO TaKoe HEeOTPUIIATEJHLHOE YMCJO0, KBaJApaT KOTOPOro paBeH
a». U Tak pajiee u ToMy momo6HOe — BBI CAaMH MOXKeTe IIPUBECTH aHa-
JIOTUYHEIE IIPHUMEPHI.
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3 . YUCNOBLIE dYHKUWMK

B T0 xe BpeMs OBLIM CJIy4Yau, KOU'Za MBI BBOAUJIU TePpMUH M Ha-
YHUHAJW UM I10Jb30BAaThCA, HO TOUHOI'O OIIpeAesieHus He (GopMyJIupo-
BaJM, OrPAHUYMBASICH IPUOJM3UTEIbHLIM HMCTOJKOBAaHMEM TepMHHA.
Tak OBLIO, B YACTHOCTH, C TePMUHOM <«(hYHKIUA». [louemy ke MBI
B 7-M KJiacce, KaK TOJBKO CTAJH MCIOJb30BaTh NMOHATHE QYHKIUHU,
He chOpMyJIUPOBAJIN TOUYHOE OIpeiesieHHe, II0YeMy He CHeJaJH 3TOTO
u B 8-M Kjacce?

Heso B TOM, YTO MCTOPUsS PAa3BUTHA MaTeMaTHKHU IIOKAa3bIBAeT:
OBLIM TIOHATHSA, KOTOPbIE YeJOBEUECTBO aKTUBHO M AJUTEJIbHOE Bpe-
MA KCIIOJB30BAJIO KaK pab0uyMii HHCTPYMEHT, He 3aJyMbIBasACh O TOM,
KaK UX oIpeneauTsh. JIMInb HaKONUB HeOOXOZUMEBII onbim B paboTte ¢
TeM HJIH MUHBIM IMOHATHEM, MAaTeMAaTHMKH HAaUMHAJIN OILYIATh nompeo-
HOCcmb B ero (opMaJIbHOM OIpenesieHuM. Pasymeercs, He Bcerga IepBble
IIONBITKY OINpPEeNeJUTh TO MM MHOE IOHATHEe, Bpoae Obl ACHOe Ha MH-
TYHUTUBHOM YPOBHE, OKA3bIBAJIUCH YAAUHBIMM, €r0 IPUXOAUJIOCH BIIO-
CJIEACTBUU IOMOJHATH, YTOUHATH. TaK OBLIO U C MOHATHEM QYHKIIMHU.

IIpoananusupyem HAIl OINLIT PAaGOTHI ¢ TEPMHUHOM <«(QYyHKI[MA».
B 7-m Kiacce MBI BBeJM TePMHUH «JUHeHHas QYHKUMA», NOHUMAA
IIOJ 9THM ypaBHeHHUE C ABYMA IE€PEeMEHHBLIMM CIEeIMaJbHOrO BHIA
Yy = kx + m u paccMaTrpuBasd IlepeMeHHble X U y KaK HepaBHOIIPaB-
Hble: X — He3aBHCUMad IlepeMeHHad, Yy — 3aBUCHMas IlepeMeHHasd.
3aTeM 3agajiNich BOIIPOCOM: a He BCTpPEYalOTCA JIM IIPU OIMMCAHUM pe-
aJILHBIX IIPOLIECCOB MaTeMaTUYeCKUe MOJAEIH II0J0OHOr0 BHja, HO Ta-
KUe, Yy KOTODHIX Yy BhIpakaeTcd yepe3 X He 10 opmyne y = kx + m, a
10 Kakoii-mubo uHOoM (opmyae? OTBeT Ha 3TOT BOIPOC GBLI MOJYYEH
cpasy: BcTpeuaroTcA. B 7-M KJjacce, KpoMe YIOMAHYTOH JIMHEHHOH
(DYHKIMHU, MBI MU3yYWIu QYHKLIMHA y = X2 U y = —x?%, a B 8-M KJacce —

(byHRuHHy:kxz,y=;,y=ax2+bx+c,y=\/z,y= | x|.

ITocremerHO MBI HauaJ M 0CO3HABATh, YTO, M3y4Uas KaKoH-aIub0 pe-
aJIbHBIN IIpoIecc, OOBIYHO O0Opalal0oT BHUMaHNE HA JBe IepeMeHHbIe
BEJIMYUHEI, YYACTBYIOIIME B HeM (B 0oJiee CIIOXKHBIX IIPOIECCAX Y4acT-
BYIOT 60Jiee JBYyX BEJIMYUH, HO MBI TaKHe IIPOLieCChl IOKAa He paccMar-
puBanm). OxHa M3 HMX MeHseTCs Kak Obl cama 1o ceGe, He3aBHCHMO
HU OT 4ero (Taxkyio ImepeMeHHYIO yallle Bcero 0003Ha4aT OYKBOH X),
a Ipyras IepeMeHHad IPUHUMAET 3HAUYEHHUA, KaxKJ0e M3 KOTOPBIX
KaKuM-TO 06pa30oM 3aBHCHUT OT BHIOpAHHOI'O 3HAUYEHHUA IIEPEMEHHOH X
(Takyio 3aBHCHMYIO IIEPEMEHHYIO dallle Bcero 0003HavaT GYKBOH Y).
MaremaTruecKoil MOZeJbI0 PeaJbHOI'0 IpOoIlecca BO MHOTMX CJIydYasax
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3. YHUCNOBbLIE dYHKLMK

Yy Yy

2 s 2 =r=F
" y= \/; 1 — y= \/;

o] 1 4 ;_ ol 1 4 5
Puc. 68 Puc. 69

KaK pa3 ¥ ABJSAETCSA 3allMCh Ha MaTeMaTHYECKOM fA3bIKe 3aBHUCHMOC-
™ y oT x: y = f(x). Takue maremaTmyeckue MOZENM MbI HASHIBAIH
(QYHKIUAMU.

Maremarnyeckas Moges b y = f(x) 0OBIUHO HZOMOJHAETCA YKa3aHU-
€M Ha TO, U3 KAKOr0 YHCJOBOIO MHOXKEeCTBa 0epyTcsA 3HAYEHUS He3a-
BUCHMOM mepeMeHHOH x. Hampumep, MbI roBopuau o GyHKIUU
Y= \/; , moapasymeBasi, uTo x > 0 (rpadur GpyHKIUM n300paKeH Ha
puc. 68), HoO MH paccMaTpuBaiu U GYHKLIUIO Y = \/; , e x € [0; 4]
(rpadpuk pyHKIuM m3obpaked Ha puc. 69). 9To pasHble GYHKIIUM.

Wcnonb3oBanne MaTeMaTHYeCKOH Mogeau Buja y = f(x) okasbiBa-
eTcsi yO4OOHBIM BO MHOTHX CJy4asX, B YACTHOCTH TOrAAa, KOTAa peajb-
HBIH IIPOLIECC OIMCHIBAETCS PA3JIUUYHBIMU (GOPMYJaMU Ha PAa3HBIX IIPO-
MeXXYTKax HM3MeHeHHsA He3aBUCHMOIl mepeMeHHoO#. Bor omHa u3 rta-
kux byHKnuit: y = f(x), roe

x%, ecnmm x < 0O
f(x) =

2x, ecaun x > 0.
I'padux pyakmuy usobpasken Ha puc. 70. [loMHEuTE, KAK CTPOUTH Ta-
kue rpadpuxn? CHayasa HafO IOCTPOMTHL Hapaboiy y = x? U B3AThH ee
yacTh npu x < 0 (;ieBass BeTBb mapaboJibl), 3aT€M IIOCTPOUTH IPAMYIO
y = 2x u B3ATh ee 4acThb npu x > 0. I HakoHeln, Hago o0e BHIAEJIEH-
HbIe YacTH O0'beAMHHUTL HA OZHOM PHUCYHKE, T. €. IIOCTPOMTH B OZHOM
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3 . YACNOBBLIE ®YHKLIMU

4
\l»
1
>‘F‘
-3-2-10} 1 2 38 |«x
Puc. 70

KOOPAMHATHOM IIJIOCKOCTU. Taxkue KycouHble (byHKIIMM MBI paccMmart-
puUBaJu U B 7-M, ¥ B 8-M KJaccax.

Tak uro ke Takoe pyuxuua? [IpoBeeHHBIN BBIIIE aHAJU3 U HAII
OIIBIT M3y4YeHMsI KOHKDPEeTHBIX (GYHKLUIl B 7-M ¥ 8-M KJaccaxX II03BO-
JIAIOT BBIOEJUTH JBA CYIIECTBEHHBIX MOMEHTA.

1. Banuck y = f(x) yKasbBaeT Ha I P aB U J O (0OOBIYHO I'OBOPAT
«IIPaBUJIO f»), ¢ IIOMOIILI0 KOTOPOTO, 3HasdA KOHKPETHOEe 3HaueHHue He-
3aBHCHMOM IIEPEeMEeHHO X, MOKHO HaifiTH COOTBETCTBYIOIlEe 3Haue-
HUe IIepEeMeHHO Y.

2. YkasbsIBaeTCcA 4YMCJIOBOE MHOKecTBO X (ualle BCEro KaKoi-TO
YHCJIOBOM IIPOMEKYTOK), OTKYZAa OepyTcs 3HaUeHUsA He3aBUCHUMOM IIe-
PEeMEeHHOH’ Xx.

Temeps MBI MOXKeM CHOPMYJIUPOBATH OLHO U3 TVIABHBIX OIIpexese-
HUH IIKOJBHOTO Kypca aareOphl (Ja moskaayii, U Bceil MaTeMaTHKU).

OnpeaeneHne 1. Ecau paHBl 4MCI0BOe MHOKeCTBO X M Ipa-
BUJIO f, MO3BOJAIOIIEE IIOCTABUTHh B COOTBETCTBUE KAKAOMY DJIEMEHTY
X u3 MHOKecTBa X OIIpegesIeHHOe YUCJIO Y, TO TOBOPAT, UTO 3aJaHa
bysxnus y = f(x) ¢ ob6aacrero onpegedenus X; numyt: y = f(x),
x € X. Ilpu sToMm mepeMeHHYIO X Ha3hIBAIOT He3aBUCUMOMN IepeMeH-
HOI WJIM apryMeHTOM, a IIEPEeMEHHYIO J — 3aBMCHMOM IepeMeHHOM.
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3 . HYMCNOBLIE dYHKLIMU

3ameuvanme. B peanbHoM u3Hu uHorpa rosopsTt: «Kakoebl mou doyHK-
umm?» unm «Kakoebl Mou pyHKUMOHaNbHbIE 063aHHOCTM!», CNPALLMBas TEM
CaMbIM: «KaKOB KPYr MOMX BEMCTBUI, MOMX OBA3aHHOCTEM» MAKM «4TO 5 foN-
YeH AenaTtb, Kak aenctsosaTb». B peanbHOM »u3HM cnoBo «dpyHKUMS» O3Ha-
uaeT «encTeme» unu «npasuna gencteun». ObpaTtute BHUMaHME, YTO dak-
TUYECKM TOT e CMbICN UMEET M MaTEMATMUECKUA TEPMHUH «PYHKLMA», KO-
TOpbIN BBEAEH Bbille B onpeaenexmn 1.

Hnsa obnactu ompeneineHus GpyHkmuu y = f(x), x € X npuaaTo
ucnoab3oBaTh obosuHauenue D(f) (or snar. domain — o6sacrs). Ha-
puMep:

DA GYHKIUHU Y =\/§ , x 2 0 (puc. 68) umeem: D(f) = [0; +00);

IinAg GYHKIUHU Y =ﬁ , x € [0; 4] (puc. 69) umeem: D(f) = [0; 4];

oaa dysrnuu y = f(x) (puc. 70) umeem: D(f) = (—00; +00),

Ecau f(x) — anreOpandyeckoe BhIpa)keHHe U MHOXKecTBO X COBIIa-
Jaer ¢ 00JacThbIO ONpPeJeJIeHUS dTOr0 BHIDAYKEHUS, TO AeHCTByeT Co-
rJlalresue: BMecTo 3amucu y = f(x), x € X ucmosabsyerca 0ojiee Ko-
poTKas 3amuch y = f(x), XOTdA, MOAUYEPKHEM, TaKasd 3alliCh HE COBCEM
cooTBeTcTBYeT onpegenenuo 1. Ho maTemaruku craparmTcsa OBITE 3KO-
HOMHBIMU BO BCEM: U B YIIOTPeOJEHUH CIOB B (hOPMYJHDOBKaX, U B
3allMCAX MaTeMaTHUYeCKUX YTBEDP)KIEHUI.

Eure pas moguepkHeM, UTO HeJb3d MOBOPUTH 0 GhyHKIuU y = f(x)
0e3 ykKasaHUA ee 00JACTU ONpeAeseHUdA, KOTOpasA WIH 3aJaeTcA ABHO,
WIH II0ApasyMeBaeTcsi — B cJydae, ecJid 00JIacTh OIpexesieHUs (HYHK-
uun y = f(x) coBagaer ¢ 06J1acThIO OnpeaeeHuA BeipaxeHud f(x) (Ta-
KyI0 00JIaCTh OIIpejesieHus MHOTAA Ha3LIBAIOT ecmecmeenHoll).

IIpumep 1. HaiiTu o6aacTs onpeneneHUs GYHKIINU:
1 1
a =‘}x2—6x+8' 0 s B Eka— ———0
Pemenue. a) Tak xak obsacrs onpegejeHus QYHKIUU SABHO
He yKas3aHa, I10JpasyMeBaeTcs, YTO OHA COBIaJaeT ¢ 00JIacThIO Onpese-

JIeHUA BBIPAXKEHHUA /x? — 6x + 8. TakuM o6pa3oM, pedub UAET O HOHCKE

ecmecmeenHOl obaacmu onpedeseHus yrkyuu (TO XKe MMeeT MeCTO
B 3amaHuaAX 0) u B)).

Bripaskenue /h(x) uMeeT cMbICT JUIIbL npu h(x) > 0. 3Hauur, 3a-
Jada CBOGUTCSA K pellleHMIO KBaJpaTHOro HepaBeHcTBa x2 — 6x + 8 > 0.
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3 . YNCNOBBLIE dYHKLIMK

Puc. 71

Haiigsa KOPHM KBaJpaTHOTO TpexuneHa x%— 6x + 8 (x, = 2; x, = 4)
¥ cXeMaTHYeCKH IIOCTPOMB mapabosy y = x2 — 6x + 8 (puc. 71), Bei6Gu-
paeM HHTepecylolne Hac IIPOMEXKYTKH: X < 2; x 2 4.

Hrak, D(f) = (-o0; 2] U [4; +o0) (HamoMHUM, 4TO U — 3HAK 00B-
eIWHEeHUsS MHOXECTB, cM. § 3).

1 .
6) Pynrkuua y=————— onpejesieHa B jgi000# TOUYKe X, 3a
(x-2)(x-4)
HCKJIIOYEHUEM TOUeK 2 M 4 — IpH 3THX 3HAYEeHUAX X 3HAMEHATeJb
apobu obpamgaercsa B 0. OTBeT MOKHO 3aIlMCATh TaK:

D(f) = (=205 2) U (2; 4) U (4; +o0).
BnpoueM, Ha MPaKTHKe MOXKHO MCIHOJB30BATh COKPAI[EHHYIO 3aIIUCh:
D(f): x # 2; x # 4.
B) 31ech 3ajaya CBOOUTCA K pPEIIeHMIO HepaBeHCTBa
x2-6x+8>0.

BocCmoJib30BaBIINChL MeOMETPUYECKOH MOJEbI0, IPEeACTABJIEHHON Ha
puc. 71, HO MCKJIIOUMB M3 PACCMOTPEHMSA TOUKH X = 2 ¥ X = 4, IOIyIuM:

D(f) = (=00; 2) U (4; +0). @&

OnpegeneHue 2. MHOXeCTBO BeeX 3HaYeHUH pyHKIUHU Yy = f(x),
x € X HasbpIBAIOT 00JIACThIO 3HAUeHUil pyHriumn u obosHauawT E(f)
(or nat. equal — paBHO).

OnpeagenerHune 3. I'paduxom dynxuuu y = f(x), x € X Ha3bIl-
BalOT MHOXKecTBO F ToueK (x; y) KOOpPAMHATHOI miaockocTtu xOy:

F={x;ylxe X, y=fx)

Ecnu usBecTeH rpaduK GyHKIMM, TO 00JACTh SHAYEHUH QYHKIINNA
HaiTH CPaBHUTEJHHO HETPYAHO. [[J15 3TOro ZOCTATOYHO CIIPOEINIPOBAThH




3. HYACNOBbLIE dYHKUMU

rpaduK Ha oChb opAuHAT. To YHCIOBOE MHOXKECTBO, TeOMEeTpUYeCcKasa Mo-
JieJIb KOTOPOro IIOJIYYUTCA Ha OCH OPAMHAT B PE3yJIbTaTe YKA3aHHOIO
PO POBAHUsA, M OyAET IpeAcTaBJATh coboit E(f). Hampumep:

g GyHKIuH y = ﬁ umeeM: E(f) = [0; +°) (puc. 68);

ana Gyrkmum y = Jx , x € [0; 4] umeem: E(f) = [0; 2] (puc. 69);
ana Gysrmuu y = f(x) (puc. 70) umeem: E(f) = [0; +0).

IIpumep 2. Hana dpyaxmua y = f(x), rae

-x%, ecau x < 0;
f(x)=2x+1, ecrm 0 < x < 2;
3, ecau 2 < x < 4.

a) Hatitu D(f);

0) Beruucauts f(-2), f(0), 7(2), 1(3,2), f(4), f(5);

B) HatiTu E(f).

P e enue. a) Ob1acts onpeaeeHnsa QYHKIINN COCTOUT U3 TPEX
npomexxyTkoB: (—0; 0], (0; 2] u (2; 4]. O0beAMHUB UX, TOJTYIUM JYY
(-o0; 4].

Hrak, D(f) = (-0; 4].

0) 3HaueHue X = —2 yAOBJIETBOPSET ycaIoBUIO X < 0, CJIem0BaTeJbHO,
f(-2) HazO BBIUMCIIATH IO IEPBOM CTPOKE 3afaHusa GyHKIuM: f(x) = —x2;
sHauut, f(-2) = —(-2)* = 4.

3uauenue x = 0 yzosieTBopsieT ycaoBuio x < O, cieZoBaTeLHO,
/(0) HaZO BBIUMCIATH IO IEPBOM CTPOKe 3aganud GyHKIuMH: f(x) = —x%;
sHauur, f(0) = -02 = 0.

3HaueHHe x = 2 yAoBJeTBOpseT ycaoBuio 0 < x < 2, ciaemoBaTelb-
HO, f(2) Hago BBEIYMCJIATDH 110 BTOPOl cTpPoKe 3agaHus GyHKuIuM: f(x)=
= x + 1; sgauur, f(2) =2 + 1 = 3.

3HaueHHe x = 3,2 yAOBJETBOpPAET YyCJOBHIO 2 < X < 4, cjegosa-
TeJbHO, f(3,2) Hafo BBHIUMCIATH IO TPEThEH CTPOKE 3aJaHUA (PYHK-
unu: f(x) = 3; suauur, f(3,2) = 3.

3Hauenue x = 4 yA0OBJIETBOPSAET YCJIOBUIO 2 < X < 4, CIeJ0BATEILHO,
f(4) HagO BBHIYMCIATHL IO TPEThEH CTpoKe 3afaHusa pyHxuu: f(x) = 3;
sHauwur, f(4) = 3.

3HaueHne X = 5 He YAOBJETBODSET HU OZHOMY M3 TPEX YCJIOBHM
safgaHua QyHKOUH, a noromy f(5) B JAaHHOM cJiydyae BBIYHCJIUTH
HeJIb3dA, TOUYKA X = D He IPHHALJIEXKUT 00JIacTH OIpeAeaeHus QyHK-
uun. 3agaHue BHIYKUCIUTH f(D) HexoppexmHo.
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3. YNCJIOBbIE dYHKLIMU

| ] }
A [
Yy Yy
x\' o
* 4
7 e
3]l [
1
<B 14
d\l X t' [ >
. ‘o (0] 2 ;
/ - !
) y=_x2 ‘
Puc. 72 Puc. 73

B) OGsacTh (Bmpouem, He BO30OpaHsETCS HCIIOJb30BAaTh TEPMUH
«MHOXK€ECTBO») 3HaUYeHUN (DYHKIWUM, KAaK MBI YK€ OTMETUJH BbIIle,
MOKHO HaiiTu ¢ momombio rpadbuka pyuxmuu. ITocrpoenune rpaduka
OCYIIIECTBUM «II0 Kycoukam». CHadayia IOCTpoMM mapaboiy y = —x*
¥ BBIJEJIUM ee 4acThb Ha Jyue (—°0; 0] (puc. 72). 3aTeM IOCTPOUM
npAMy0 y = x + 1 1 BHZEJUM ee 4acTb Ha noayurTepBase (0; 2]
(puc. 73). Janee nocTpoOMM IIPAMYIO Y = 3 ¥ BBIAEJIUM €€ YacTb Ha II0JIy-
unTepBajne (2; 4] (puc. 74). HakoHer, Bce Tpu «KyCOUKa» M300pasum
B OJHO# cucTeMe KOOpAMHAT — 3T0 U OyAer rpaduk GyHKIUM y = f(x)
(puc. 75).

Yy Yy
3
v
Y
3 ~C 1
10| 2 4 :
L r
4
o 2 4 : y
v
Puc. 74 Puc. 75
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3 . YUCIIOBbLIE ®YHKLUMK

Tenepb XOpOLIO BUAHO, YTO 00GJACTh 3HAYEHHH GYHKIUU COCTOUT
U3 JBYX IIPOMEKYTKOB: Jyua (—°; 0] — OH CILTIOIIb 3aII0JHSAETCSA Op-
JUHATAMH TOYEK BETBH IapaboJsl y = —x2, x < 0 — U IOJTyHUHTEpBaJa
(1; 3] — oH cmomIb 3aNOJHAETCA OPAMHATAMHM TOYEK YYACTKa IIpA-
Mot y = x + 1, 0 < x < 2. Hrak, E(f) = (-o0; 0] U (1; 3]. ]

§ 9. cnocoBbl 3AAAHMA DYHKLMM

3azaTh QYHKIWIO — 3TO 3HAYWUT YKasaThb I P a B ¥ J O,
KOTOpO€ II03BOJISET IO IIPOM3BOJIBHO BBHIOPAHHOMY M3 00JIaCTH OIIpe-
JeseHusA (QYHKIMM 3HAUYEHUIO HE3aBUCUMOI IIepeMeHHOI BRIUMCIUTH
COOTBETCTBYIOLIlee 3HaUEHNE 3aBUCUMOI1 ITIepeMeHHo. Yaie Bcero aTo
TIPaBMJIO CBA3aHO ¢ ) O P M Yy JI O ¥ MJIM C HECKOJIBKMMHU (hOopMy.Jia-
MH — TakKoOI crocob 3ajaHusa YYHKIUK OOBIYHO HA3BIBAIOT QHAAUMU-
yeckum. Bce QpyHKIMM, pacCMOTPeHHBIE B § 8, ObLIM 3ajaHbl aHAJIHU-
THYecKu. Mexay TeM ecThb Apyrue CIocoObl 3aZlaHusa PYHKIMN, O HUX
M IIOHAEeT peub B HACTOAIIEM IIaparpacge.

ITycts F — HeKoTOpas JUHHUA HA KOOPAUHATHOH mockoctu xOy.
CrpoenypoBas 3Ty JUHMUIO Ha OCh a0CIMCC, MBI IIOJIYyYHNM, HAIIPUMED,
oTpesok [a; b] (puc. 76). BosbMeM IIPOMBBOJBHYIO TOUKY X U3 OTPE3-
Ka [a; b] u npoBejem uepes Hee IPAMYIO, IapaJIeJIbHYIO OCH OpPAU-
HaT. IToTpebyeM HOIOJHMUTENBHO, UTOOBI Ka)KAad TaKasd IpsaMas Iie-
pecexkayia JUHUIO F TOIBKO B OOHOM TOYKe — HA puUC. 76 COOTBET-
CTBYIOIIIaA TOYKa obo3HaueHa OyxkBoit M. Opamuara Touku M — 3To
yucao f(x), cCoOoOTBETCTByIOIEE BHIOpaHHOMY 3HAUeHMIO0 x. TeM caMbiM
Ha oTpeske [a; b] samana pyHruua y = f(x). Takoit crmocob samanusA
(GyHKIIMU HA3BIBAIOT 2PAPUYUECKUM.

Ecau pyHKIua OblIa 3ajaHa aHAJIWTHYECKHM M HAM yHOaJloCh IIO-
CTPOUTHL Ipa@PUK (PYHKIHMM, TO MBI (paKTUUECKH Nepellu OT aHaJau-
THYECKOI'0 crocoba 3ananuAa QyHKIuu K rpaduueckomy. OGpaTHBIN
JKe Iepexo]] yIaeTcs OCYLIECTBUTH AajlieKo He Bcerza. Kak mpasuio,
3TO AOBOJILHO TPYAHAs, HO MHTEpPECHAsA 3ajaya.

He BcsAKas JMHUA HA KOOPAUMHATHOH IIOCKOCTH MOXKET paccMaT-
pHBAThHCA KaK I'pa¢uK HEKOTOPOH ¢pyHxkuuu. Hanpumep, OKpYyKHOCTD,
3ajaHHas ypaBHeHueM x2 + y? = 9 (puc. 77), He ABIsETCA rpaPUKOM
¢ysxmuu. B camoMm felie, CIIPOEKTUPOBAB OKPYKHOCTh HA OCh X, IIOJIY-
yuM orpesok [—3; 3]. Jliobas npamas x = a, rae |a| < 3, mepecekaer
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3 . YNCNOBbLIE dYHKUMU

ya F y l S
M 3 I
T f(x) <€ — 8
1T 1N
/L -3\ [9) ARl
N/
Ol a x b :_ T3
RN
Puc. 76 Puc. 77

3Ty JHUHUIO B ABYX TOYKAaX, a AJA 3aJaHuUA QYHKIUU npamas
X = a JOJKHA IepeceKaTh JUHUI0 F TOJBKO B OAHOI TO4YKe. B To ke
BpeMsA €cJIM 9Ty OKPY’KHOCTb paspe3aTh Ha ABE YaCTH — BEPXHIOK
MOJIYOKPY»KHOCTD (PUC. 78) 1 HIKHIOI IOJTYOKPYXKHOCTB (puc. 79), — 10
KaXKAYI0 M3 [IOJYOKPYKHOCTEH MOYKHO CUMUTATh rpaduKoM HEKOTODPOi
GYHKIUY, IPDUYEM B 000MX CIYYAAX HECJOMKHO OT rpaduueckoro cmo-
coba 3afaHuA QYHKIUU NepedTH K aHaJuThdecKkomy. I8 ypaBHeHUA

Yy l Yy
3
AT
-3 3
L >
-3 (0 3 | x 0] x
\\ )

-3

Puc. 78 Puc. 79
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3 . YNCNOBbIE dYHKLIMK

x? + y? = 9 Haxozum: y? = 9 — x% y=++9-x2. BepxHsasa moxyok-
PY?KHOCTb OKPYsKHOCTH X% + y? = 9 gBiaserca rpaduroM PyHKIHU
y=+v9-x? (cM. puc. 78), a HUIKHASA MOJTYOKPYKHOCTE OKDPYXXHOCTH
x2+ y? =9 aBaserca rpabukom GyHKIun Y =—-+9-x? (cm. puc. 79).

IroT mpUMep IO3BoJISET OOpaTHTh BHHMAaHHE Ha OJHO CYIIECT-

BeHHOe obcroarenseTso. IlocMoTpuTe Ha rpaduk GyHKIUN Yy = /9 — x2

(cm. puc. 78). Cpagy scHo, uto D(f) = [-3; 3], uTo, Hanpumep, y_ .= 3,
ay,. =0, uro pyHKnus Bo3pacraeT Ha oTpeske [—3; 0] u yOviBaer
Ha orpeske [0; 3]. A eciu GBI peub 11JIa 00 OTHICKAHUM 00JIaCTHU OIIpe-
AeJIeHUA aHAJIUTUYECKH 3afaHHON QYHKIMK Yy = /9 - x? ? Torga npu-
ioch 6B, KaK MBI 9TO gejaau B § 8, pelraTsh HepaBeHCTBO 9 — x2 > 0.
[MoTpyaurbes npuniiIocsh 661 ¥ JJIA OTHICKAAHUA HaMMEHBIIIEro U Hau-
Oosblirero sHaYeHUM QYHKIMU, U AJISA HNCCJIEJOBAHUS ee Ha MOHOTOH-
HOCTb. AHAJIUTUYECKHNA M rpadHUeCKHUI CIIOCOOBI 3aJaHUA PYHKIIUU
XOPOLIN Ka)XIbIi II0-CBOEMY, IIOTOMY-TO OOBIYHO M cTapaloTcsa pabo-
TATh OOJHOBPEMEHHO U TeM U APYruM crocobom. Bnpouem, 3a aBa roza
M3YYEHHUA Kypca ajreOpnl B IIKOJIE BB K 9TOMY YK€ IIPUBBIKJM.

Kpome aHamuTH4YeCKOro U rpaMuecKoro Ha IPaKTHKe IIPHUMEHs-
10T mabauiHbtil criocob 3amanua pyrxmuu. IIpu arom cmocobe mpu-
BOZUTCA TabJuIa, B KOTOPOil yKasaHbI 3HaUeHUA (PyHKIUM (HMHOTZA
TOYHBbIE, HHOTAA NIPUOJIM)KEHHbIE) IJIsI KOHEYHOro MHOJKECTBa 3Haue-
Hui aprymeHTa. IIpuMepaMu TaGIMYHOro 3afaHUs (GYHKIIMU MOTYT
CIYKUTH TaOJIUIIBI KBaAPaTOB YKUCEJ, KyOOB YKCeJs, KBaAPaTHHIX KOP-
Heit u T. ;.

Bo mHBorux ciayuyaax TabJudHoe 3afaHue QYHKINY ABJISAETCA yI00-
HpIM. OHO NO3BOJIAET HAWTH 3HAUEHHE (QYHKIHMM IJs HUMEIOLIUXCHA
B Tabuuile 3HaUeHUI apryMeHTa 0e3 BCAKHX BBIYMCJIEHHM.

Ananuruyeckuii, rpapuueckuii, TaOMUYHBIN — HaubGoJiee IIOIy-
JIAPHBIE CIIOCOOBI 3aJaHUA (GYHKIIMU, IJIs HALIUX HYMKJI dTHX CIIOCO-
6oB BmoJIHEe mocraTouHo. Ha camMoMm Jejle B MaTeMaTHKe MMEETCH HO-
BOJIBHO MHOT'O PasJHYHBIX CIIOCO0OB 3aJaHUA (PYHKIUK, HO MBI IIO-
3HAKOMUM Bac €eIle TOJbKO C OOHUM CIIOCO60M, KOTOPHIHA HMCIOJIb3yeT-
csl B BecbMa CB0O€0OGpasHbIX CUTyamusax. Peunb UAET O Cl08eCHOM CIIO-
cobe, Korja IIpaBHJIO 3aJaHusa GYHKIMU OIMMCEIBaeTCsA caoBamMu. Ilpu-
BelieM IIPHUMEPEL.

NMpumep 1. dyuxknua y = f(x) 3azaHa Ha MHOXKECTBE BCEX
HEOTPUIIATEILHEIX YHCEJ C IIOMOIIBIO CAEAYIOIIEro IIPAaBUJIa: KayKIOMY
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3 . YMCNIOBLIE dYHKUKK

yucay x 2 0 cTaBUTCA B COOTBETCTBHE IEPBbINl 3HAK IIOCJIE 3aIIATOH B
JEeCATUYHOI 3allMCH YHUCJIA X.
Ecau, craxem, x = 2,534, To f(x) = 5 (epBbIil 3HAK IIOCJIE 3aIld-

2
Toit — nudpa 5); ecau x = 13,002, To f(x) = 0; ecnu x = 3+ TO, 3amu-

cas B BHJe OECKOHEUHOU mecsaTuuHOil apobu 0,6666..., Haxoqum:

f(x) = 6. A yuemy paBHo 3uauenue f(15)? Ono pasro 0, Tak Kak 15 =
15,000..., 1 MBI BUAUM, YTO IEPBbIA AECATHUYHBLIN 3HAK IIOCJE 3alld-
To# ecTh 0 (BOOOIIE-TO BEpHO U paBeHCTBO 15 = 14,999..., HO 00BIYHO
He pacCMaTpHUBalOT OECKOHEUHbIe IIEePUOAUYECKHUE NECATHYHBIE APOOHU
¢ nepuogom 9).

JIro6oe HeoTpUIlaTeJbHOE YHUCJIO X MOXKHO 3aIllUCcaTh B BUAE HECH-
TUYHOM APOOH (KOHEUHOHN MM GECKOHEUHOIT), a IIOTOMY AJS KaKA0TO
3HAUYEHUsS X MOYKHO HAWTM OIpejeIeHHOe 3HAUYEHHEe IIEPBOr0 3HaKa
mocJjie 3alsTOM, TaK YTO MBI MOYKE€M TOBOPHUTH O (MYHKIMM, XOTS U
HECKOJIBKO HEOOBIYHOH. ¥ 3To# (pyHKIUHN

D(f) =[0; +0), E(f)=1{0,1,2,3,4,5,6,7,8,9}. @

IIpumep 2. Dysxknua y = f(x) 3afaHa Ha MHOKECTBe BCceX AeHCTBU-
TEJIbHBIX YHCEJ C IIOMOIIBIO CJIEAYIOLIEro IIpPaBUJa: KaKAOMY UYHCIY X CTa-
BUTCA B COOTBETCTBHE HamOOJblllee M3 BCEX IEJBIX UKCEJ, KOTOPbIe HE IIpe-
BoCXOAAT x. VIHBIMU cloBaMu, QYHKIHA Yy = f(x) ompenenseTcs CiIeXyIOLIu-
MU YCJIOBUSIMHU:

a) f(x) — uenoe umcIo;

6) f(x) < x (IOCKOJBKY IIO YCJIOBHUIO f(X) HE IIPEBOCXOZUT X);

B) f(x) + 1 > x (110 ycyoBuIo f(x) — Han 60 b IIee IeJoe YUCIO, He
IpeBocXojslee X, 3HauuT, f(x) + 1 yxe Goable, yueMm X).

Eciam, ckamem, x = 2,534, 1o f(x) = 2, IOCKOJBKY, BO-II€PBBIX, 2 — Iie-
JI0€ YMCJIO, BO-BTOPBIX, 2 < 2,534 M, B-TPETHUX, CJEAYIOLIee IeJI0e YHCIO 3
yoke OoJibliie, uem 2,534.

Ecam x = 47, 10 f(x) = 47, NOCKOJABbKY, BO-IIEPBHIX, 47 — IeJI0€ YHCJIO,
BO-BTOPBIX, 47 < 47 (Tounee, 47 = 47) u, B-TPETbUX, CIAEAYIOIIEE 3a YUCIOM
47 nenoe yucyao 48 yxxe 6osabire, ueM 47.

A uemy pasHo 3Hauenwue f(-0,01)? Ono pasuo —1. IIposepsiite: ~1 — Han-
OoJiblllee M3 BCEX IEJBLIX YWCeJI, KOTOphle He mpeBocxoxAaT umcaa —0,01.

VY aroit dyukuuu D(f) = (—o0; +0), a E(f) = Z (MHOKECTBO LENbIX YU-
cen). &

DyHKIUI0, 0 KOTOPO# IIlJIa Pe4yb B IpuMepe 2, Ha3hIBAIOT Yen0il Lacmbh
yucaa; AJIS LEeJON YacTH YMCJa X HCIOJL3YIT obosHauenue [x]. Hampuwmep,
[2,534] = 2, [47] = 47, [-0,01] = —1. OyeHb CcBOEOOPA3HO BBIMIALUT rpadux
dyukuuu y = [x] (puc. 80).

3
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3. YACNOBbIE dYHKLUMU
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DYHKIIUY BO MHOTUX CIydasaX CJIY:KaT MaTeMaTU4YeCKUMHU Moze-
JIAMH peasIbHBIX IponeccoB. Hampumep, n000ii paBHOMEPHBIH IIPO-
uecc, B KOTOPOM Yy4YacTBYIOT AB€ NepeMeHHBLIe BEJUYUHBI X U Y,
onuceiBaerca opmysaoit y = kx + m, rae k, m — neHdCTBUTEILHBIE
yHucJa; 9TO JUHEHHaa Q)ygmnlm. 3aKoH CBOOOJHOrO MaJeHMs OIMMCHI-

BaeTca (yHKIUEH § = gt_z_; 37ech BpeMA ¢ — He3aBHUCHUMas IIePEeMEeH-

Has, a 3aBUCUMAadA IIepeMEHHasA § — IPOMAEeHHBIN nyTh. MHOTHE 10x00-
Hble IIPUMEPHI U3BECTHHL BaM U3 Kypca (U3UKU.

IIpuBenem euie Tpu ImpHMepa.

1. IlpeamosmosuM, UYTO KOJOHUA KUBBIX OPraHM3MOB HaXOAUTCA B OJaro-
NPUATHBIX YCJOBHAX: IIPOCTPAHCTBO, 3aHMMaeMoe KOJIOHMeH, U IulileBble
pecypcel HeOrpaHWYEeHHBI, 4 XUIOHUKOB, IUTAIOIIMXCA OPraHu3MaMu JaHHOMI
KOJIOHHH, HeT, Ojlarofaps 4eMy pOJKAaeMOCThb BEIIIE, UeM CMEPTHOCTh. B Ta-
KHMX YCJIOBHUSAX OOBIYHO CUMTAIT, YTO CKOPOCTH M3MeHEHHUs YHCJIEHHOCTH KO-
JIOHUH IIPOIIOPIMOHAJNIBHA YKCIeHHOCTH (YeM GOoJIbllle OPraHn3MOB, TeM BBIIIE
¢KOpPOCTb; B — K03(pdOUIIMEHT IPONOPIMOHAJLHOCTH). MaTeMaTUKU ycTaHO-
BUJIK, YTO YKUCJIO OPTAaHU3MOB KOJOHUM BhIpa)kaeTcs (popMyJIoi y = yoe'", Tae
Y, — YHMCJIEHHOCTb KOJOHWH B MOMeHT BpemeHu ¢ = 0, a e = 2,7 (umcyo e ur-
paeT BasKHYIO POJIb B MaTeMaruke, o0 3ToM BbI y3HaeTe B 11-m kiacce). Ha
puc. 81 cxemaTuuecku mpeAcrasieH rpabuk GpyHKIUM Yy = ye* (IyHKTHPOM
Jlo6aBiieHa TUnoTeTUUeCKad 4acTh rpaduka mpu t < 0).

IIpuMepHO MO TaKOMY ’Ke 3aKOHY M3MeHSAeTCA BeJIMUKMHA BKJajJa B OaHke,
OTOT 3aKOH HA3HIBAIOT 3AKOHOM NOKA3AMeAbHO20 pocma.

2. Ilpu pasgmMoaKTWBHOM paclaje MIHOBeHHaf CKOPOCTH paciiaga B MoO-
MEHT BpeMeHH ! NPONOPIHMOHAJbHA HAJUYHOMY KOJHUYECTBY BelleCTBa.
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3 . YMCIIOBbIE PYHKUMM

o 1
3aKo0H PaJMOAKTHBHOrO Paclaja BeIpaxaerca hopMynoi m = m, 5 ; 37echb

m, — Macca BeIlecTBa B MOMeHT Bpemenu ¢t = 0, T — Bpems, 3a KOTOpOE
Macca BelIecTBa YMEHBIINTCA BABOe (TaK HasbIBaeMBIH nepuod noaypacna-
0a). Ha puc. 82 cxemaTuuecKHu mpeicTaBjeH rpadur GyHKIUH m =

\T
= mo(%) (IyHKTHpPOM J00aBlIeHA THIIOTeTHYECKasa yacTh rpaduxa mnpu t < 0).

O6a rpaduka, npeacraBjieHHble Ha puc. 81 u 82 (cO CIJIOIIHONM K IyHK-
THPHOI YacTAMM), HA3bIBAIOT skcnonenmanmu. Ilogpobuee 00 aKCIIOHEHTE PEUb
noijger B cTapUIMX KJaccax.

3. B xomuary ¢ remneparypoii 20 °C BHecan xunamuil yaituuk. [Ipu omnpe-
IEJIEHHBIX YCJIOBHAX MOXKHO CUMTATh, UTO CKOPOCTb M3MEHEHHUS TeMIIepaTy-
PBI HArpeToro Teja IPOIOPIMOHAJBHA PA3HOCTH MEXAY TeMIIepaTypoi Tesa
U TeMIlepaTypoil okpy:karomeil cpeabi. Temneparypa T Tena B MOMEHT Bpe-
Menu t Beipaxkaerca dopmyinoit T =T, + (T, — T))e™™; sgece T, — Temnepary-
Pa oKpysKaromeil cpeapl, a T, — TeMmeparypa Tejla B MOMEHT BpeMenu ¢ = 0.
B curyanum c waitamkom T, = 20°, a T, = 100°. 3uauur, T = 20 + 80e™™.
Tpaduk aroit pyHKIMH cCXeMaTHUYECKHU IpeiacTaBieH Ha puc. 83. IIpamas
T = 20 — acumnTora rpaduka.

T'padhuk HaraAZHO WIJIOCTPUPYET BIIOJIHE IIOHATHOE OOCTOATENBCTBO: C
TeueHreM BPEMEHH TeMIlepaTypa YalHMKa IIOCTEIIeHHO IPubamKaeTca K TeM-
neparype okpy:karieil cpeawl. IIpoieccel ogo0OHOro poza Has3kIBAIOT NpoO-
yeccamu 6vlpaABHUBAHUA.

T
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3 - YMCNOBbLIE ®YHKUMA

§ 10. CBOMCTBA YHKLMWA

B 7-m m 8-M KJaccax BBl M3YUHJIM HEKOTOpPbIE CBOHCTBA
dyuruuii. Ceituac MBI MX cobepeM BMecTe, B OOUH maparpadg), HamoMm-
HHM HMX CYyTh M I'€OMETPHUYECKHI CMBICJ U JOTOBOPMMCS O TOM, B Ka-
KOM IopsaAKe OyfeM MepeurciaTh 3TU CBOMCTBA IPU UYTeHWH rpadukra
(pyugmuu. Ob6paTuTe BHUMAHWE: BO BCeX OIpPEAeJeHUAX (GUI'ypPUPYET
YHCJIOBOE MHOXecTBo X, A<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>